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The phase integral approximation for the Green’s function is investigated so as to yield an approximate
expression for the density of states per unit interval of energy. This quantity is shown for negative energies
(bound states) to depend only on the periodic orbits, i.e., the smoothly closed_ trajectories, unlike the
approximate wavefunctions which depend on all possible trajectories. A particle in a periodic box of one,
two, and three dimensions is discussed first to demonstrate how the approximate density of states
contains a continuous background besides the d-function spikes of the discrete spectrum. Then we
examine the situation in a spherically symmetric potential where special problems arise because the
quasiclassical propagator has to be evaluated at a focal point of the classical trajectory. With the help
of the Helmholtz-Kirchhoff formula of diffraction theory, the amplitude is shown to remain finite at the
focus. The orbits which remain entirely in a region of Coulombic potential yield a spectrum of Balmer
terms with appropriately reduced degeneracy. However, the orbits which penetrate the screening charge
give discrete levels obeying the Bohr-Sommerfeld conditions with the correct degeneracy. The con-
tinuous background in the approximate density of states can be discussed on the basis of the formulas
derived in this paper. This is necessary as an introduction to the problem of a particle in a potential
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where the motion is not multiply periodic.

INTRODUCTION

Most textbooks on quantum mechanics include a
chapter where classical mechanics is shown to be the
limit of quantum mechanics when Planck’s quantum
goes to zero. Examples are given to demonstrate the
approximate validity of the quantization rules of Bohr
and Sommerfeld. This fulfills the need to make quan-
tum mechanics philosophically more acceptable, to
recall its historical development, and to give an in-
tuitive understanding for some of its most elementary
results. Yet, the close relation between classical and
quantum mechanics is hardly ever used to find ap-
proximate solutions of Schrodinger’s equation except
for the above purposes or in the very simplest
situations.

It seemed, therefore, worthwhile to expand the
scope of the phase-integral or WKB method and make
it available as a method of approximation, particularly
for finding the spectrum of a single particle bound in
some electrostatic potential. After treating the hydro-
gen atom in a novel fashion,! it became clear that
classical mechanics could indeed yield results which
had been obtained previously only by solving Schré-
dinger’s equation. On the other hand, it was shown in
II that there were some unexpected features as soon as
the spherically symmetric potential was not purely
Coulombic. The spectrum seemed to contain not only
the sharp spikes corresponding to bound states of
well-defined energy, but also a relatively smooth
background as if there was a continuum of states
besides the discrete spectrum.

The purpose of this paper is to establish the exist-
ence of such a background in the most straightforward
manner. That is not a very interesting goal in itself

because this background represents something un-
physical in the case of a spherically symmetric
potential. It should simply be discarded as an artifact
of the approximation which is of no consequence in
view of the sharp spikes. There is, however, the
possibility that the approximate spectrum of a particle
in an anisotropic potential contains no sharp spikes
because the classical motion is not multiply periodic.
Yet, the spectrum might give information about the
approximate energy eigenvalues exactly like any other
resonance phenomenon which is broadened by some
relaxation processes. It seemed very hard to investi-
gate this idea before the much simpler case of a
spherically symmetric potential was fully understood.

The problem is stated more explicitly in Sec. 1.
Contrary to the previous papers, I and II, we give a
formulation which gives us the approximate energy
spectrum without the corresponding approximate
eigenfunctions of the Hamiltonian. The method is
illustrated first in Sec. 2 with two examples where the
approximation happens to give the exact answers. A
third example is discussed in Sec. 3, where most cal-
culations can be performed fairly easily and the sharp
spikes correspond to the exact results, but there is
definitely a background, i.e., the approximate density
of states does not consist only of ¢ functions.

The last four sections are devoted to the spherically
symmetric case. It turns out that there are a number of
technical difficulties to overcome which are due to the
spherical symmetry. It is necessary to evaluate the
approximate Green’s function at a focus of the classi-
cal trajectories where the amplitude appears to be
infinite at first glance. However, this problem is
solved in Sec. 4 by a method which was used by
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Debye for the corresponding task in optics. The
approximate Green’s function is integrated over all
space in Sec. 5,where it is shown that only periodic
orbits make a contribution to the spectrum. This
result applies not only to a spherically symmetric
potential, and may yield the first real generalization
of the Bohr-Sommerfeld conditions.

Since a nucleus screened by a fairly well-localized
charge cloud is the most interesting example, we have
to discuss the effect of Kepler orbits which occur only
in a limited range of energy and angular momentum.
As shown in Sec. 6, this situation leads to a partial
Balmer spectrum where each energy is less than
n®-fold degenerate. Finally, the sharp spikes are ob-
tained in Sec. 7 for orbits which go through the
screening charge and their strength is shown to corre-
spond to the correct (2/ 4 1)-fold degeneracy. Thus,
the stage is set for a detailed calculation of the back-
ground in the density of states. It will be investigated
in the following paper which is now in preparation.

1. NOTATIONS AND BASIC FORMULAS

The present paper is concerned with the approxi-
mate Green’s function G(g'q'E) of a single electron in
three dimensions. The Green’s function G(q'q'E) is
simply the probability amplitude for the particle to end
up at the position ¢” if it is known to have started at
the position ¢' and was propagating with the energy
E. The Hamiltonian has the ordinary form

H(pq) = (p*[2m) + V(9) 1
with a spherically symmetric potential whose singu-
larity at the origin ¢ = 0 has the Coulomb form

V(g) = —Zyer, (2)
where r = |g|. We are interested in bound states and
shall assume E < O henceforth.

"t

In the classical limit, G(¢"¢'E) is approximated by
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The “phases” are given by 4z multiplied by the
number of conjugate times along the trajectory.

In order to study the singularities of G(q"¢'E) along
the energy axis, we start from the formula

" _r ¢(q”)¢*(q,)
G(q'qE) = 2 ——————, 6
I G
where ¢,(q) is the eigenfunction with label j and eigen-
value E; of the Hamiltonian (1). After we have set
q" = ¢’ and integrated over the 3-dimensional coordi-
nate space, we find that
f d*qG(gqE) = 2 (E — E)) . ™
J
This last formula can be written in an equivalent form
if we use the well-known relation

(E + ie — E)!
= P|(E — E)) — imsgn d(E — E)), (8)

where P is the Cauchy principal value and ¢ the Dirac
0 function. The discontinuity DG(¢"q'E) of G(¢"q'E)
across the real energy axis

DG(q"q'E) = lim [G@"q'(E + i) — G(¢"q'(E — ie))]
®

has the spectrum

f d°gDG(qqE) = —2mi 3 8(E — Ey),  (10)

i.e., a é-function singularity of strength —2i for each
energy eigenvalue.

The question to be answered in this paper is the
following: If we assume G(q"q'E) to be given approxi-
mately by G(¢"q E) as in formula (3), does thespectrum
along the negative energy axis still have the simple
appearance of formula (10) except that the energies
E; are to be replaced by approximate values E;?

2. A TRIVIAL AND A SIMPLE EXAMPLE

In order to clarify the meaning of this question,
two examples are discussed first where the answer is
affirmative. The example of the next section is shown
to yield a negative answer in spite of the simple rela-
tion to the two examples of this section. The reason for
the different behavior is entirely in the dimensionality
of the examples with two dimensions inherently more
complicated than either one or three dimensions.
Since the conditions are the same in each case, they
will be described for all at the same time.

Consider a particle in a box of linear extent L, in
either one, two, or three dimensions, with a constant
potential (equal to zero) inside the box. Let us discuss
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the situation when periodic boundary conditions are
assumed, i.e., we have a torus of length L in each
dimension and the standard Euclidean metric on it.
The Hamiltonian is given by H(pg) = 2/2m and the
action integral S(¢"q'E) = [2mE |q" — ¢'|2]%. The tra-
jectories whose end point ¢” coincides with the starting
point ¢’ are obtained from the conditiong; = ¢; + n,L,
where n; are integers ranging from — oo to + oo, with
one such integer for each dimension.
The approximate Green’s function is given by

G"(ql/qlE)

= [m[ik2mE)} exp [(iiINCmE)} 1" — ¢'[] (11)

for the free particle in one dimension. If this expression
is summed over all closed trajectories and integrated
over the box of length L, we find that

[4a6aam) = = 2 Seso [ 1 Lamn

ih(2mE
_ L(2mE)
h(sz)% 2%

=3

5 E — QQkwh/L*2m)™’

(12)

which is the expected result. In this particular case, G
coincides with G. However, even if the approximate
Green’s function differs from the exact one, the geo-
metric series always arises in one dimension and can
be transformed into a series of the type (7) because of
the partial-fraction expansion for cotangent.

In three dimensions the approximate Green's
function

1 m
2nh |q" — |

memWW—ﬂ(m

G@aE) = -

for the free particle again coincides with the exact
Green’s function. The density of states | d°%¢DG(gqE)
for a particle in a 3-dimensional periodic box is
obtained by evaluating the sum

_ _2mi 2mL’
(27Th)2 ningng (ni + ng + ng)%

xsm(meEm%+n§+nbﬁy
h

(14)

which includes the term n; = ny = ny = 0 correctly
as (n® + nl + n)t =
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This triple summation can be transformed into an
expression like (7) with the help of the Fourier integral

1 f d3P eip(a"—a’)/h.
Qmh)? p%2m

G(q"q'E) = (15)

We can insert ¢; = ¢, = n,L and do the summation
over all n; under the integral sign. The exponential is
thereby converted into a sum over products of ¢
functions, namely,

> 8(vy — piL[2nh)o(v, —

where each » runs from — oo to + oo. The integration
over py, P, and p, is trivial, and we find that

( E— (2wh)

P2L[2mh)0(vs — psL{27h),

f d’°qG(qqE) = 3

Vivavy

SO+ + va))

(16)

The spectrum is completely discrete, as indeed it
should be when we happen to have the correct Green’s
function. It should be noted that, although the calcu-
lation in this case is quite simple, it cannot be gen-
eralized to arbitrary potentials as in the preceding
example.

The Kepler problem is another example in three
dimensions which leads to a completely discrete spec-
trum for the negative energies as was shown in I. The
approximate Green’s function G is not equal to the
exact one, however. The Coulomb potential is excep-
tional compared to other spherically symmetric
potentials because of its discrete spectrum even in the
quasiclassical approximation. This is undoubtedly
due to the high degeneracy of its classical orbits.

3. A TYPICAL EXAMPLE

The approximate Green’s function for a free particle
in two dimensions is given by

iT/4

~ e m
G(a"d'E) = — hAld
(4"q'E) (2‘”_)% 7
i‘ no__ ot —% . é‘ [
9 [(2'"5) Liq q I:I exp |:l(2mE) }l;] q I]_]

17

This constitutes the asymptotic form for large dis-
tances |¢" — ¢’| of the correct expression

G(q/l IE)

= —(m[mB)K([—2m(E + i)} |¢" — ¢'|[K), (18)

where K| is the modified Bessel function of the second
kind. It can be written as a Fourier integral exactly
like (15), and we are led to a formula exactly like (16)
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for the particle in a periodic box by the same argu-
ment.

It would seem futile to investigate what happens if
the approximate Green’s function G is used instead of
G, except to demonstrate what kind of new features
are introduced into the density of states through the
use of G when it does not coincide with G. Therefore,
we want to discuss the double sum

2 E) = ml? «, 1
fd qé(qq ) 271'}12 ning [n(nf + n§)]i
x exp {2miln(n} + mh + fim}, (19)
where 5 = 2mL2E[(2wh)? is the dimensionless energy.
The prime in the summation sign indicates the omission
of the term n; = n, = 0,which can be brought in only
when DG is calculated.

The singularities of this last sum can be found by the
following argument. The infinite sum has no upper
bound if a sufficient number of terms add up in phase.
These terms have to be contiguous in the double sum
since otherwise the intervening terms tend to destroy
any “constructive interference.”” For large n, and n,
the phase increase of the terms #, &+ 1 and n, & 1 can
be approximated by the partial derivatives of

2n[n(n? + nd))t

with respect to n; and n,. Thus, we get the conditions

J
= In@n? + )1t =,
on,

0

= [n(n} + m)}f = s, (20)
on,

where », and », are integers between — oo and + o0
which do not vanish simultaneously. The two equa-
tions can be solved only if 7 = »2 + 3 or

e (2]
2m|\ L L

A detailed analysis is given in Appendix A to show that
the sum (19) has a simple pole with residue 1 at the
energy given by (21) for each pair of integers (v, v,)
excluding (0, 0).

The neighborhood of the origin in the complex
E plane can be treated very simply because the sum
(19) is approximated quite well for small # by the
integral

mI? 1
dé, | déy, ————
sz f "I + et
x exp {2miln(€: + DI + tin}, (22)

where none of the factors changes much when », or
n, change by 1. Since this integral converges at
& = &, = 0, the omission of the term n; = n, =0

E= 1)
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makes no difference. If we go to polar coordinates in
the (&, &,) plane and give E a positive imaginary part
so as to obtain good convergence at infinity, the inte-
gral (22) is found to be 7[2(2)2E. If the integrand had
been replaced by the correct Green’s function (18),
the integral would have been 1/E as expected. The
approximate Green’s function (17) gives a simple
pole at E = 0 whose residuum is, however, equal to
7/2(2)F rather than 1. We can understand this “mis-
take’’ from the fact that G is not a good approximation
of G for small energies; in fact, G is too large for
small E and can thus be expected to yield too large
a residuum at E = 0.

The important question to answer is concerned
with the behavior of (19) along the real E axis between
the poles (21). If we want to apply brute force and
evaluate the sum on a computer, we have to make it
better convergent and preferably real. The latter is
achieved by considering { d?¢DG(gqE) and the former
by integrating over E from O to some open upper
limit. The resulting expression represents the number
N of eigenstates between 0 and this upper limit. After
dividing out —2=i and integrating by parts each term,
we find the expression

N = —nfn) + 1 f nf), (23

1 & 1

0= b+

x cos {2nly(n + )t + 4=} (24)
The conditionally convergent sum for (24) can be
evaluated quite easily if we let the partial sums cover
all the integer points in the (1, , n,) plane inside a square
|ny| < 1, |nyl < 1. This way of summing constitutes a
partial reordering of the terms as compared to partial
sums where (n? + ng)’f < I, but the two methods are
equivalent in this case.

It is shown in Appendix B that /(%) has a power-
series expansion whose leading term is n—%, and the
further terms are 4%, nti, +¥, ... all with non-
vanishing coefficients. Whereas the leading term does
not contribute to N(#), all the subsequent terms do so
and constitute a convergent power series for N(#)
which is valid for # < 1. There is no doubt that the
number of states N(%) does not vanish between 0 and
1, although it goes to zero for small 7, ie., like 5t
with a negative coefficient. The density of states is
given by the analogous power series

dN _ 1 2T+ pre+d, .

dy 2mE ST+ PL(n+ 1) 2
L AT+ D +9) .
20 ST+ dT(n+1)

(25)
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The &’s are positive except d; (cf. Appendix B). The
leading negative coefficient in (25) can be understood
as a compensation for the too strong é function of
dN/[dn at n = 0.

The term n, = n, = 0 was omitted from (19) be-
cause the approximate Green’s function (17) is
obviously incorrect at ¢" = ¢’ since it has a stronger
singularity than the correct Green’s function (18). The
correct contribution for the exceptional “closed orbit
of zero length” follows from

_l"—

lim DG(q"q'E) =

¢ ~q h2

(26)

After dividing by —2ni and integrating over the 2-
dimensional box as well as over the energy from 0 to
E, one gets the contribution 77 to N(5) or simply =
to dN/dy. Therefore, we have to add = to the expansion
(25) in order to obtain the complete density of states
in the interval 0 < 5 < 1.

The expansion (25) is useful only for small values of
n, whereas 7 should cover the interval from 0 out to
co. It is quite hard to find further information about
the analytical behavior of dN/dzn. We have, therefore,
resorted to evaluating the expression which follows
directly from (19),

dN _ i Quh)*[

= = d*qDG(qqE

in = 27 aml? qDG(qqE)
=m+ 1

Eﬂz [n(n? + nd)t
x sin 2alp(n? + nd)F + $7}, (2D

on a computer. The series can be made convergent
with the help of Cesaro sums, i.e., averaging over the
successive partial sums. The result as shown in Fig. 1
is remarkably smooth and small (compared to 1)
outside the neighborhood of the critical values % =
02 + )L

The discontinuous behavior near 7 = (»2 + v2)‘}
can be understood if we subtract from (27) all the
d functions. This can be done in the present simple
case because we know the exact Green’s function of
the problem. In particular, we have from DG(¢"q'E) =
—i(m/F)J,[2mE)} |¢" — q'|/k] the Poisson formula

3 0l — F + )4 = = 3 Jo{2mln(n + ndIF).
(28)
If (28) is subtracted from (27), we can apply the asymp-
totic formula for J, on the right-hand side to find

26[’7_("’1 + 1’2) ]1= 1ef("7)+

vive

dn (29)
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dN/dm
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FiG. 1. The density of states (27) for a particle in a 2-dimensional
periodic box according to classical mechanics after subtracting the
d-function spikes at § = 1, 2, 4, and 5 which correspond to the exact
quantum states. The mtegral over these ¢ functions equals 4 for
n=1, 2,4, and 8 for 7 = 5. The normalized energy # is given by
2mL’E/(2-n-ﬂ)’.

The omitted terms are sums like (24) and (27) with the
% power of n(n% 4 n) and higher in the denominator.
These omitted terms are, therefore, continuous at =
4+ 72)5 whereas f(7n) decreases discontinuously
by 4/n or 8/n according to the number of pairs
(v1, v2) with n = (»2 + 92}, (Cf. Appendix B.)
Although it is not practical to evaluate the right-
hand side of (29), one can make the following strong
statement about the part of dN/dn which is not con-
tained in the d-function singularities. Its integral from
0 to oo vanishes. Indeed, if we take the difference
between the right-hand sides of (27) and (28), we can
integrate term by term. The integral over the difference
between terms with the same n, and », is given by

o . %
. (sin ()t + /4]
L"( o)

—wﬁwwﬂ=a

(30)

where we have abbreviated g = (n2 + n2)¥. Although
the approximate density of states dN/dn does not
vanish between the d-function singularities, its integral
vanishes. The approximate Green’s function does not
introduce any “new states’’ with a continuous distri-
bution in addition to the discrete states.

4. THE VALUE OF G WHEN ¢’ = ¢

A number of technical difficulties have to be over-
come which arise from the rotational symmetry of the
problem in general and from the Coulomb potential
in particular. We shall assume first that ¥{q) is not
purely Coulombic in any region of measure greater
than zero. But this assumption will be dropped later
on because we want to include the physically significant
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case where V(g) arises from the partial screening of
the nucleus by an electronic charge cloud.

The first term in (3) is given by the Thomas—Fermi
approximation (cf. I)

- m
2nh* |q" — q|
x exp {i g — ¢’ 2m(E — V()R (3D
where ¢ = }(¢" + ¢'). This expression is singular at
q" = ¢, but the singularity is not a consequence of
the phase-integral approximation G. The exact Green’s
function G has the same behavior as ¢” approaches ¢’
because G solves the inhomogeneous Schrédinger
equation with d(¢g” — ¢’) on the right-hand side.
The discontinuity of both (31) and G across the real
energy axis remains finite. By taking the difference
between (31) and its complex conjugate, we find that

G(q"qE)~ —

AN gy ~ m
e =~ e Ty

x sin {lg" — ¢’ 2m(E — V()/A}. (32)
This expression is valid only when ¥(q) < E. If ¢”
approaches ¢’, the result is —2mim[2m(E — V(q))]i/
27%h3, for V(q) < E and zero elsewhere. Therefore, we
find

m

— 3
Py [2m(E — V(9))]

(33)

for the contribution of the first term in (3) to the
spectrum as defined in (10).

The remaining terms in (3) arise from a trajectory
which carries the electron from ¢’ to ¢” and which
does not shrink to zero as ¢” approaches ¢'. The
amplitude factor is given by the expression

fd3q DG(qqE) =~ —27-rifd3q

- M m
P rrsin g 2mr¥E — V(') — Mt
m op\!
—}, (34
8 Rmr¥E — V(") — M2 (aM) (34)

where M is the angular momentum of the trajectory
from ¢’ to ¢” and ¢ is the polar angle swept out in the
orbital plane. As ¢" approaches ¢', the angle ¢ goes
to a multiple of 27 and we can write

-
dr M , (35

r r [2m(E — V(r)) — Mz]%

where r” is assumed to approach r’ from below. For

the other possible circumstances, (35) has to be modi-

fied correspondingly. The derivative d¢/dM in (34) is

to be taken at constant r’ and r”.

¢ =2Am —
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If (34) is inserted into (3), it is quite obvious that
one cannot go to the limit " — ¢’ because of the factor
(sin ¢)~%. This singularity does not disappear in DG
as did the previous one, because the phase factor in (3)
is just about arbitrary, i.e., depending on the whole
trajectory from ¢’ to ¢”. The origin of the singularity is
the convergence of all the trajectories which left ¢’ in
different planes with the same angular momentum M.
The end point ¢ = ¢’ is a focus for the trajectories of
given energy E through ¢’ because of the rotational
symmetry. The lowest order of approximation for G in
powers of 4 breaks down and has to be replaced
locally by going to a higher order.

The point ¢’ is enclosed by a volume W of rotational
symmetry around the straight line from the origin to
q'. The surface X of this volume is assumed to be many
wavelengths 2ni[2mr3(E — 12) away from ¢’, yet
the diameter of this surface is assumed to be small
with respect to the distance r’ from the origin. The
expression (3) for the particular trajectory of interest
is, therefore, a good approximation on X, but not
inside. Thus, we can apply Green’s formula (generally
called the integral formula of Helmholtz and Kirch-
hoff in diffraction theory?)

mw_ 1 o Ou
u(g’) = 4ﬂgﬁ dz(u(q)an o(q) an) (36)

in the following manner. Here u represents the two
terms in (3) which are close to a particular trajectory
with ¢" =¢’. In one term, the trajectory has not
crossed the line from O to ¢’ (incoming wave); in the
other,it has crossed that line and has lost an extra
phase 7/2 (outgoing wave). The values of u on X can
easily be computed because the trajectories inside W
differ very little from straight lines. The function »
propagates the incoming and outgoing waves from the
points g on X to ¢” in the neighborhood of ¢'. Thus,
v(¢"q") is given to a sufficient approximation by the
Thomas~Fermi expression (31).

The evaluation of (36) presents no further difficul-
ties. The integration over X is done by the stationary
phase method. The details are worked out in Appendix
C. For each trajectory with ¢” = ¢’ =g, we get the
contribution

_ 1 _1\1 m
Qi) B r2mAE — V) — M2

o¢ |4
oM

X exp i (@ - f -phases) 37

to G(qqE), where the “phases” come from the con-
jugate points before the end point. If we had worked
out the same formula in two dimensions only, the
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factor M/k would be missing from (37). The rotational
symmetry in three dimensions introduces the degen-
eracy given by M/h.

5. THE SUMMATION OVER CLOSED ORBITS

With the help of the expression (37), we can now
evaluate the integrals (7) or (10) for the approximate
Green’s function G(q'q'E). We shall consider each
term in the summation (3) over the classical trajec-
tories separately, leaving out the first term which has
been discussed already. In order to perform the inte-
gration over r, we have to introduce a more detailed
discussion about the limits of integration for a given
energy F and angular momentum M.

If the screening electron cloud is fairly well con-
centrated in a thin shell around the nucleus, the
function

R(r) = [2mr¥E — V(r)]t

has a local minimum 7 inside the screening region. The
corresponding angular momentum M = R(7) is called
the critical angular momentum because for M > M
the classical trajectories remain either entirely inside 7
or entirely outside. The equation 2mr*(E — V(r)) =
M? has two further solutions 7, < 7 < F,. Thus for
M < M there is only one pair of solutions r, < 7, <
Fy < r, for the equation 2mr3(E — V(r)) = M2, where-
as for M > M the same equation has two such pairs,
an “inner”’ pair with 7, < r; < r, < Fand an “outer”
pair with 7 <r; <ry, <F7,. Finally,we call r, the
radius for which V(r) = E.

The trajectories have been further classified in II
so as to determine the number of conjugate points
between ¢” and ¢”. This classification is not needed here
because of the following crucial observation,which
eliminates about half of the possible trajectories from
our present investigation. Since ¢” = ¢’, the absolute
values of the momenta at the beginning and at the end
are equal, i.e., |p'| = |p"| = [2m(E — V)I}. Since the
angular momentum M is constant along the trajectory,
the components of p’ and p” perpendicular to ¢" = ¢’
are equal. Therefore the components of p’ and p”
parallel to ¢” = 4’ are either equal or the negative of
each other.

Now consider the integral over (37) for a particular
trajectory which starts at ¢" = ¢ and ends at ¢" = ¢.
As ¢ moves through the volume of integration, the
action integral S(qqE) changes, and its rate of change
with respect to g is given by

9S(qqE) _ 9S(9"4E)
aq aqlr
_ pl’ — pl.

95(q4'E) ’
7"=q aq’ o'=q
(38)
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The phase in (37) is constant provided p” = p'; other-
wise it changes at a rate given by twice the radial
component of the momentum. In the former case the
trajectory is a closed (periodic) orbit; in the latter case
the trajectory is closed but not smooth since its direc-
tion changes abruptly at g.

If the expression (37) is integrated for a trajectory
which does not close itself smoothly, the phase factor
varies rapidly with the end pointg. In the limit of small
h, the contribution from such a trajectory is negligible
compared to the contribution from a closed (periodic)
orbit whose phase factor remains constant throughout.
The spectrum is, therefore, determined by the periodic
orbits only, although the wavefunctions are made up
of both types of trajectories, as was shown in II. This
rule should be quite generally valid because the argu-
ments that went into its proof used only formula (38)
and the conservation of energy. If we recall the inter-
pretation of the trajectories as geodesics in a Rieman-
nian manifold, particularly in momentum space (cf.
II), the importance of the closed geodesics for the
spectrum becomes a very attractive feature.

Since only periodic orbits are of interest, we need
to know only the integral

dr M
r RmE — V) — M2’

W(E, M) = f " (39)

which gives the polar angle swept by the particle be-
tween its minimum and maximum distance from the
origin. According to (35), the condition for periodicity
is

2vy = 24m, (40)

where 4 and » are positive integers. In other words, the
angular momentum A has to be chosen such as to
make y(E, M) a rational part of 7. For M < # there
is only one value for y, whereas for M > M there are
two values, an inner and an outer one. All of these
values for y become infinite near M, but we shall leave
the discussion of the details to a later section. Each
closed orbit arising from condition (40) has to be
counted twice, because the radial component p” =
p'=p at ¢" =q =g can be negative or positive,
although the shape of the orbit is exactly the same.

The number of conjugate points has been discussed
in II, and we refer the reader to that paper for the
relevant arguments. For the trajectories of interest in
this work, the rule is simple. If (dy/0M)g > 0, there
are 2y + 24 — 1 conjugate points, whereas if

(9y/oM)g < 0,

there are only 2» + 24 — 2. If we introduce again the
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radial action integral

w(E, M) = ndr Rm¥E — V) — ME (41)
r

and the total action integral
0(E, M) = w(E, M) + My(E, M), (42
we can write the contribution from each periodic orbit
to the approximate Green’s function G(qqE) as
)-‘} M m 3 2,,_6.31 -+
ki r2mr¥E — V) — M?) oM
x exp i(20/h — v — Am — sgny - w[4), (43)

—Q2nH

where y is an abbreviation for (dy/0M)y.

It is now easy to integrate over all space, i.e., all
the space which is covered by the particular orbit of
energy E and angular momentum M. After multiplying
(43) with 4#rr? dr and integrating from r, to r,, we find
that the factor m/r[2mr(E — V) — M?)t is replaced
by 4n(0w[0E),, . If we leave out the first term (31) in
the summation (3) over the classical trajectories, we
can now write

fdaqG(qu)

- 2 b
Qait 1550 5 \9E/y | \oM/g

X exp i(2v6/k — vir — Am — sgn y - w[4).
(44)

The factor (dw/0E),, has a simple physical interpreta-
tion. Since [2m(E — V) — M2/r?}} is the radial com-
ponent of the momentum, (dw/0E),, is the integral
over dr divided by the radial component of the velocity.
Therefore, 2»(0w/0E),, is the period of the periodic
orbit. We have to insert the factor » because, if A and
» in (40) have no common divisor, it takes » radial
periods to make the polar angle a multiple of 2.

-1

6. THE CONTRIBUTION OF THE KEPLER
ORBITS

The assumptions about the spherically symmetric
potential ¥(g) will be relaxed henceforth so as to
include a purely Coulombic region as follows:

2 b _
V(r)=—e-—e2fz—(’)—2—1dr, for r < b,
r r r
e2
= ——, for r>b. (45)
N

The screening charge Z(r) — 1 contained in a sphere of
radius r is assumed to be strictly decreasing so as to
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avoid any other purely Coulombic region except
r> b

The distance r, of closest approach is given by
solving the equation 2mr2(E — V(r)) = M2 If there
are two pairs of solutions, we shall concern ourselves
only with the outer pair in this section. Therefore, M2
has to be larger than M? = 2mb*(E + €%/b) for the
trajectory to remain entirely in the Coulombic region
r > b. For M < M, there is precession, i.e., y(E, M) >
w7, and it is important to know how y depends on M
for M, — M « M, . The following will be shown in
the Appendix D. If the screening charge can be
expanded in powers of & — r for r < b, and the initial
term in such an expansion is given by

Z(r) — 12 c(b —r), r <b, (46)
then the precession for M, — M & M, behaves as

P(E, M) 7 + a(l — M/M)*}, for M < M,.

(47)
Notice that (46) includes the case « = 0, where the
screening charge decreases discontinuously atr = b so
that we need a charged thin shell to do the screening.
We shall assume that « > 1 henceforth. Even the case
o = 1 corresponds to the screening charge inside the
radius b starting with a nonvanishing density, whereas
one would rather expect the screening charge density
to vanish at r = b in a continuous manner.

The behavior of the trajectories near a point ¢ with
lgl = r > b can be visualized with the help of Fig. 2.
As in Sec. 4 we consider a neighborhood of g which is
small enough to neglect the curvature of the trajec-
tories. In a plane through the origin and ¢, we intro-
duce the local coordinates ¢ in the radial direction
and ¢, perpendicular to ¢;. A trajectory of angular
momentum A1 is represented by a straight line whose
angle 6 with the ¢ axis is given by M = Rsin 6,
where R? = 2mr2(E — V(r)). This straight line inter-
sects the ¢, axis at ¢, = 2Ar(y — ), where 1 is the
number of “turns’’ the particle has completed before
reaching the neighborhood of 4. For M > M,, ie.,
sinf >sinf = R/M,or § <0 <= — B, all the tra-
jectories go through ¢ as in a perfect focus. For M <
M,,ie., 0< 0 < pand r — § < 0 < =, the trajec-
tories are tangent to a focal line.

The integral formula (36) is applied to a volume W
with surface ¥ which completely surrounds the focus
at ¢, = g, = 0. The propagation function v in (36) is
again approximated by the Thomas-Fermi expression
(31), and u is given by the semiclassical formula (3) on
the surface X. We investigate the particular terms of
(3) which correspond to i complete “turns.” For
M > M, the particle will have accumulated an action

for
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F1G. 2. Schematic picture of the classical trajectories converging
onto their point of departure if the latter lies outside the screening
charge. For large angular momentum, the trajectories are periodic
and go through a focus. For small angular momentum, the trajec-
tories dip into the screening charge and have some precession which
leads to a focal line.

integral equal to 2Amw(me*[2 |E|)é upon reaching the
focus. Since it follows from (39), (41), and (42) that

Rs
6(E, M) =J;w y(E, M"Y dM’' + My(E, M), (48)

we find for a particle with M < M, that

8(E, M) = 22.11-(2| l)if+ 2a (1 —]%)MM (49)

b

using (47). The upper limit of integration R, in (48) is
the value of R(r) at the outer maximum 7, of R(r).
Before reaching the neighborhood W, all the trajec-
tories have lost a total of (24 — 1)= in phases at
various conjugate times. The trajectories with M >
M, lose an additional = upon traversing the focus.
The trajectories with M < M, lose #/2 when crossing
the ¢, axis and another /2 when passing the focal line.
Since (49) gives the action integral when the trajectory
reaches the ¢, axis, we have to add (or subtract) ps
for any other point where p = [2m(E — VNt and s
is the distance along the trajectory from the point
where the ¢, axis is reached.

The detailed discussion of the Helmholtz—Kirchhoff
integral is greatly simplified because we are only
interested in the leading term of an expansion in
inverse powers of 4. The shape of Z can be chosen such
as to allow any trajectory at most two points of inter-
section with X. Thus we can clearly distinguish be-
tween incoming and outgoing waves. The focal line is
made of outgoing waves and does not contribute to
the amplitude at the focus any more than the rest of the
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outgoing waves. The incoming waves are made up of
the Keplerian trajectories inside the solid angle 8 <
6 < m — B and the trajectories with precession out-
side. The latter contribute to the amplitude at the
focus in an amount proportional to A~3+1/(2a+1) a5 will
be shown in Appendix E. On the other hand, the Kepler
orbits through ¢ contribute

_ 7.7’%3 (Zm(E vy A;Ib)%exp 1(32—0 + %nr) (50)

to G(qqE) which is, therefore, the leading termif r > b.
Formula (44) shows that a closed orbit with precession
makes a contribution proportional to /7%, whereas
(50) has a factor /3. The difference can be explained
if we recall that a closed orbit with precession makes a
focus with a l-parameter family of trajectories, but
there is a 2-parameter family of Kepler orbits with
M > M, leading to a higher degeneracy.

The expression (50) can now be integrated over the
space where 2mr3(E — V) > M3 . The result is

-2 hs(“ )(;11;)2’“’ [Zlhﬂi(zmlil)%]' oD

Although we assume that 2 > 0 and integer, it is
convenient to include a term 4 = 0 when we compute
§ d%gDG(gqE). We can think of this additional term
as part of (33), namely,the part coming from the
Coulombic region r > b. Then we can write

fd“q DG(qqE)

= —2i b+ )(
"ﬁ“( 28/ 2 |E

e [zm(z IEI)]

-l 2

5

6(E +
for the Coulomb part of the spectrum.

The energy eigenvalues are given by the Bohr for-
mula, but their multiplicity is reduced from »? to
n(1 + 2bE[e*)?. Since b is essentially arbitrary, pro-
vided b < €%/2 |E|, we have here an instance where the
degeneracy of an approximate eigenvalue is not an
integer. The orbits which do not dip into the screening
charge are still quantized by the same rules as the
hydrogen atom. These are the orbits with large angular
momentum whose quantum defect is small. Their
share among all orbits of a given energy E increases
with E.

met\ & me®
2Eh2) ,Zl 2n"’h"’)

(52)
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7. THE POLES ALONG THE NEGATIVE-
ENERGY AXIS

The contributions from the Kepler orbits are com-
pletely accounted for by (52). Formula (44) can now
be used to find the contributions from the precessing
orbits separately. According to the condition (40),
each periodic orbit is described by two integers, A and
v, so that (44) is a summation over these two integers.
The spherical symmetry (hidden in the factor 2M/h) is
responsible for making (44) very similar to formula
(19) for the 2-dimensional box. It is, therefore, not
surprising that the poles of (44) can be found in much
the same manner as the poles of (19) were located in
(20) and Appendix A.

The integers A and » of (40) will be treated as inde-
pendent variables which are only subject to certain
inequalities such as A > » because y > w. Further-
more, 7 has certain upper limits which depend on the
energy E. For E small enough so that

R(r) = 2mr¥(E — V(r)}}

has no ‘local minimum, the precession y reaches a
finite upper limit. However, for E large enough to
allow R(r) to have a local minimum # at 7, the pre-
cession y becomes infinite as M approaches #. For
values of M close to M, there are three possible orbits,
all with large precession y, one orbit with M < M
and two with M > M (cf. Sec. 5). Each of these three
orbits gives rise to a pair (4, ») whose ratio varies in
the corresponding range.

If the energy E is given, the ratio 4/» determines the
angular momentum M of the periodic orbit through
(40) for each of the possible types of trajectories. It is,
therefore, natural to consider y = Aw/» as independent
variable instead of M and to rewrite the action inte-
grals w and 0 as functions of £ and y, rather than E
and M. It follows from (39) and (41) that

ow
—) = - 53
(aM)E 4 (53)
and with the help of (42) that
(5e) = (. 8
oE OE/;;
Similarly, we find the formulas
(5,),= &, (55)
oy
2 -1
G- G-l e
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The formula (44) can now be written as

~ 8i 006 | 1 626
d®qG(qqE) = —
f 96144 A
2
X exp ll:z—:f — v — Aw — sgn (Z*)}ez)ﬂ, (57)

where only the total action 6 as defined in (42), but
now considered as function of E and y, occurs.

The argument which led to the condition (20) can
now be applied exactly as in Sec. 3. The sum (57)
becomes singular when contiguous terms are in phase.
The phase angle 2¥6/h — o — Am depends on A and
v directly and indirectly through y = Am/». Its in-
crease upon changing Ato A 4+ 1 or » to » + 1 is well
represented by its partial derivatives with respect to 4
or ¥ when 2 and » are large. If we set these derivatives
equal to 2/ and 2nm, we get with the help of (55) and
(42) the quantum conditions

M= (I+ A,
w = (n+ })2nh,
in agreement with II.

In order to find the behavior of (57) for energies £
close to the energy defined by (58), we proceed as
follows. Define 7(E) as the value of (39) for M =
(/ + PA. Moreover, define 1 for arbitrary » according
to (40) by 1 = vj/m. The phase 210/l — vm — A= in
(57) is a function of 4 and » which can be expanded in
powers of (A — 7). If we indicate with 6 and & the
values of 6 and w for y, the phase factor in (57) be-
comes

[ (26 =" 0%0 2 0’0\ =

expl[ (ﬁ w) + Vhoy? S (A — A)% — sgn (ay) 4:\,

(59)
where powers higher than (2 — )% are neglected be-
cause they would have a correspondingly higher power
of v in the denominator. The second derivative
0%0/0y? in the last term of (59) is assumed to have the
same sign for all values of 4 which contribute effec-
tively. Similarly, the variation of the amplitude factor
in (§7) with 2 is neglected, and the various factors are
replaced by their value for M = (/ 4+ })A. Since the
singularity is determined by the terms with large »,
the summation of (59) over 4 can be replaced by the

(58)

corresponding integral. Thus, the expression (57)
becomes
fd“‘qG'(qu)
~—= 2(21 + 1)( ) exp w(—— - 77)
Av>o
1 0@ U
2004+ D -=— 60
= +)haE( g ~(n+ H7 h) (60)
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The poles in (60) all have the residue (2/ + 1) in
accordance with the degeneracy of the angular
momentum M = (/ + DA The factor A'0&/0E
converts the pole A/[® — (n + $)whA] into a pole
(E — E,; )", where the energy E, , is determined by
(58).
APPENDIX A

Suppose that |v,| < |»] in (20). The values of n;
and n, which are responsible for the singularity lie
closer to the »; axis than to the n, axis. For any fixed
values of n, and 7, we can define the real (rather than
integer) i, = v, |ny| (5 — vg)—% so that

2 oot + )P = .

Or,
The phase angle in (19) is expanded in powers of
n, — fiy. Up to second-order terms,

2alp(n? + nd))t
2\ e
=2 ny| (p — )t + 77(77)%(1 _ h) (ny = Ap)*
n lnll
(A1)

Higher-order terms in (n, — 7,) are neglected because
they have correspondingly higher powers of |n,| in the
denominator. Since the singularity comes from the
buildup of many terms, the large values of |n,| are
important. The summation over 7, is well represented
by the corresponding integral, where we replace n, by
7y in the amplitude factor. Thus we find that

1

———exp {2ni[y(n? + n)

%[n(n% N nﬁ)]i p {2mi[n(n] 2I°}
o —1— exp i Inal (n — 99 + imf4] (A2)
(9 ~ v2)
with the help of Fresnel’s integral.

The last formula is obviously incorrect for small |n],
but it is convenient to keep the expression (A2) even
for small |n,] in order to get a simple expression for the
singularities. Thus, we find, by adding over all n,, the
simple sequence of expressions

mL s, exp {2mil(nt + b))+ i)
2k i y(n? + nd)]E
. mI? 1 1
~ — ——— Y exp [2mi |ny| (n — »2
2 (g — Vz)% E il (n 2)*]
_ mlL? _1___ ¢ .
_277h2(77 Vo cogw(n—v)
mI? 1 1
= 2 -
2w2h2(17 v: + vgon — = vg)
2 2h2 1
= 2 (E - =0l + ”2)) (A3)
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In this manner the singularities for a given », are
found, provided |v,| < |n]. All the other singularities
can be found in a similar fashion, except »; = v, = 0.

APPENDIX B

In order to transform f(%) by the analog of Poisson’s
formula, we need the Fourier transform

f dx, f dxy(x + 2yt

X exp [—2mi(x,y; + Xoys) — 2mEGE + xDi]
= Zw‘ﬁwp“% dpJy(27po) exp (—2nép) = I{o, &),
(B1)

where p = (x? + xg)‘} and o = (y? + yg)’}. We shall
always deduce from I the Fourier transform I, which
is obtained if exp [—2m&(x2 + x2)}] is replaced by
7yt cos (27 [n(x2 + xB)]E + 7/4} so that

—i(p?]
+ e o, +i()h.

Without relating 1 to any of the standard transcen-
dental functions, we can find an integral representation
with the help of the Mellin transforms?

1 7 {e+i7r/41[0,,

2my

I (o, 77) =
(B2)

J;)(I)J(,(27r,¢>cr)ps_1 dp = 227'T(s/2)/[2=o)’T(1 — s/2)],
for 0 <Res <%,

,[, et pt dp = (s — B)jamey
for Res > 1.

Parseval’s formula for Mellin transforms gives

I
(9= if s/2)’

where the integral is to be taken along a parallel to the
imaginary axis in the strip 0 < Re s < 1.
With the help of the duplication formula®

F(s 2711 (s/2)
(277'5) - (2770‘)81‘(1

(B3)

2500z + 3) = (7)T(22),

the last integral becomes, after changing the variable

of integration from s to t = —g/2,
1 3 _ 2t
0,8 = &t L fdt Dz + DI + HI( t)(g> ,
2 '+ 1) £

(B4)

where —} < Ret < 0. Thus, (o, &) is a hypergeo-
metric function, as can be seen by pulling the contour
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of integration to the right across the poles of I'(—1):

42T+ Lo+ D) oy
et = ra o8 ®9

This series converges for [0%/§% < 1 and leads to
I(o,n)=0foro? < n.

A series which converges in the range |0%/&% > 1
can be obtained by pulling the contour in (B4) to the
left across the poles of I'(z 4+ }) and I'(z + 2):

<l(m+ H(n + i)(_ §_2)"

PR
1o, 8 =) 2 T )\ 28

C(n + PT'(n + %)(_ E) £

¥ o

oyt &
@ S St 9T + 1) (B9)

The corresponding expansion for ,(o, 7) is given by

1 2T+ P(n + i)(g )
2wt T T(n + PO + 1)
1 2T+ HPL(n 4+ P\
_ L), (B7
2matyt T T(n + HT(n + 1)( ) (87

Ic(o'a 7}) = e

0,2

which converges in the range ¢ > 7. For a given o the
Fourier transform I.(o, ) is discontinuous as a
function of 7, since it vanishes identically for 5 > o

The value of I,(o, ) as n approaches o2 from below
can be obtained with the help of Barnes’ lemma,?
which gives the integral

1
1= s
! o
x = [aira + pre+ pre-oren(1 +5),
(88)

where again —} < Ret < 0. If the contour of inte-
gration is pushed across the double pole to % <
Ret < 1, the remaining contour integral can be
shown to vanish faster than |1 + ¢%/ £2|} as &2 tends to
— o2 The contribution from the double pole is found
to be

— () + w® — 200 + g (1+ GE)] (B9)

Whereas I(o, &) has a logarithmic infinity as &* tends
to —o?, I (o, n) remains finite as 7 tends to ¢* from
below. If we insert & = :l:i(n)‘} into the above expres-
sion, we find that

log (1 + 0%/£2) = xim + log (—1 + o%/n)
and &% = ytexp (Lin/4). Therefore, it follows

MARTIN C. GUTZWILLER

that

lim (0, 7) = .

Liady g

(B10)

More generally, we obtain for # < ¢* the expansion

12T(n+ Hln + o*\"
(0, 7) =~ 1=2V. (811
(o) n% THT@)n! n! ( n) (B1D)

The expansion (B7) converges rapidly for 0 < 9 <
0%/2, and the expansion (B11) in the range ¢%/2 <
n < o

The function f(7) can now be evaluated in the form

F) =3 [y [t + b, ietetmsensn

nine

=3 1163 + #Dh ol = f dy, f AL {02 + y)h ).
' (B12)

Since I (o, n) = 0, for ¢ < 7, the term »; = v, =0
never appears, and the integral covers only the area
Y2+ y2 > ninthe (31, y,) plane. An inspection of the
two series in (B7) reveals that both the summation and
the integration in (B12) do not converge for the terms
n = 0, although there is no problem with the terms
n > 0. On the other hand, it is clear that the difference
between the sum and the integral remains finite
provided the variables of summation and of integration
go to o in the same way.

For this purpose, let us do the integration over the
region in the (y;, y,) plane which is bounded by the
square |y,| < w, |y,| < w. The terms in (B7) with
n = 0 converge at the origin of the (y,, y,) plane but
not at co, whereas the terms with n > 0 converge at
oo but not at the origin. Therefore, we calculate the
integrals Q(v, w) given by

f dy,
lnl<o

1
i
flhl”’ ' [v2]>0 2(Y%+)’§)v

In both cases we have the simple formulas

99 _

o

1
dy,———, for » <1,
flwl«» FOF+ Y

for » > 1. (B13)

© dy 8 J'l dz
8 = +
:|: J:)(y2 + w2)v w2v—l 0(1 + Z2)v
(B14)
with the upper (lower) sign for» < 1 (v > 1). We have

also the “initial”’ condition Q(», 0) = 0 for v < 0 and
O(», ) = 0 for » > 1. Thus, we find

2(1—v) 1

Q= :t47v(f with p, = dz

o(1 4+ 2%

(B15)
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The “constant” y, is obtained by expanding the inte-
grand
(v +n—1 ()"
1-2- 2n +1

= F(» %; %: =), (B16)
which converges for » < 2. There seems to be no
obvious way to reduce the last expression to simpler

functions.
It is now possible to evaluate the integral

_Zv(v+ R

[y —
vt > lnl<w, qul<w ()’1 + ¥
4y
11—

m 1—v
=—"+
v—ln

w2(1—v)

(B17)

for all » > 0 with the exception of » = 1. Therefore,
after inserting (B17), the integral in (B12) consists of
a term which comes from the first part of (B17) and is
given by

%F(n —In+ D _ %F(n — P+ _

o T(n+PIl'n+1) T+ HT(n + 1)
and a term from the second part of (B17) which is
given by

2200 =P+ D (n)"-*
75 T(n+ )l + 1)’ ™
® - n—t
7o I'(n + HI'(n + 1)
If w is allowed to go to o, all terms except n =0
vanish. The terms » = 0, however, diverge, and one
has to proceed more cautiously.
Each term in (B18) behaves for large w as the corre-
sponding term in the sum over », and », of (B12) when
|71} < @ and |7] < w. Therefore, we can write

L S v Ln+ YL + P "
it ©T(n + HT(n + 1)
1 &(n+ PI'(n + .
St DD, o sig)
2mnt TG+ P0G + 1)
where the coefficients d, are defined as the difference
6v=1im[z( nt > )
@=0 Il <o, [l <o

% . 1 — — 47v wz(l-'v)} (BZO)
01 + )’

1—v
and o is assumed to have only half-integer values. If
» > 1, the second term in (B2) can be omitted because
the sum over », and %, converges all by itself.

fin) =
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The choice of half-integer values for w is motivated
by the following consideration. The second term in
(B20) represents the integral (B13) which can be
written as a sum of terms

v1+} vn+}

"1"% Vz“% ()’1 + .Vz)v
provided w is a half-integer. This integral can be eval-
uated if we expand the integrand in a Taylor series
around y, = », and y, = »,. The first two terms of the
resulting series are given by

107 + 93 + v71207 + )™ + (B22)
As o Increases, the contribution from the first term
in (B22) cancels the successive terms in the summation
over », and ¥, in (B20). We are left, therefore, with a
sum over ¥ and ¥, of the second term in (B22) which
converges for » > 0 as w goes to oo. All 4, are
expected to be well-defined real numbers which will
have to be evaluated on a computer, however. It
follows from the above argument that J, < 0, for
y<1,and §, >0, forv > 1.

The values for y, are as follows: y; = 0.93748975,
73 = 0.83089621, ys = 0.744303, and y; = 0.673368.
The resulting values of é are given by d; = —1.917,
8 = —10.077, dg = 1523807, & = 7.00987, 0 =
5.45641, 42 = 4.83917, etc., for n < 1 in (B19).

(B21)

APPENDIX C

A small volume W around ¢’ is chosen with a shape
like a football whose axis of rotation coincides with
the straight line from the origin to ¢'. The surface Z
of W is described by two parameters, ¢ and vy, if we
write g = [q, (0) cos p, ¢, (o) sin p, q" + ¢,(0)], where
—1 <0< 41and 0 <y < 27 The z axis has been
chosen along the direction through ¢', and g, (¢) > 0.
The football shape of W is convenient because it allows
none of the trajectories of interest to intersect £ more
than twice. That excludes the case where M = 0, but
it will turn out that there is no contribution from such
trajectories anyway.

For the present purpose we can approximate

S(qq’E) = S(¢'qg’'E) — p'(q — ¢'), incoming wave,
= S(¢'¢’E) + p'(g — ¢'), outgoing wave,
(Ch
where p’ = hk(sin 0 cos p, sin 0 sin v, cos 6) is the
momentum of the trajectory through ¢’ in the plane of
longitude v around the z axis. The propagating func-
tion v(q"q) inside W is approximated by

v(q"q) = ekl (C2)

lq" — qi
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where k = [2m(E — V(¢q"))/h]t. Obviously v is the
simplified expression for the Thomas-Fermi approxi-
mation (31). In both (CI) and (C2) the trajectories
have been approximated by straight lines.

Apart from a factor —(274%)71, the function u in the
Helmholtz-Kirchhoff formula (36) is defined by

| DJ* exp i[S(gq'E)/h-phases],

where D; and S(gq’'E) are given by (34) and (CI).
Obviously, all the factors in | D,|¥ can be replaced by
their value at ¢’ with the exception of (sin $)~%. Since
¢ is small, we can write r sin ¢ 2~ ¢, . Finally,we have
to discuss the effect of d/dn, the derivative along the
inward normal on X upon u and v. If 0/0n acts on the
phase factor of u or v, it introduces a factor ~ k; if
0/0n acts on the amplitude of u or v, a factor
~ |q — q'|™* appears. We shall assume that the latter
is negligible with respect to the former, i.e., that the
radius of W is many wavelengths 2n/k.
After all these approximations we are left with

1 (M m’ 2 -1)*

278 \r'? 2mr(E — V(') — oM
X exp 1[1 S(q’q’E)-phases:I
4)‘ (_)(k(n,q—q)ii(p’,n))
la ~q'1\q, la — ¢l h

x exp [ik |¢ — ¢'| F ip'(q — ¢")/A], (C3)
where the upper sign is valid for the incoming wave
and the lower sign for the outgoing wave. In the latter
case we also have to add the phase-loss factor
exp (—im2). If we insert (4% + qﬁ)‘} for |g — ¢'| and
k(g sin 6 4+ g, cos 6) for p'(g — q")[h, we recognize
immediately that the phase factor becomes stationary
only for the incoming wave, namely,when (¢, , ¢,) =
(g% + q”)%(sm 6, cos 6).

The outgoing wave does not contribute to the value
of the approximate Green’s function G at the focus
q" =¢'. The evaluation of the integral for the in-
coming wave by the stationary phase method foliows
the standard procedure. The phase vanishes at the
stationary value g, , and its second derivative there with
respect to o is given by

2
© = kgt + i (0 G - 0 %) (9
do do
The integration over y is trivial so that we are left
with the integration over o:
d
— _@)

d
zkfdcr (rq?t ( aq
g5 + g do do
x exp i[®(c — 6,)¥2]. (C5)
If g, increases monotonically from some negative to

M2
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some positive value as o goes from —1 to +1, the
factor ¢, dgy/do — g, dq, [do remains always positive.
The integral becomes —i(2wkr sin 6)% exp (+in/4)
after insertingg | = sin 6(g3 + q”)% Finally we use the
fact that M = rpsin 0 = rhk sin 6 to get the simple
result (2 M/h)} exp (—im/4) for (C5) and the second
line of (C3). The formula (37) follows at once.

APPENDIX D

The integral in (45) can be evaluated with the help
of the first term (46) of an expansion in powers of
(b —r). Thus, the potential in r < b differs from
—e¥r by

J;bz(r)_ldr

7'2

b=

=L b-6-nr

I T
~(eror * 2oror T ) ©

The integral (39) is worked out by choosing a vari-
able of integration which imitates the Coulomb
potential. We define p = r for r > b, and

2mr¥d(E — V(r)) = 2mp*(E + €2/p)

for r < b as long as the approximation (D1) is valid.
The angle of precession is then given by

ch—lz M

(E, M) = , (D2)
v o T 2mpE + €¥fp) ~ M2 (
where p; and p, are the solutions of
2mp*(E + €*[p) =
It follows from (D1) that
C(b — p)a+1
r=p-— +---, for p<b,
P (@ + 1)1 + 2Eb[) P
(D3)
dr c(b — p)* )dp
—=\l4+—=+ | D4
r ( 1 + 2Ebjé* P (04

in the range p, < p < b, whereas dr/r = dp[p inb <

The further manipulations are straightforward. With
a new variable = with

e? 1—-7
= 1 - R D5
p= sl =) (b
and € = 1 + 2M2E[/me*, we find that
dp M
p 2mp*(E + €°[p) —
14+ € dr
=2 . (D6
(1—6) 1+ 0+ 71 — ¢ (D)
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The limit of integration 7, corresponding to p = b is
given by the expression

7, = RE(M? — MY/me'F(1 + € + 2Ebje*)™, (D7)

and the quantity b — p can be written as

ce® Ty — T

v (|E|)<1 RO
The lower limit of integration p, becomes simply
7=0,and 7, & 1 as long as M — M2 K M?. There-
fore, we can neglect the denominator in (D8) in the
range p; < p < b where the second term of (D4)
appears. The right-hand side of (D6) is integrated from
0 to + oo and yields 7, whereas the correction due to
the second term in (D4) becomes

¥ 2\ T 2a
i T
1 —¢/ | + 2bE/e*\|E| 0o 7 T

(D9)

The last integral over = is given by I'($)I'(a + 1)/
2I'(e + 3). All the factors remain obviously finite and
nonvanishing as M — M, with the exception of
72%%1 which leads to (47).

APPENDIX E

it is evident from Fig. 2 and (47) that the trajectories
through W with M < M, are given by the equations

g, = scos b,
M a+%
g, = 2zm(1 - S—“ﬁ) +ssin6,  (E1)
sin
where s is the distance along the trajectory as meas-
ured from its intersection with the ¢, axis. The
caustic is obtained by a standard calculation as
H 6 a+£‘
R = 2Ara|l — Sli—)
(@, 0.) = 2ra1 = 2
(x4 $)cos® §
sin # — sin 6

x [(o, )+ (cos 6, sin 0)]. (E2)
Since § is the angle of the tangent to the envelope, its
radius of curvature R is immediately obtained from
the formula do = Rdf, where do is the distance

between two corresponding points of (E2). Thus, we
get

& = (ot Dira ( | _sin e)“—*
sin 8 sin 8

< ((o: — 3 cos®

sin f — sin §

+ 3sin 8 cos e). (E3)
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In the case of a thin shell (« = 0), the radius of curva-
ture goes to co as 6 — f§; this remains true even for a
nonvanishing screening charge density at r = » when
« = 1. For « > %, however, R vanishes at 6 = §
because the precession is small and the trajectories
remain almost focused.

Let us now consider a line of constant phase in the
()9, plane. In the region § <0 <=7 — f it will
be a circle of radius p around the focus with the phase
integral 2Am(met/2 |E))¥ — pp. In the regions § < B
and 7 — f < 6 we have to determine s for (E1) such
that adding ps to (49) gives again 2An(me*/2 |E N — pp
as for # < 0 < = — B. Therefore,

et
sin 6) . (E4)

§=—p— 22.ar(1 ——— sinf.
sin 8
The distance p’ of the corresponding point A from the
focus F is easily worked out as long as 0 is close to
B or m — f, and we have to retain only the lowest
power in (sin  — sin 6):

222
Aar(1
]

The difference between p" and p is responsible for the
destructive interference of the incoming waves from
outside the solid angle § < 0 < 7 — f.

The element of area dX in the surface of constant
phase can be obtained from its curvature, which is the
inverse of the distance AC along the trajectory to its
contact C with the caustic. This last distance equals
p plus the length FC of the caustic from the focus F
to the point of contact C. From (E2) we find for the
length FC the leading term

(2a + 1)Ara
sin (1

: 2a+1
——M) cos’f + -+ -. (ES)

pr=rp+2 ;
S

__sin 0
sin §

.
) costh.  (E6)

If 6 is used as variable of integration in Z, we have

dZ = 2 sin 6 db
N [P n 2w + l)ﬂma(1

sin 8
We can choose W as in Appendix C such that only the
terms where 9/0n acts on the phase factor are impor-
tant in the lim A — 0. Also, the directions of the normal

n and of the vector toward the focus differ only an
amouunt of order (8 — 6).

The amplitude of the incoming wave according to
(34) has (sin $0¢/dM)? in the denominator where

sin g =~ ¢ —q,/r (E8)

and we have to insert (E1) with (E4). The derivative
0¢/0M is to be taken at constant r’ and r”, ie., at

oed
_an 0) cos? 62]. (E7)
sin 8
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constant ¢”. If (E8) is expressed in terms of ¢” and M,

the derivative d¢/oM follows at once. Thus, we find

2 : a-i -1
D, o m_[p 4 (22 + l)lar(1 _ s?n 0) cos? 6]
p sin sin

(E9)

for the amplitude squared of the incoming wave if we
retain only the leading terms in (sin § — sin 6). In both
(E7) and (E9) the second term can be neglected com-
pared to p only if « > §, i.e., if there is no infinitely
thin shell carrying a nonvanishing screening charge.
With that assumption both dZ and D, can be reduced
to their values for a pure Coulomb field.

The Helmholtz-Kirchhoff integral is thereby re-
duced to the simple expression

L J‘sinﬂdﬂie

2k A
2Am ( me?

X exp i[—h— i—lﬁ)%_ (24 — 1)77} (E10)

in the solid angle § < 6 < = — §, with an additional
phase factor

2,22
exp i[2—————-pl ar (1
hp

in the solid angle § < § and = — 8 < 6. If (E10) is

: 2a+1
- g_n_&) cos? B:I (E11)
sin
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integrated from § to # — § and
M, = Cmr¥E — V))tsin 8

is inserted, the formula (50) is obtained. On the other
hand, the argument of the exponential (E11) can be
simplified because 6 varies only in the neighborhood
of §. If we expand everything in powers of (8 — 0)
and keep only the leading term, we are left with the
integral

fﬂ do exp [ik(B — 6)*

= V2D in/2(2at) I'a/(2e + 1))
200 + 1

b4

where
k = 2pA%a®r(cos B)*** 3(sin B) 2k 1p?

is just what is left in the exponent of (E11) besides the
factor (f — 0)2¢*1, The factor « to the —1/(2« + 1)
power in (E12) introduces an 411/(22*1) which makes the
whole term of lower order than the contribution from
the Kepler orbits.

1 M. C. Gutzwiller, J. Math. Phys. 8, 1979 (1967); 10, 1004 (1969).
These papers will be referred to as I and II.

¥ M. Born and E. Wolf, Principles of Optics (Pergamon, New York,
1959), p. 376.

3 E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals
(Oxford U.P., London, 1937), p. 196.

4 E. T. Whittaker and G. N. Watson, 4 Course of Modern Analysis
(Cambridge U.P., New York, 1927), p. 240.
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For a system described in a phase space of generalized coordinates w and momenta J, the generalized
master equation gives the time evolution of the reduced-density distribution function p(t, J) for the
momenta. A generalization of the generalized master equation, having a similar non-Markoffian form,
is derived for the full distribution function p(t, w, J). This equation is an alternate form of the Liouville
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the reduced distribution function p.(t, w., J), depending on the subset w, of the set of coordinates w,is
derived. The approach to a stationary state for t — oo is discussed.

1. INTRODUCTION
In a previous paper,! a derivation was given of the
generalized master equation. For a classical system
described by generalized coordinates w and momenta
J in phase space, the generalized master equation is an
integro-differential equation for the time evolution of

the reduced distribution function p(t, J) for the mo-
menta, first obtained for a gas by perturbation theory.?
The derivation given in Paper I used projection-
operator methods® applied to a Hilbert-space de-
scription of an arbitrary system with time-independent
Hamiltonian. The basic projector required was the
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projector onto the “vacuum state of correlations” in
the terminology of perturbation theory, the state for
wave vector k = 0.4

The generalized master equation, being a descrip-
tion of the reduced distribution function p(z, J) from
which the coordinates have been eliminated, does not
readily provide information about those reduced
distribution functions, such as the 1-particle or 2-
particle distribution functions, which depend on some
of the coordinates w. It is shown in this paper that the
methods of Paper I are readily extended to generalize
further the generalized master equation and to obtain
an integro-differential equation of the same form as
the generalized master equation but for the entire
distribution function p(z, w, J). Time-evolution equa-
tions of this form are also given for reduced
coordinate-dependent distribution functions. The pro-
jector required for these generalizations projects onto
a state of arbitrary k. We work in the continuous
spectrum of k.

In Sec. 2, the separation of the Hamiltonian H(w, J)
into a part H,, which is the Fourier component of
H(w, J) independent of w, and the remaining part H,,
which comprises all other Fourier components, is
described. This separation entails a corresponding
separation of the Liouville operator
OH 9 _0oH 6)

ow 0J 0J ow

into a part L,, which is diagonal in k representation,
and the interaction part L,, which is off-diagonal. It is
the Liouville operator itself which separates in this
way, not the exponential operator e L a5 assumed
by Zwanzig.® This separation is not necessarily the
same as that used in perturbation theory. If Fourier
analysis of the perturbation term in the Hamiltonian
yields a Fourier coefficient which is independent of
w, this term must be included in H;; a renormalization
of generalized velocities occurs.

In Sec. 3, the description of classical dynamical
(phase-space) variables as eigenvalues of Hilbert-space
operators, introduced in Paper I, is extended. The
Hilbert space is one spanned by the eigenkets of the
coordinate operator |w). In this space the Liouville
operator, including the interaction term, is not Her-
mitian.

The derivation of the non-Markoffian equation for
p(t, w, J) is given in Sec. 4. As in the generalized
master equation for p(¢,J), a term appears which
depends on an operator a(t, J) [denoted by pi¥'(¢, J)
in Paper I]. This operator is itself the solution of an
integral equation, which is discussed in Sec. 5. As
time passes from f— —o to t— 4, 0y(,J)

Liw,J) = i(
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changes asymptotically from one solution ¢! to an-
other solution " of the Liouville equation without
interaction. As was shown in Paper I, the same be-
havior is exhibited by p,(t, J), the Hilbert-space
density operator whose eigenvalues are p(¢, w, J).
For t » — o0,

po(t, J) — p:)n(t’ J), where P(i]n(t’ = (i)n(t: J).
For ¢t > 4+ 0,
polts ) — pg™(t, 3),

also a solution of the Liouville equation without
interaction. This approach to a stationary state as
t — 4 oo is considered in Sec. 6. In Sec. 7, reduced
distribution functions and their Hilbert-space density
operators are discussed, and the non-Markoffian
time-evolution equation for reduced distribution func-
tions is derived. If the reduced distribution function
p(t, W, , J) depends on the set of coordinates

wr = {w13w2’ T, wr}’

then the density operator pj(¢, J) operates in a reduced
Hilbert space spanned by the eigenkets of the coordi-
nate operator |w,).

2. IDENTIFICATION OF THE INTERACTION
TERM IN THE HAMILTONIAN

For a system with a time-independent Hamiltonian
H, assume that

H(w,J) = H'J) + AH(W, J), @10

where w, J is a set of canonical generalized coordinate
and momentum variables. They are angle-action vari-
ables for the Hamiltonian H%(J) of the unperturbed
system. The separation of the Hamiltonian in (2.1)
into an unperturbed piece H°(J) and a perturbation
AH(w, J) is not unique. If AH is expanded as a
Fourier integral

AH(w, J) = f dse®™"*h(s, J), 2.2)

the term in 4(0, J) can be separated out:
AH(w, J) = f dse®™ (s, Hd(s) + h(s, D1 — 6@)]}

= h(0,J) + f dse* (s, J). 2.3)
10]
The symbol {;o; ds indicates that the point s = 0 is
omitted in the integration.
Accordingly, instead of the separation of H assumed
in (2.1), a unique separation is obtained by setting

H(w, J) = H,(J) + Hy(w, J), (24)
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where
H\(J) = H(J) + h(0, J),

Hy() = AH(w, J) — h(0, J)

=f dse®™*"h(s, J). (2.5)
(01
H,(J) is the Fourier component of total Hamiltonian
H(w, J) which is independent of w and all other Fourier
components are included in H,(w, J). The separation
(2.4) instead of (2.1) is significant when 0h(0, J)/dJ
does not vanish. In this case, the generalized velocities
v(J) of the unperturbed system,
0
vy = 9
oJ
are renormalized in the presence of the perturbation.
They become

(2.6)

w@) = D _ gy 4 0D

2.7
oJ oJ @7

In this paper, the separation of the Hamiltonian is
made according to (2.4). H,(J) is the Hamiltonian of
the system without interaction and Hy(w, J)is the inter-
action term. It is convenient to write the Fourier
expansion of Hy(w, J) as

Hyw, J) = f dse™ ™" h(s, J), 2.8)

where

10, 3) = f dwH (W, J)

= f dsd(s)h(s, J) = 0, (2.9)
so that H,(w, J) has no Fourier component independ-
ent of w.

In accordance with (2.4), (2.8), and (2.9), the
Liouville operator in phase space separates into

L(w, J) = Ly(w, J) + Ly(w, J), (2.10)
where
L, = —iv(J)- %, 2.11)
L, = — J dseZ”W'S[h(s, J)(27rs . 'a%)
. /Oh(s, J) . 9
+ z(———aJ ) 8w] 2.12)

3. THE HILBERT SPACE

In the Hilbert space introduced in Paper I, the
dynamical variables A(¢, w, J) of classical phase space
are eigenvalues of Hermitian operators 4,(¢J) (sub-
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script “o” denotes operator),

A3 = f dw [w) A(t, w, 3) (wl,

At w, J) = Tr [A(1, J) [w) (wl], (3.1)
where the eigenvectors [w) are assumed complete and
orthonormal on the real domain of w, so that

f dwiwyw =1, (W |w)=dw —w. (32)

Clearly,

Ao(t, J) [w) = A(t, w, J) |w),
so that

Tr[A.(t, J) [w) (w]] =de’ Wl A1, 3) W), (3.3)

Tr[A 1, 3)] = f dw f aw' (W] A (1, )W, (3.4)

These expressions for the traces are appropriate in the
continuous spectrum where only the diagonal elements
contribute because of the d-function singularity®

WAL, I) [w) = A(t, w, D(w' — w).

The Fourier-transform kets |k),

(3.5)

k) = f AWK W), (W k) = &R (3.6)

are also complete and orthonormal on the real domain
of k. According to (3.1), (3.3), and (3.4), since
A(t, w, J) is real,

A(t, w, J) = (W] A1, 1) 10) = (0] 4,(z, J) Iw),

(3.7
Tr [4,(2, )] = (0] A,(2, J) |0). (3.8

The ket |0) is defined in this paper as
10) = |k = 0). 39

Since, according to (3.7) and (3.6),
A, w, 3) = f dkw | k) (k] 4,8, 3) [0)

- f dke™™ % (k| A,(t, J)|0), (3.10)

the matrix element (k| 4,(#, J) |0) is the Fourier trans-
form of A(¢, w, J).

The Hilbert-space Liouville operator corresponding
to L(w, J) is

LI = £,(I) + £, (3.11)
where
£ = f dw W) Ly(w, 3) (w,
£,(3) = f dw |W) Lo(w, J) (W]. (3.12)
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The Fourier-transform kets |k) of (3.6) are eigenkets
of £,, since

£, [k = f dw |w>(—iv1(J) : 5%) WK

= 27v,(J) - k |k). (3.13)
£,(J) is Hermitian with eigenvalues
Ak, J) = 27k - v,(J), (3.14)

continuous in k.” In the k representation, the matrix
elements of £, and £, are

(k[ £ |K') = 27k - vi(D)o(k — k),
oh(k — K/, J))

(3.15)

k| €, k'Y = 211[]& ( 5

— h(k — k', J)(k — k') "aa}] (3.16)

In the k representation, £, is diagonal, but the diagonal
elements (k| £, k) of £; all vanish according to (2.9).
This result is a consequence of the separation of the
Hamiltonian (2.4), according to which 4(0, J) is in-
cluded in H,(J), rather than in the interaction Hy(w, J).
Note that the Liouville operator is separated into
diagonal and nondiagonal parts in (3.11), but the
exponential operator e~** is not. The latter separation
was assumed by Zwanzig.® From (3.15) and (3.16),

Tr [€, [k (k|] = f dK’ (k| €, Ky = 2k - wy(J), (3.17)

Tr [£, [k) k] =0, (3.18)
k| £y [K)* = —(—k[L; | k"),
k| €, [kD* = —(—Kk| £, |—K'). (3.19)

According to (3.16), it is apparent that £, is not
Hermitian in the Hilbert space. This is surprising,
since the Liouville operator is Hermitian in phase
space, where®

f a3 f dwf*(w, DLW, )g(w, J)

= f 43 f dwg(w, DLW, T f(w, D]* (3.20)

for functions f and g vanishing at the boundaries.
But (3.20) is equivalent to

f 43 Tr [f,(DE@)2o(D)]

= f d Tr[gI@fF. (.21

Integration on J is required for Hermiticity of the
Liouville operator. It is not Hermitian in the reduced
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Hilbert space spanned by the |w) kets alone. (A Hil-
bert space spanned by simultaneous eigenkets of
coordinates and momenta |w, J) was introduced in
Paper 1.)

- If we use the notation

J(k) = k) k| (3.22)

and

1k]=1—-9k) = ‘.k]dk’ (k" &'l,  (3.23)

v

omitting the point k' = k, then it follows from the
preceding discussion that

F(K)L,T (k) = 0, (3.24)
F®ET(K) = TR T (k) = |k) Tr [£,T(k)] (k]|

= 27k « v, (J) [k) (K|, (3.25)

1[K]E, T (k) = FK)L,1[K] = 0, (3.26)
1KIET(K) = 1[KIE,T (k) = £,7(K), (3.27)

FK)LK] = TK)E,. (3.28)

4. GENERALIZATION OF THE GENERALIZED
MASTER EQUATION

Corresponding to the phase-space probability den-
sity p(z,w,J), a Hilbert-space density operator is
defined as

po(t, J) = f daw W plt, w, ) (W, (41)
and the Liouville equation takes the form
dpy(t, J .
Jﬁé—t—) = —il(I)pq(t, I). (4.2)

For derivation of the generalized master equation in
Paper 1, the Liouville equation was projected into two
parts with the projectors §(0) and 1[0]; $(0) projects
onto the ‘“vacuum” state |k = 0). The generalization
to be obtained here utilizes 1[k], instead of 1[0].
From the Liouville equation,

UK D) _ e oot 3)

ot
= —il[KJC1[K]py(1, 3) — iL,T(K)py(t, I),
4.3)
according to (3.27). Using the notation
Lk} = 1[k]L1[k], (4.9

and noting that 1[k] = (1[K])* since 1[k] is a pro-
jector, we obtain the differential equation

(g + 00 1, ) = —L50Wp(t, 3. (4.5)
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Operation from the left with the integrating factor
el and integration with respect to time gives

1[k]py(t, J) = 1[k]oo(t, J)
¢
~if aret e gon e, ), 46

where

a _
(_a'z + rﬁ[k]) 1{K]oy(t, 3) = 0. 4.7)

[The operator oo(t, J) was denoted by p*(z,J) in
Paper I.] An expression for the interaction term
L£4p0(t, J) of the Liouville equation results from (4.6)
upon operation from the left with F(k)L, followed by
integration over k. From (3.28),

t
£.04(t, 3) = Lop(t, J) — i f ars(t — t, Hpo(t', I,

(4.8)
where

8, J) = f Ak (K)Lqe~ 0K 3 (K). (4.9)

Accordingly, the Liouville equation becomes

(Z&%i) + ilipo(t, 9) = —ifz00(t, J)

¢
—-f arst — ¢/, Dpe(t', J). (4.10)
According to (3.10), the Fourier transform of the
phase-space probability density p(z, w, J) is
k| po(t, 3) 10).
It obeys the equation, obtained from (4.10),

9 (k| pot, J) 10)
ot
= —i (k| Ly04(t, J) |O)

—ft dr'g(t — ', k, 3) (k| po(t', 3) 10), (4.11)

+ 2mik « vi(J) (K] po(t, 3) 10)

where

g(t, k, J) = Tr [S(t, HTK)] = (k| Loe I, [K).

(4.12)
1t follows readily from (3.19) that

g*(t,k,J) = g(t, =k, J). (4.13)
Fourier transformation of (4.11) gives the time evolu-

tion of the phase-space probability density p(z, w, J):

op(t, w, J) op(t, w,J)
at + i) ow
= —iLyw, D)a(t, w, J)

t
—f dr'G(t — t',w, Np(t', w, J). (4.14)

BORIS LEAF

The phase-space operator G(¢, w, J) is defined from
g(t, Kk, J) as

G(t, w,J) = g(t, (2mi)? 58; J), (4.15)

so that the Fourier transform of g(¢, k, J) (k| in (4.11)
is

J dke*™*g(1, k, ) (k| = G(t, W, J) (W]

or

G(t, w, HS(wW — w) = f dkeT* s K ) (4.16)

According to (4.13), the operator G(z, w, J) is real.
Equation (4.11) in the k representation or (4.14) in
phase space is a generalization of the generalized
master equation. The generalized master equation
which expresses the time evolution of the reduced
distribution function for the momenta J,

plt, J) = f dwp(t, w, 3) = (O] py(t, ) [0, (4.17)
is obtained simply by setting k = 0 in (4.11):

%D i 01 taost, 1 10

¢
—f dt'g(t — t',0, Dp(t', J). (4.18)

Equation (4.14) is an alternative non-Markoffian form
of the Markoffian phase-space Liouville equation
itself. It expresses the change in probability density
along the trajectories of the noninteracting system,
the system governed by the Hamiltonian H,(J), in the
presence of the interaction Hy(w, J). Multiplication by
the displacement operator exp {tv,(J) - d/0w] along
these trajectories, on the left-hand side of (4.14), gives

0 exp (tv, - 9/oW)p(t, W, 3) _ dp(t, ;vt(t), ) , (4.19)

ot
where

w(t) = w + vt (4.20)

is the coordinate along the trajectory, and d/dt is the
total time derivative following the motion. Accord-
ingly, (4.14) becomes, in the interaction picture,

dptt, W(1), 3) :t(t)’ )] = —i f aw'd(w(t) — w)Ly(w', Da(t, w', J)

- fjmdt’ f dw'S(w(t) — W)

x G(t — t', W, Dp(t', w, J).  (4.21)
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5. TIME EVOLUTION OF oy(t, J)

The operator o,(z, J) appearing in the preceding
section is specified by (4.7), which can be written

(a% + iﬁl)l[k]o'o(t, 1) = —itykjo(t, ). (5.1)

The formal solution of this equation is
1[k]oy(, J) = 1[kloy*(t, J)
1
- if dt'e 0 ko, 3), (5.2)

where oi®(¢, J) is a solution of the Liouville equation
without interaction

(3 + iﬁl) o1, J) = 0, (5.3)

ot
so that

a2(t, J) = =190, J). (5.4)

Here, o(z, J) is the asymptotic value of o,(#, J) for
t— — . For t— + o, 0y(t, J) asymptotically be-
comes equal to d3**(z, J), where

1[klog™(t, J) = 1kl (1, J)

— i f dt'e =0 Koy (1, J).
(5.5)

03"(z, J) is also a solution of the Liouville equation
without interaction:

2, o\ ou
(a—t + ztl) ogu(t, ) = 0,
od°(t, J) = e T4g$™0, J). (5.6)

Multiplication of (5.5) by the displacement operator,
along the trajectories of the noninteracting system
et gives

1[k]og"%(0, J) = 1[k]og"(0, J)
- ifw dr'et g klo (1, J) (5.7

independent of time (interaction picture).
Operation on (5.2) from the left with F(k)C, fol-
lowed by integration over k gives

t
La00(t, 3) = L4012, J) — i f Dt — ¢, Dot J),

(5.8)
where

D(t, I) = J' AT (KL e~ [K]. (5.9)

The terms in £,04 in (4.10), (4.11), (4.14), and (4.21)
are specified by (5.8).
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6. APPROACH TO A STATIONARY STATE

We have seen in the previous section that, as time
passes from ¢— — o0 to ¢t — 40, 04z, J) changes
from ¢(1, J) to a™(z, J), where both oi* and o™
are solutions of the Liouville equations without inter-
action, and therefore are constants of the motion
along the trajectories of the system without interaction.
It was shown in Paper I that the same behavior is
exhibited by the density operator p,(#, J) itself. Here
we take into account the separation of the Hamiltonian
according to (2.4), instead of the separation according
to (2.1) used in Paper 1.

When the Liouville equation is written as

(g; + iszl) pult, 3) = —iCapo(, ), (6.1)

the integrating factor e'*1! gives the formal solution
s t . ’
polt, 3) = pi2(t, 3) — i f dr'e =g, oy, 3), (6.2)

where pi(z, J), like oi*(r, J) in (5.4), is a solution of
the Liouville equation without interaction

p(t, ) = e Hp(0, J). (63)

In fact, comparison of (4.6), (5.2), and (6.2) shows
that,for ¢ — — oo, asymptotically py(z, J) — 6,(2, J)
so that

e, ) = a(t, J). 6.9

Here, p},“(t, J) is the value reached asymptotically at
t— — oo by the density operator of the system. For
t — + oo, this operator becomes equal to

PR, 3) = pi2(, ) — i f dr'e S ONg, ot 3).
(6.5)

Then, p3™ is also a solution of the Liouville equation
without interaction:

ot J) = e~E1tpgut0, J). (6.6)

Multiplication of (6.5) by e *1 gives, in the interaction
picture,

2340, 3) = pIP(0, 3) — i f

2]

dte'iL,p00(1, J), (6.7)

independent of time,

Along the trajectories of the motion governed by
H,(J), Liouville’s theorem does not hold in the
presence of the interaction Hy(w, J). The probability
density is not constant: py(z, J) changes asymptoti-
cally from p(t, J) = o(¢, J), for t > — 0, to pU¥(s,
J), for ¢t — oo, according to (6.2). In phase space the
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asymptotic probability densities are

pout(t’ W, J) — —itLl(w,J)Pout(O’ W, J)
= pOUt(O, W — vl(J)ta J)s
Pt w, ) = pO, w — v;(I)1, J).  (6.8)

These have the important property that the reduced
distribution functions p°%(z, J) and p™(z, J) for the
generalized momenta J are independent of time; for
example,

(1, J) = f dwp®(1, w, J) = p°*0, J). (6.9)

Accordingly, the expectation values of all properties
which are functions of J alone become independent of
time for f— fco. For example, for F(J), when
t— 4,

(F), = | dw|dIFQ@)po (e, w, J) = f dIF(3)p°(0, J).
f f (6.10)

More generally, the expectation of any dynamical
property with the functional form

F(t,w,J) = ¢ ™V E0 w, J) = FO, w — v,(J)t, J)

(6.11)
becomes independent of time.
Since, for t — £ 0,
(582 + iﬁl) polt, ) =0 (6.12)

asymptotically, therefore, from (4.10),

t
£.00(, J) — i J. dr'S(t — t', Dp(t', J), (6.13)
so that o

L00°(t, ) >0, for t——oo,  (6.14)

L.09"(t, J) — if ars(t — ¢, Dpyt', 1),
for
On the other hand, from (4.8),

t— 4 o0.

(6.15)

£200%(t, J) >0, for t—+o0.  (6.16)

It is evident, of course, from the Liouville equation
(6.1) that if (6.12) holds for  — 4 co, then

£op0(2, J)— 0, for t— L o0. (6.17)

The preceding conclusions of Egs. (6.1)-(6.11)
concerning the asymptotic behavior of py(z, J) follow
directly from the Liouville equation in the form (6.1),
but do not depend on the properties of £, and £, based
on the separation of the Hamiltonian in (2.4). The
solution of the Liouville equation can be written
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alternatively in the forms

po(t, J) = (0, J) (6.18)

N t 1
_ e_ﬁcl[,,;,n(o, NH—i f de'e Dy py(t', J)]
(6.19)

. t
= po'(J) — if dt'Lpy(t’, J). (6.20)

In (6.19), which is equivalent to (6.2), £; and £, may
be regarded in general as arbitrary, unrelated to the
separation (2.4). The form (6.20) shows that, for
t— — 0, py(t, J) — p(J), which is independent of
time. For t — + 0,

polt, §) = pi(T) — i f " dtegt, 3),  (621)

also independent of time. The probability distribution
becomes stationary for ¢ — 4 co. Expectation values
for all dynamical properties F(w,J) become inde-
pendent of time [cf. (6.11)).

Similarly, the solution of (4.7) can be written as

t

1[k}o,(t, ) = 1[k]oi*(I) — if

dt'ik]o,(t', I) (6.22)

as well as in the form (5.2). Therefore, for t - + 0,
oo(t, ) — o) — i f dif[klog(t, J), (6.23)

independent of time. Accordingly, from (4.8) or
(6.15),

f ars(t — t', Npy(t', J)
~o®
becomes independent of time for ¢ — co.
7. REDUCED DISTRIBUTION FUNCTIONS
If we write w as
w=w,+w, (7.1

where w, represents the set of components w,
Wy, * "', W,, then the reduced probability density
pt, w., J) in phase space is defined as

plt,w,, ) = f dw,p(t, w, J)

- f dw, Tr [po(t, J) W) (W],

In Hilbert space the corresponding reduced density
operator is

ot J) = f aw (W) ot w, DL (12)



GENERALIZATION OF THE GENERALIZED MASTER EQUATION

From (3.7) and (3.10),
orlt, W, 3) = f dw, (Wl polt, 3) 10)
_ f dw, f dke™™* (k| py(t, ) 0)

=f dk, ¥ (k| po(t, 3) 10), (7.3)
where

k=k +k, k)=, k =0. (74

Define
|w,) =fdkre_2”i“"k' k,, (7.5)

so that, according to (3.6),
W,y = f dw, f ke [y — f dw,|w).  (7.6)

Then, from (7.3) and (7.6),

Pr(t, W,, J) = <wr| PO(’? J) |0>

=Tr [Po(t, J) Iwr> <wr|]' (77)
But also
f dw, |w) (W] = J dw, f dk f dK’ (k) e2riv- =0 (g
= [w,) (W], (7.8)
so that, from (7.2),
patt ) = [, [, w1, ) o
= [ ) ot v, D (79)
From (7.9),
pt, W,, J) = Tr [pg(t, J) [w,)(w,]].  (7.10)

Accordingly, pi(¢, J) is an operator in a reduced
Hilbert space spanned by the set of vectors {|w,)} or
{|k,>}. Thus, we have

f dw, [w,) (w,) = f dk, k(| =1,,  (7.11)

where 1, is the unit operator in the reduced Hilbert
space, and

&, | k) =0(k; — k), (w;|w,) = 0w, —w,). (7.12)

The unit operator 1, is also a projector onto the
reduced Hilbert space, since

1, W) = f dk, [k,) (k, | w)

= f dk, [K,) ek — |y (7.13)
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and, from Egs. (7.7)-(7.9),
1,p0(t, D1, = f dw W) Tr [polt, J) [w) (Wl |

- f aw, [w,) Tr [pg(t, J) [W,) (W, ] (w,]

= pi(1, I). (7.14)
In agreement with (7.7) and (7.10), therefore,
Pr(t5 wrs J) = Tr [p()(t’ J) |w1‘> <w1‘|]
= Tr [ps(t, I) W) (w,[].  (7.15)

In (7.3), the Fourier transform of the reduced
probability density,

<k1‘| Po(t, J) !0> = <kr] p{)(t’ J) |0>’

is obtained from (k| py(¢, J) |0), the Fourier trans-
form of the total probability density, simply by setting
k = k,. Accordingly, from (4.11),

é@t K, p3(t, 3) 10) + 2mik, - vi,(3) (e | pict, 3) [0)
= —i <kr| s:20‘0(1‘9 J) |0>
- f " gt — 1k, 3) k) piES ) 10). (7.16)

For k, = 0, the generalized master equation (4.18) is
recovered. Fourier transformation of (7.16) gives the
time evolution equation of the reduced probability
density p,(t, w,, J):

aPr(t’ W, J) apr(ta W, J)
< Jy.—->—-1r 7
at + vlr( ) awr

= —ifdwst(W, J)O'(t, W, J)

t
- f drG(t — ', w,, Hpt', w,, J). (1.17)

It has already been noted that Eq. (4.14), in non-
Markoffian form, is equivalent to a Markoffian
equation, the Liouville equation itself. Similarly, the
non-Markoffian equation (7.17) has an equivalent
Markoffian form. The Liouville equation is

op(t, w, J)

dp(t, w, J)
ot ow

+ v(J)-

= —iL2(w5 J)P(t9 w, J)’
but the interaction term, according to (4.8), is

(7.18)

—iLy(w, J)p(t, w, J)
= —iLy(w, o(t, w, J)

i
- f dt'G(t — ', w, Dp(t', w, J). (7.19)
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Integration on w, gives

ap(ta W, J) + vlr(J) . ap(t9 Wr, J)
ot ow,
=i f dw,Ly(w, Dp(t, w, 3), (1.20)
where

—i f dw Ly(w, D)p(t, W, J)
= —ifdwng(w, Na(t, w, J)

i
- f arG(t — t',w,, Hpt', w,, J). (71.21)

The Markoffian equation (7.20) is equivalent to (7.17).
In particular, the non-Markoffian generalized master
equation (4.18) is equivalent to the Markoffian equa-
tion

ap(t, J) _

at —ideLg(w’ J)P(t’ W, '])

f dwp(t, w, 3) 2L 2(" N (22

since

—i f dwLy(w, )p(t, W, J)

=2 f dwa(t, w, J) 222 1) aH2(w 9

- f dr'g(t — t', 0, Hp(t', J). (1.23)

Apart from the term in g,(¢, J), the non-Markoffian
equations (7.16) and (7.17) are closed equations in the
sense that in (7.16) only one Fourier coefficient
(k,| p(z, J) 10) appears, and in (7.17) only onereduced
distribution function p,(¢, w,, J) appears; the equiv-
alent Markoffian equation (7.20) contains the distri-
bution function p(t, w, J), i.e., all Fourier coefficients,
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on the right-hand side. The term in oy(¢, J) in (7.16)
and (7.17) is obtained directly from (5.8), and depends
on all Fourier coefficients except (k,| o4(¢, J) |0), ini-
tially. Asymptotically for # — oo, the interaction term
of the Liouville equation vanishes, so that, as in (6.15),

f dw,Ly(w, Do(t, w, J)

t
_,,-f
—o0

In recent papers,? which have appeared since comple-
tion of this work, Muriel and Dresden have obtained a
hierarchy of equations in the case of N particles
interacting by central forces (and extended their results
to include time-dependent outside fields). Their results
agree with (7.17) when it is taken into account that
their initial time is chosen at ¢ = O rather than at
t = —oo, They emphasize that, in contrast to the
BBGKY hierarchy, their hierarchy is decoupled in the
coordinates. Their remarks apply equally to (7.17).
The process of setting k = k,, i.e., setting k, = 0, to
obtain (7.16) is equivalent to integration over the
coordinates w, in the phase space. Integration over
coordinates of the individual particles of their N-body
system is the projection operation utilized by Muriel
and Dresden. This operation should not be confused
with the projection performed by the operator F(k) of
Eq. (3.22).

drG(t — t',w,, Hp,(t', w,, J). (7.24)
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A group-theoretical analysis of spontaneous symmetry breaking is carried out in an extension of
Glashow’s work. A general theorem is proved which is then used to give several interesting results. Apart
from a rederivation of Glashow’s result, we are able to show, among other things, the following: If a
hadronic triplet exists in nature which is nontrivially coupled to the rest of the hadrons, then octet en-
hancement immediately follows independently of any dynamical detail; in models containing the vector
nonet, ¢ — «w mixing can, in principle, occur as a particular form of spontaneous symmetry breaking in
the octet pattern; and if octet enhancement holds, the very accurate mass formula my + mg = 2nips is
established without recourse to any dynamical detail. Under the same general assumption, a further
relation is found relating the mass of the nonet with the mixing angle, which is 4rs — 3(cos® Om} +

sin® Omg) — mj = 0.

1. INTRODUCTION

Let us suppose that for a specific problem in physics,
we can write down a basic set of equations which is
invariant under a certain symmetry group G. Then
we would expect that solutions of these equations
would reflect the full symmetry of the basic set of
equations. If for some reason this is not the case, i.e.,
if there exists a solution which reflects some asym-
metries with respect to the group G, then we say that
a spontaneous symmetry breaking has occurred.

Such a possibility was discussed by Heisenberg and
his coworkers.! They pointed out that the equations of
quantum field theory are nonlinear operator equations.
Since nonperturbative solutions to nonlinear equa-
tions do not, in general, possess the full symmetry of
the equations themselves, it is conceivable that the
field equations may be highly symmetric expressions,
while their solutions may reflect the asymmetries of
nature. Several calculations have been performed by
various authors to confirm the above conjecture of
Heisenberg et al. These calculations have been done
with specific models. Jona-Losino and Nambu? con-
sidered a theory with a Lagrangian possessing y;
invariance and found that, although the basic Lagran-
gian contains no mass term mpy since such terms
violate y; invariance, a solution exXists that admits
fermions of finite mass. A calculation with similar
conclusion was performed independently by Gold-
stone.® Baker and Glashow* considered a theory based
on the Dyson equations, a set of coupled nonlinear
equations relating the 1-particle Green’s functions and
the vertex functions for a set of particles, which were
assumed to possess SU(3) symmetry. They found that
nonperturbative solutions exist that contain multiplets
with respect to the symmetry group possessing non-
degenerate masses. Their formulation of the problem

is essentially a bootstrap requirement since they re-
quired that the physical masses are completely dynam-
ical in origin. (Technically, this means setting the
bare masses equal to zero.) Their conclusions, however,
are not completely conclusive since, to overcome
divergence difficulties, they had to employ cutoffs in
some of the integrals and assume the dominance of a
certain class of Feynman diagrams. Similar calcula-
tions have also been performed by other authors,
some in the field-theoretical framework® others in
terms of S-matrix theory.®

Glashow discussed, group-theoretically, a bootstrap
problem of eight baryons interacting with each other
with an interaction invariant under SU(3).” He found
that, if spontaneous mass splitting does occur under
the condition that isospin and hypercharge are still
conserved, then mass splitting must occur according
to one of the following patterns:

(a) The mass-splitting matrix transforms as a uni-
tary singlet: in this case, we do not have any mass
splitting; the octet remains degenerate;

(b) The mass-splitting matrix transforms as the
I=0and Y =0 component of octet [the §-dimen-
sional irreducible representation of SU(3)]: in this
case, we have the Gell-Mann-Okubo formula;

(c) The mass-splitting matrix transforms as the
I=0 and Y = 0 component of a 27-plet [the 27-
dimensional irreducible representation of SU(3)]: in
this case, we have a mass splitting where the masses
satisfy the 27-plet formula®

mN+mE=3mz'_mA.

In the rest of this paper, we shall present a general-
ization of Glashow’s method, which, as we shall see,
lends itself to a number of interesting applications.
Incidentally, we shall present, as a by-product of a
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more general theorem, a detailed proof of Glashow’s
results, which is almost totally absent in Glashow’s

extremely short article.

2. GENERALIZED GROUP-THEORETICAL
TREATMENT

We consider a situation where the masses of a
system of particles belonging to a number of SU(3)
multiplets are given dynamically by a set of equations.
Such a set of equations may, for instance, come out
of a bootstrap calculation. Let the set of equations be
SU(3) invariant.

For simplicity, we shall limit ourselves to the case
where there are only two multiplets. If we expand the
equations in terms of small deviations from SU(3)
symmetry and keep only linear terms, we have

m ”
om} =3 Fém¥ + Y H,.0m,, €))
i=1 a=1

where 0m},i=1,2,++,m,and dm,,a = 1,2,-- -,
n, denote mass splittings of the members of the two
multiplets, respectively. [We have used the term
“multiplet” here in a more general sense than usual,
in that it does not have to correspond to an irreducible
representation of SU(3). It may correspond to a
reducible representation such as the case of the vector
“nonet.” Our proof of the theorem is independent of
the irreducibility of the multiplets.] All the detailed
dynamics of the system, such as the coupling constants,
has been relegated to the matrices (F;) and (H, ). Of
course, to determine the various masses, equations
involving dm, on the left-hand side are also necessary
and are also usually available in dynamical calcu-
lations. For the following discussion we only have to
consider Eq. (1). To treat Eq. (1) group-theoretically,
it turns out to be more convenient and fruitful to
consider mass-splitting matrices instead. So we write,

instead of (1),
My = 3 Fu oMy + 3 Hy0m,. (2)

1SL,xSm 1<e,f<n

We shall look upon (M) and (dm,s) as vectors in
m?*- and n’-dimensional vector spaces and (Fy; ;) and
(H,p.:;) as m* X m* and n* X m* matrices. Then, (2)
can be written in the symbolic form

OM = 0M-F + om- H. (3)

If we suppose that the two multiplets transform
according to the SU(3) unitary representations {m:}
and {n}, respectively, it is easy to see the following:

)

Om transforms as {n}* ® {n}, ®)

OM transforms as {m}* @ {m},
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where {m}* and {n}* are the adjoint representations
of {m} and {n}, respectively. The representations
{m}* ® {m} and {n}* ® {n} are generally reducible. Let
us assume, without loss of generality, that they can be
reduced into the following form:

{m}* ® {m} = DV @ D @ DW @ DW ® DO, (6)

Q)

where the D™ denote irreducible representations of
SU(3). The superscript (i) just labels the particular
representation and has nothing to do with the dimen-
sionality of the representation. Then, if Eq. (3) is
invariant under SU(3) and Eqgs. (6) and (7) hold, then
we can prove the following theorem.

{n}* ® {n} = DY @ D@ ¢ DB g D6 g D@,

Theorem: (I) If D'¥ is not equivalent to D for all
i # j, then

£ = 20500 4 )50 4 950 4 2050 L A6156)
)

A = pofio 4 gofie 4 ”(s)ﬁ(a); ©)

(1) If D@ is equivalent to D, then

F = J0p0 4 J@p@) 4 JE56) L 5@ 4 16156
+ ABOFEO 4 w5 (10)

A = potiw ¢ gonie 4 gehe ¢ ,uu.:«nf[(q.s);
(11)
(IIT) If D® is equivalent to D®_ then

F = JWp0) 4 J@p@ L @50 4 Q@50 | 656
(12)

A = pofl0 4 yofie 4 ole 4 eoflcs,
13)

To define the symbols, let us denote the representation
space of {m}* ® {m} by S"™, the representation space
of {n}* ® {n} by S™, the subspace of S that
generates the representation DY) by S™?, and the
subspace of S that generates the representation
DY by 9, Then p» (S™ — §'™) is defined as the
projection operator that projects the subspace S
onto itself, and I (§ — §t™)) js defined as that
operator which maps any vector belonging to S to
that vector in S % with identical transformation
properties and which maps the rest of S™ to zero. In
the case when D' is equivalent to DY, ptt.9) (§tm) 5
Sty is the operator that maps any vector in S‘™#
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to that vector in S‘™% with identical transformation
properties and maps the rest of S to zero. In the case
when D™ is equivalent to DV, {10 is the operator
that maps any vector in S to that vector in S
with identical transformation properties and that maps
the rest of ™ to zero. AV, A%y and u*® are
all numerical constants.

Proof: Let us look at Eq. (3) under the SU(3) trans-
formation:

SM — OM' = SM(U* ® U), (14)
(15)

where U and V are representation matrices in {m} and

om — 0m' = m(V*® V),
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--------------------- (23)

_________________

It should be emphasized at this point that J and K are
independent of the particular group element in SU(3)
which U and V represent. U, and V; are representation
matrices belonging to the representations D' and
DY, respectively. Substituting (20) and (21) into (19),
we have

{n}, respectively, induced by the same group element where VH = HU, @4
in SU(3). For (3) to be invariant under SU(3), we i = KA. (25)
must have
OM' = oM’ F + om'R. (16) Substituting (20) into (18), we have
o . UF = Fu, (26)
Substituting (14) and (15) into (16), one gets where
M = SM(U* @ U)E(U* ® U1 N F=JEr, @n
+ om(v* @ MAU* @ UYL (17) VHtng : ,
. Uyi 0 Vei 0
Comparing (3) and (17), one gets U, = || ol V= i ,  (28)
0 ! U 0V
(U* @ U)f = F(U* @ U), (18) L o
we can divide H into appropriate blocks in the form
(V* @ VYA = H(U* ® U). 19
W= HE*el) (19 Hy | Hy | Hy | Hy,
From (6) and (7), we see that _ Hy i Hy | Hyy | Hy,
H = [ (29)
U* @ U=JU, (20) Hy | Hy | Hy | Hy,
V*® V = KK, 21 H, | Hp | Hy | Hy,
and Finto
where J and K are unitary matrices and F, | Fyy | Fy3 | Fy | Fy
-lj—l—j ---------- 0 F21 F22 F23 F24 F25
Uz ] F= Fy | Fg | Fg3 | Fyy | Fy (30)
U= P U, | ’ (22) Fyu | Fyp i Fyi Fy | Fy
P U, Fy | Fy | F53 | Fyq | Fsg
0 P We have, from (24),
UlHll E U1H12 U1H13 UlHla: HllUl ; H12U2 H13U3 leUz
UpHyy | UHa | UpHy | UpH,, HyUy | HpUs | HuUs | H,U,
i S B (31)
UsHy, | UsHyy | UsHy, | UsHy, Hy U, | HpU, | HyU; | Hy, U,
Va‘Hzl ~ Va:Hx2 | Vsza Vszac HxIUI .% Hx2U2 HmBUs Ha:n:U
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and, also, from (26),
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UlFll U1F12 U1F13 i U1F14 U1F15 FllUl F12U2 F13U3 F14U4 F15U5
U2F21 : U2F22 U2F23 U2F24 U2F25 F21 Ul F22 U2 F23U3 ' F24 U4 F25 U5
U3F 31 U3F 32 U3F 33 U3F 34 U3F 35 F 3 Ul F 32 U2 F 33U3 : F k% U4 F 35 U5 (32)
U4F41 U4F42 U4F43 U4F44 U4F45 F41 Ul F42 U2 F43 U3 ' F44 U4 F45 U5
U5F51 U5F52 } U5F53 U5F54 U5F55 F51 Ul F52 U2 F53U3 F54 U4 F55 U5
From H,U,=UH,;, 1 <i, j<3, in (31), we The equalities in (33) and (34) can be extended in
have, using Schur’s lemma,® this case to 1 < k, I < 5, resulting in
Hy = 8uuly, i,j=1,2,3, (33) AV |
i ; 0
and, from F,U, = UFy, k,1=1,2,3,5, | AP |
Fy=8u®ly, k1=1,2,3,5 (4 F= AL |
where d,; and &,, are Kronecker 4 symbols, u® 0 A0,
and A"® are unknown numerical constants, and I 1‘5) """"
. . . . . - 1(5)
and I, are identity matrices of appropriate dimen
(39)

sions. We shall now specialize to the various cases.

(I) D is not equivalent to DY) for all unequal i, j.
From (31), we have

UH, = H,U,, i=12,3. 35)

Let £ be a vector that transforms like D). Then,
under the group operation in question, &— §U,.
The vector

EHlac g (éUl)Hlm = (EHla:)Ua:’ (36)

where we have made use of the fact that H,, does not
transform under SU(3) and also the equality (35).
Hence, the vector &H,, transforms according to
D® = pW @ p®, If £H,, is nontrivial, there exists
a vector subspace of the representation space of D®
that transforms like D', which is in contradiction
with our assumption. Hence £H;, =0, for all §,
which requires that

Hy, =0. (37)

Similarly, we can prove H, = Hy, = Hy, = Hyy =
H;, = 0. A similar argument can be applied to the
equation H, U, = V,H,,, with the result that H,, =
0.

Hence, we have, for this case,

lu(l)I (1) ‘ 0 g 0 0

Equations (38) and (39) establish our assertions (8)
and (9) for Case (I).

(I1) D@ is equivalent to D'®). In this case, J can be
chosen so that U; = U,. Then

U, | 0
Uy = | “0)
0 U
From (35), we have
UsH,, = H3, U, 41
we write
Hy, = |H) HY). (42)

Then, from (41),
|UHY | UHP| = |HL U, HRU,|  (43)

and, hence,

Hy' = p*ls), H =0. (44)

All the other conclusions about the H-submatrices
are the same as in Case (I). Thus, we have, in this case,

" p iy 0

b
i pu®1,

"Th
I

I p 0
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We can also easily show that

A, 0
"""""""""" MLy
F= IR VYR TSI
1‘3-‘“1(3)-2 A
o T A0
""""""" (46)

(III) D® is equivalent to D'®. In this case, the only
equality obtainable from (31) which will give rise to
conclusions different from Case (I) is

VeHys = H,sUs. (47)
Since
V, = - , (48)
0.V
we shall now write
H(ls)
H = |- (49)
Ha
and get, from (48),
UsHY H3U,
------------- = |[- (50)
V.HZ| | HAEU,
Hence,
H(l) _#(3,6)1(3), H:,‘a —
Therefore,
p Py, 0
/4(2)](2)
A= 20 I &)
E‘“(S'G)I(s)
0 o
It is also straightforward to show that
Anp |
A0,
F= A® g
A8y,
Ry
QED (52)
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3. APPLICATIONS OF THE GENERAL
RESULTS

A. Glashow’s Results
We shall reproduce Glashow’s results” on the boot-
strapping of an octet of baryons. There we have the
equation
8
omF =3 F;0m}.

i=1

(53)

Comparing this with (1), we have # = 0. Now {m} =
{8} and, hence, the mass matrix (6M;) will transform
according to

{8}* ® {8} = {1} ® {8p} @ {8} ® {10} ® {10}*
® {27}, (54)

where {8,} and {8y} are equivalent. Then using the
theorem for case (II), we have

F= AV 4 200500 4 ;_(10‘)’5(10') + Aenpen
4 ADPD) L QDRI 4 J(F.DIGF.D)
+ l(D.F);(D,F)’ (55)

where the A’s are numerical constants and the j
operators have the meanings assigned to them in the
general theorem.

We shall now make the following assumptions:

(A) The mass-splitting matrix transforms as a single
irreducible tensor of SU(3) and

(B) the spontaneous symmetry breaking does not
disrupt isospin and hypercharge conservation.

As we have seen, the matrix (0M) transforms as
{8}* ® {8}, which can be decomposed according to
(54). From (54) we can now pick out all the possible
states that are invariant under isospin transformations
and hypercharge gauge transformation. Having picked
out these states, which are represented by 8 x 8
matrices, these matrices can be calculated by using the
SU(3) CG coefficients.®® These matrices with respect
to the basis (p, n, X+, X%, Z-, A, B, E-) are given as
follows:

oM ~|{8p), =0, Y¥=0)
~ 1720 diag {1, —1,2,2,2, =2, —1, —1},
(56)

SM ~ |8z}, I=0, Y=0)
~ }diag {—1, =1,0,0,0,0, +1, +1}. (57)

If the mass splitting transforms as a linear super-
position of (56) and (57), i.e., if it transforms like a
general octet component, then

6mN= -—ot—ﬂ, 6m2=2“,
6m3 = —a + ﬂ.

6m A= —2“,
(58)
Eliminating « and f from (58), we can easily show that
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the GMO formula
Y(Omy + omz) = $om, + 1omy
must be satisfied. We have
M~ {27}, I=0, Y=0)
~2 diag {1,1, =3, =}, —3, =3, 1,1} (60)

It can be similarly shown that the above mass splitting
satisfies the formula

(59

6mN + 5m5 == 36m2 -_ 6mA

(61)
which was given by De Swart.® It is well known that
this so-called 27-plet formula is not satisfied experi-
mentally. Also, we note that Eq. (61) is a weaker
requirement than (60). We have

SM~I{1}, I=0, Y=0)
~1/8diag{1,1,1,1,1,1,1,1}, (62)
in which case we have no mass splitting.

B. Bootstrap Involving the Baryon Decuplet and
the Baryon Octet (the B-A Bootstrap)

Let dm} denote the mass splitting of the decuplet
and dom, denote the mass splitting of the octet:

om} = EF,-i(Sm’f + iHm.éma. (63)
Now, since = !
{10}* ® {10} = {1} © {8} @ {27} @ {64},
{8}* ® {8} = {1} ® {8p} © {85} ® {10} ® {10}*
® {27}, (64)
We can quote Case III of our general theorem to
write

F‘ = A(l)ﬁ(l) + 1(8)’5(8) + 1(27)’5‘(27) + )_(64)’§(64),

= ‘uu)ﬁm + Iu(s.D)fI(s.D) + ‘u(s,mﬁ(s.m
+ ,u‘”)ﬁm), (66)
where the notations are by now self-explanatory. Let
(0M) denote the 10 x 10 mass-splitting matrix of the
decuplet and (dm) the 8 x 8 mass-splitting matrix of
the octet. We make now the following further assump-
tion:

(65)

(C) All multiplets that have been taken into the
bootstrap are nontrivially coupled. In other words, any
mass splitting in one particular multiplet is going to
have nonzero effect on the masses of the other multi-
plets involved in the bootstrap problem.

Then, since 5 only connects mass matrices with
identical transformation properties, we conclude that,
if (dm) transforms like a certain SU(3) irreducible
tensor, then (6M) will also transform like the same
irreducible tensor. In particular,

(a) If (ém) transforms as a linear combination of
(56) and (57), i.e., if the baryon octet satisfies the
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GMO formula, then (6M) must be proportional to
diag {1,1,1,1,0,0,0, —1, —1, —2}. That is, we
have the equal-spacing rule for the decuplet, which is
very well satisfied experimentally.

(b) If (dm) transforms as in (60), then (6M) must
be proportional to diag {3, 3, 3, 3, —5, —5, —5, —3,
—3, —9} which gives rise to the mass formula

FHmWN*) — m(Y))] = —§[m(Y*) — m(E*)]
= ¢[m(E*) — m(Q)),
which is not at all in agreement with experiment.

(c) If (dm) transforms as in (62), i.e., if there is no
mass-splitting in the octet, then (6M) must be pro-
portional to diag {1,1,1,1,1,1,1,1, 1, 1}. In other
words, there is also no mass splitting in the decuplet.

(67)

C. Existence of a Unitary Triplet and Octet
Enhancement

Suppose there exists a triplet which is nontrivially
coupled to the rest of the hadrons, by which we mean
that the mass splitting of the triplet has nonzero effect
on the other multiplets. For simplicity, but without
loss of actual generality, we shall assume that the
triplet is only coupled to an octet of baryons. Then we
have

* __
om; =

(68)

7

where dm denotes mass splitting within the octet and
dm, denotes the mass splitting in the triplet, respec-
tively. Then, because of

Birre3l={L1e {8

and the decomposition (54), we have

F — Z.(l)pA(l) + l(IO)PA(w) + l(lO*)p‘(lO*) + l(27)ﬁ(27)
+ Z.(D)ﬁ(D) + Z(F)ﬁ(F)
+ }.(F’D)ﬁ(F’D) + A(D,F}ﬁ(D,F), (70)

a =,u“’fl‘” + ﬂ(n,s)l*I(D,a) + H(F,s)flur,a)' (11)

We see that H, apart from A which does not
connect actual mass splittings among the multiplets,
involves only “projection operators” which connect
irreducible matrices transforming like a component
of {8}. From our assumption (C) that the triplet is
nontrivially coupled to the octet and (A) that the
mass splitting of each multiplet transforms like a single
irreducible tensor, it obviously follows that the mass
splitting of the baryon octet must transform like
a component of an octet and, hence, must obey the
Gell-Mann-Okubo formula.

Hence, we have obtained octet enhancement inde-
pendently of any detailed dynamics as soon as we
assume the existence of a triplet which is nontrivially
coupled to the hadrons. In the above argument, we do

3
F;6m¥ + Y H,,6m,,
a=1

LM

(69)
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not have to assume that this triplet of particles are
quarks, i.e., fundamental building blocks of all matter.
We know that the GMO formula can be deduced
from quark models!': but all these derivations depend
on a greater or lesser extent to some drastic dynamical
approximations. The foregoing group-theoretical argu-
ment, however, is independent of any dynamical
detail or assumption.

Since triplets have not yet been discovered, we
cannot attribute the phenomenon of octet enhance-
ment lightly to the influence of triplets.

Tt is interesting to note that, if there are no triplets or
other multiplets with nonzero triality, then we cannot
carry out an argument similar to the above to account
for octet enhancement, no matter how many “tensor-
ial” multiplets we put into our bootstrap. [Triality is
defined, for the representation {n} = D(p,q) as t =
(p — ¢) mod (3). Tensorial representations are those
with # = 0. All known hadronic multiplets to date fall
into tensorial representations.] This is because, for all
tensorial representations {n} (except {1}),

mM*ohm={Le{8iel2le---. (72

The {27} always appears in the CG series.

We can show this most easily by using Speiser
method for obtaining the CG series (see J. J. De
Swart, Ref. 8, pp. 326-327). We have to find the CG
series of D(q, p) ® D(p, q) [since D(q, p) = D(p, 9)*],
for all p and ¢ such that p = ¢ (mod 3), and see
whether they all contain the {27} = D(2, 2). It turns
out that, if we put the eigenvalue diagram of D(g, p)
on top of the point (p, ¢) in the lattice diagram (Figs.
5 and 6 in De Swart, Ref. 8) in the way specified by
the Speiser method, we can show by simple geometry
that, for all p = ¢ (mod 3), the eigenvalue diagram
always covers the point (2, 2) in the first sextant of the
lattice, but never the image points of (2,2) in the
other sextants, By Speiser’s rule, this shows that
D(g, p) ® D(p, g) always contains the {27} = D(2, 2)
in the CG decomposition.

D. Spontaneous ¢—w Mixing

Let us consider a bootstrap problem where an octet
of vector mesons and a singlet vector meson are
involved. It may be necessary in practice to put in
more particles in order to complete the bootstrap,
say, the pseudoscalar octet: but the conclusions to be
discussed below will be essentially unchanged. We must
bear in mind also that, when we say “mass matrix,” it
is actually the mass-squared matrix that we are
referring to since we are concerned here with bosons.
Let us write the mass matrix of the nonet in the basis
(K*t, K*, pt, p% p~, K*®, K*~ w8, '), where |w®)
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transforms as the eighth component of an octet and

|w’) is a unitary singlet. The nonet of vector mesons
transform as

{1} @ {8}. (73)

Note that now we have a reducible representation of
SU(3). This does not matter since, as we have stressed
in Sec. 2, our theorem applies equally well to reducible
multiplets. Because of (73), the mass-splitting matrix
(0M ;) transforms as

(e 8h* e {1} e {8}
={l} @ {l} @ {8p} @ {85} ® {8} @ {8,} @ {10}
@ {10}* @ {27}, (74)

where {1} and {1}’ are equivalent to each other.
{85}, {85}, {8,), and {8,} are all equivalent. If mass
splitting should occur spontaneously, they would be
proportional to either of the following matrices if
isospin and hypercharge still are conserved:

(@) AM ~ {8}, I=0, Y=0)
~ 1720 diag {~1, —1,2,2,2, —1, —1,
(b) AM ~ {85}, I=0, Y=0)

~ } diag {—1, —1,0,0,0,1, 1,0, 0},
(© AM~|(27}, =0, Y=0)

-2,0},

~~5diag (1,1, =%, =3, —§, 1,1, =3, 0},
() AM~|{8}; I=0, Y=0)
0i o0
~ 12 ol 0 1],
10
© AM~|{8,}, I=0, Y¥=0)
0 0
~ 12 Ogo i,
P 0
() AM~{1}, I=0, Y=0)
~1/v8diag{l,1,1,1,1,1,1, 1,0},
(@ AM~ {1}, I=0, ¥=0)

~ diag {0,0,0,0,0,0,0,0, 1}.

For our particular mesonic system, the possibility
of (b) can be ruled out because of charge conjugation
invariance. This is because, if a mass splitting occurs
in accordance with (b), then the K* and its anti-
particle K* will have mass shifts with opposite signs,
resulting in m(K*) # m(K*), in contradiction with
charge conjugation invariance or more generally with
CPT invariance.!?

We shall make the assumption that the nonet is
degenerate to start with. That is, we shall neglect mass
splittings coming from (f) and (g).
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We shall illustrate how spontaneous mixing sets in
by considering the very simple case where symmetry
breaking occurs in accordance with (d). Then, to find
the mass of the physical states, it is necessary to
diagonalize (d) by the orthogonal transformation:

1

1 . (75

L1422 1/2
0 =12 142

148
148
1—28
1--28

This matrix can be diagonalized into the form

diag {l + 8,1 + 8,1 — 28,1 — 28,1 — 28,
T4+ 8, 148,148+ B2+ 92+ P,

L+ 8- (B + 72+ &, (18)
with the transformation
|$) = cos 6 |w®) + sin Be* |,
|w) = —e " sin 0 |0®) + cos O |w'), (79)
where
sin § = o+ 62)‘} )
(208" + 7* + OB + * + ot + a1yt
cos 6 = B+ B +y + 0
(208* + »* + OB+ + O + gt
x = arc tan (—9d/y). (80)
If we define
|@") = e* |w"),
(@) = e |w), (81)

1—28
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That is, the physical states are, instead of |w®) and |w'),
|¢) = cos 0 |w® + sin 6 |o"),
lw) = —sin 0 |w?) 4+ cos 6 ]w"), (76)
where 6 = 45°. Hence, the ¢ and w mesons are equal
mixtures of |w®) and |w').

We shall see now what happens when we impose the
general condition of octet enhancement. That is, we
shall assume that there are no symmetry breakings
except those which transform like a component of an
octet. In other words, we shall assume that the mass-
splitting matrix is proportional to a general linear
combination of the various “8-matrices” (a), (d), and
() and that, in particular, mass splitting in accordance
with (c), which transforms like a component of the

27-plet, cannot occur. In that case, the mass matrix
looks like

an
1+ 8
145
1+26 y—1i

y + id 1

we have
|¢) = cos 0 |w®) + sin 6 |@&"),
|®) = —sin 6 |@® + cos 6 |&'). (82)

If we had used |&’) instead of |w") all along in our
basis, we would have avoided the appearance of § in
(77). Since we are free to do this, we shall assume that
this proper choice of phase has been made and from
now on we are going to look at (77), (78), and (80)
with the understanding that § = 0.

Then we have, from (78),

va=mKt=1+ﬂ,
m,=1-—28,

83)
m¢=1+ﬂ+(ﬂz+72)é’ (
me =1+ p— (8 + .
It follows easily from (88) that
my + m, =2mpgs. (84)

This result is independent of the mixing angle and is
good to within 29, experimentally. From Egs. (80)
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and (83), we can establish the further relation
4mgs — 3(cos® Om, + sin® Om,) — m, = 0. (85)

This result, as an afterthought, is hardly surprising
since it is exactly the GMO formula, if one considers
cos?® Om,, + sin? Om,, to be the mass of the eighth
component of an octet, whose other components
consist of the isotriplet p, the doublet K*, and its
antiparticles K*.

Let us summarize our results here. Starting from a
nonet of vector mesons which we assume to possess
(accidentally) degenerate mass, we find that mixing
between the two I =0 and ¥ = 0 mesons can, in
principle, occur as a particular form of spontaneous
symmetry breaking. The mass-splitting matrices corre-
sponding to such symmetry violations transform as the
eighth component of an octet, thus suggesting that
¢-ow mixing is just another manifestation of octet
enhancement in symmetry breaking. Conversely, as-
suming octet enhancement in symmetry breaking in
its most general form, we find that spontaneous sym-
metry breaking in the vector nonet can only occur
in such a way as to satisfy Eqs. (84) and (85).

We have no way, in this group-theoretical discus-
sion, of determining the mixing angje 6. To get some
feeling about the kind of mixing angle that would
emerge from (85), let us put

m,=m,, (86)
which is well satisfied experimentally. We get, after
substituting this into (84) and (85), that

cos® 0 = § ~ 67%. 87)
In other words, the meson is a member of an octet
67 of the time and a singlet 339, of the time.

It is interesting to compare our results with those of
other authors who ‘“computed” mass formulas and
mixing angles in more specific models.

i. Triplet Models

To be specific, we shall describe Zweig’s model.*
In this model, the vector mesons are considered as
quark-antiquark bound states. More precisely,

'P+> = la2a1>, lk*+> = lasal>;
I$) = —la*ay), |w) = 1/\/2{|d*ay) + |a*a,)}. (88)
Now, we know that the states
[w®) = 1//6{la%a;) + |a*ay) — 2|a%ay)},
o) = —1//3{la'ay) + |a*az) + |a®as)}  (89)
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transform as the eighth component of an octet and a
unitary singlet, respectively, as can be checked by
direct computation based on the assumed trans-
formation properties of |a*) and l|a;). The last two
states in (88) can be written as linear combinations of
states in (89) as follows:

|d) = cos 6 |w8) + sin 6 |o"),

jw) = —sin 8 |w®) + cos § |o'), 00)

where

cos § = /%, sinf = ./} 1))

Using formula (88), we can compute the masses of the
nine vector mesons in terms of the masses of their
constituent quarks. This gives the formula (86) and

4mK. - 2m¢ — 'ﬂm ol mp = 0, (92)

which can be recognized as a special case of (85) by
setting cos® = \/§. It is important to emphasize
that even in this specific model of dubious validity
(e.g., the existence of quarks!), nothing more is really
derived than in the general group theoretical discussion.
As we have shown, octet enhancement is a conse-
quence of the “existence” of a unitary triplet. The
accidental degeneracy of the nonet is implicit in the
definition of all the nine vector mesons as the same
kind of quark-antiquark states. The mixing angle is
actually introduced already in the definition of |¢) and
|w) as shown in the last two equations of (88). It is
only after all these assumptions have been made that
Egs. (86) and (92) follow. In other words, in the
quark model, Eq. (92) follows from an assumption on
the value of the mixing angle. This obviously is true
also in the general group-theoretical discussion—one
simply has to substitute cos 6 = /3 into Eq. (85). By
defining the mixing angle at the outset, the independ-
ence of (84) on the amount of mixing was not recog-
nized in the context of the quark model.

ii. Okubo’s Model

Okubo’® wrote down an esthetically simple form
for the mass term of a Lagrangian involving the vector
nonet which treats the ' on the same footing as the
other vector mesons (and, of course, assuming octet
transformation property of the Lagrangian). He ob-
tained (84) and (85) with the same value for the mixing
angle. In his model, the assumption about the mass
term in the Lagrangian is of a very ad hoc nature and
the mass formulas and mixing angle are immediate
consequences of it. So we tend to go along with
Gasiorowicz! in believing that the “. .. observation
of Okubo must be viewed as a curiosity.”
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Sakurai'® has studied phenomenologically the con-
sequences of a mixing like that shown in (90) and
found a connection between the masses of the physical
vector nonet and the mixing angle. Although he has
not written down the connection in a compact form,
it actually can be summarized by Eq. (85). He sub-
stituted the experimental masses of the vector nonet
and found that cos § = 60%. Since he has concen-
trated on the mixing angle, he has not found (84).

E. Bootstrapping of ¢-» Mixing and Mass
Splittings in the Octet Pattern

Consider the specific example of a bootstrap in-
volving the vector nonet and the pseudoscalar octet,
where we can write down the equations

9 8
om} =D F,om¥ + 3 H,om,, (93)
i=1 a=1

where the dm are the mass shifts of the vector nonet
and dm, of the pseudoscalar octet. Since

(o) e {le{8h) ={} {1} ©{8p}
@ {85} @ {8} @ {8,} ® {10} © {10}* ® {27},

{8}* ® {8} = {1} ® {8p} ® {85} @ {10}
® {10}* @ {27},
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(95)

the operators ¥ and H can be written, according to the
general theorem, as

F= }.(l)ﬁ(l) + ;»(2)]5(2) + A(D)ﬁ(D)
4o + l(D,w)ﬁ(D,m) + z(w,D)pA(a:,D) N s
0= Iu(l.l)ﬁ(l,l) + H(l’,l)ﬁ(l‘,l) + ‘u(D)ﬁ(D)
TR H(m.p)ﬁ(x,p) + -

(96)
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We are interested in terms like 0@, pt=D) in (96)
and I1*D in (97). 52 connects the mass splitting
matrix of the vector nonet that gives rise to ¢—w mixing
to a mass splitting matrix that corresponds to mass
shifts in accordance with the GMO formula. Thus, if
AD-® js nonzero, any ¢—w mixing that occurs is going
to further enhance the “normal’ mass splittings in the
octet pattern. Similarly, if A'*P js nonzero, any
“normal” mass splitting in the octet pattern will tend
to give ¢—w mixing a further boost. In an analogous

A .
manner, terms like II*? in (97) connect mass

CHOI-LAI CHAN

splittings of the pseudoscalar octet in the octet pattern
with ¢~w mixing in the vector nonet. Hence, we see
that a bootstrapping between ¢-w mixing and the
“normal” mass splittings in the octet pattern can, in
principle, occur. Whether it really does occur depends,
of course, on the values of the coefficients AP:2),
MeD) @Dy .- which in turn depend on the de-
tailed dynamics. Until we have some more informa-
tion about these coeflicients, it seems more natural
to consider ¢-w mixing in the vector mesons and
the mass splitting according to GMO formula in the
pseudoscalar octet, say, on the same footing—that
either of these is the cause and consequence of the
other. Dynamically, it may turn out to be more profit-
able to look for both of these effects in a bootstrap
model instead of assuming that one is more funda-
mental than the other. We tend to believe, therefore,
that any attempt to “derive” mass formulas from ¢-w
mixing can, at best, be partly valid.
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The Lie algebra defined by the currents in the Sugawara model is defined in a way that is natural from
the point of view of Lie transformation theory and differential geometry. Previous remarks that the
Sugawara model is associated with a field-theoretical dynamical system on a Lie group manifold are
made more precise and presented in a differential geometric setting.

1. INTRODUCTION

This work is a sequel to that in Refs. 1 and 2,
although we attempt to keep this material as independ-
ent as possible of this earlier work.

In general, our aim is to study the “current algebras”
that arise in quantum field theory from the point of
view of contemporary Lie group theory and differen-
tial geometry. An immediate problem is that of
identifying the “current algebras” as natural mathe-
matical objects, and showing how these objects
appear independently of the quantum ficld theory
context in which they first arose in physics.

Now, one is accustomed in physics to seeing
“currents” labeled as V%(x). Here uis a “space-time”
index 0 < ¢ < 3; a is an “internal symmetry”” index
1 < a < n. Typically, the index g labels a basis of an
internal symmetry Lie algebra G, such as the Lie
algebra of SU(2), SU(3), or SU(3) x SU(3). Also,
x=(x), 1 <i<3, denotes a point of R? i.e.,
Euclidean 3-space.

In addition, the ‘“‘currents” Vji(x) are to satisfy
“commutation relations.” The simplest of those
relations is the following?:

Va(x), Vi1 = cancV5(x)0(x — y),  (L.1)
where the ¢,,, are the structure constants of the Lie

algebra G. In addition, the following relation seems
natural?:

[Ve(x), Vi1 = cancVilx) + 35V E(%, y). (1.2)
In (1.2), the V{} are “new” mathematical objects
whose properties must be investigated further. In the
Sugawara model, 5% these objects are not, in fact,
“new,” but are given in the form

V‘;?(X’ Y) = 0;;had(x — y), (1.3)
where h,, is the constant matrix of a bilinear form on
G. Now, consistency between (1.1) and (1.2) and the
Jacobi identity requires that this form be invariant
under the adjoint group of G. In case G is a compact,
semisimple Lie algebra,” it is known that the basis

for G can be chosen so that 4, takes the form
hay = 0. It is this form that one finds in Sugawara’s
paper.® Further, in this model the following relations
hold:

[Vix), Vin)] = 0. (1.4)

Now, relations (1.1)-(1.4) define a certain infinite-
dimensional Lie algebra. If one knew detailed mathe-
matical information about the representations of this
algebra by operators on Hilbert spaces presumably
one would be in a position to begin to study physical
processes, using the model as a tool. (Of course, in
essence, this is Gell-Mann’s program for studying
elementary particle physics from the “current algebra”
point of view.) Unfortunately, nothing very substan-
tial is known from even a pure mathematics point of
view about the representations of such Lie algebras.
Our aim in this paper is the more modest one of
describing a natural algebraic and geometric process
for generating commutation relations of form (1.1)
and (1.2).

We now convert the commutation relations (1.1)
and (1.2) as given in the physicist’s way, into more
proper mathematical objects that make definite
algebraic sense. Let F be the set of real valued,
infinitely differential functions f: x — f(x) of a real
3-vector x. Since such functions can be added,
multiplied, and multiplied by real scalars, F forms
a commutative, associative algebra over the real
numbers.

For f e F, introduce the formal symbol

Va(f) = f V() (x) dx,

Ve Sy, f) = f Vaix, DGO fuly) dx dy. (L.5)

Then, following the usual rules for calculations with
Dirac 6 functions, relations (1.1)-(1.2) imply the rules

[Ve(fD, Vo)l = cancV5(f1fo), (1.6)
Ve, Vil = canViASD) — VO ). (LT
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We now attempt to realize these “abstract” com-
mutation relations by assigning to them linear opera-
tors in a vector space W. We suppose that W is an
F-module, and look for representations of the Vi(f)
by means of linear transformations: W — W that are
also F-linear.

Let us try to realize the relations (1.6) in the form

o(f) = fD, + 9,f)D,;,
Vl:(f) =fEa1'5 (1'8)
where D,, D,;, and E,; are F-linear maps W — W.

The following conditions on these operators are then
necessary and sufficient that (1.6) be satisfied:

[Ds, Dy] = ¢apeD.
[Dyss Dysl =0,
[D;, Dy] = CapeDes
Now, let us try to satisfy (1.7):

[lea + aj(fl)Dai ’f2Eb1']
= CuofifaiEei — VE0,(f), fal.
In order to satisfy this relation, we must then have
[Daa Ebi] = cabcEci>

Vilf, fz_) = fifolDa;, Esil- (1.10)
We can now read off the condition (1.3), i.e., that the
Schwinger term be a ¢ number. Namely, [D,;, E,]
commutes with D,, D,;, and E,;. It would perhaps
be interesting to investigate the most general of these
possible conditions. However, we do not attempt
this here, but instead present a specific way of realizing
these abstract relations, that is motivated—as ex-

plained in Sec. 4—by canonical, Lagrangian quantum
field theory. :

(1.9)

2. CURRENTS DEFINED IN TERMS OF
PROLONGATIONS OF VECTOR FIELDS

We introduce the range of indices 1 < «, 8,y < m,
together with the summation convention. Let ¢ = (¢,)
denote the coordinates of a manifold M of dimen-
sion m. (We try to keep the knowledge of manifold
theory required for the sequel to a primitive level.
See Refs. 7 and 8 for an explanation of that which
is needed.)

Suppose G is a Lie algebra of vector fields®:® on M.
Thus, each X G can be realized as a first-order
linear differential operator M,

X =42, @.1)

where the A4, are functions of the ¢’s, and 9, = 9/d¢,.
Introduce a “new” space of variables x, ¢,, and
®.i > denoted by M’. (In terms of the jargon,® M’ is to
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be identified with the space of l-jets of mappings:
R®— M.) Let F denote the ring of C* real-valued
functions /- x — f(x), on R3.

Associate with X of form (2.1), fe F, the vector
field on M’

ng(f) =anzaa + (az(f)Aa + faﬂ(Aa)(p[h')aai' (22)
[VZ(f) may be identified with the “prolongation” of
the vector field on X on R® X M to the “1-jet” space
M’. See Refs. 1,9, and 10.]

Suppose that X and Y are the vector fields of form
(2.1). Suppose that Z = [X, Y], the Jacobi bracket
of Xand Y, i.e., Z is the commutator of the differential
operators of form (2.1). Then, one proves readily that

VER, Ve ()]l = VBX'Y](flfz)a for fi,f;€F.
(2.3)

This is the geometric analog of the current-commu-
tator relation (1.1) or (1.6).

In terms of the F-module language, let W be the
space of the functions of the x, ¢,, and ¢,,. Then, in
terms of formula (1.8),

DX = Aaaa + aﬂ(Au)(pﬁiaai;
DX,‘i = Aaaai' (24)

Let us now attempt to choose E,; as differential
operators to satisfy (1.10). We do not attempt to
investigate the most general sort of choice of E,,, but
look for the E’s as zeroth-order differential operators,
of the form

Ex,= h;}f%i’ (2.5
where the X are functions of ¢ alone. Thus,
VE) = fhi@ui (2.6)

Then, condition (1.10) takes the form

[Dx, Ey,] = (4.9, + 9(4)9s, .)(h3,9,)
= Aaaa(hﬁ,,-)%, + ap(Aa)‘Pﬁih::
=Exy:i = WY, 2.7)
Now, if A(¢) is a function of ¢ alone, i.e., a function
on the manifold M, and if X is a vector field on M of

form (2.1), define—as in Ref. 8—the ‘“‘Lie deriva-
tive” of A by X as

X(h) = A,0,(h).
Similarly, if
w = h,do,
is a 1-differential form on M, define its Lie derivative
by X as
X(w) = X(h,) do, + h, d(X(g,))

= Agdg(h,) dp, + hdy(A) dgs-  (2.8)
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The geometric meaning of this Lie derivative opera-
tion is discussed in detail in Ref. 8. For example, o
is invariant under the 1-parameter transformation
group on M generated by X if and only if X(w) = 0.
Note now that Egs. (2.7) imply the relations
X(h}) = —0,(A)hE + RGO 2.9)

Equation (2.9) can be recast into a more interesting
form. Introduce 1-differential forms on M as follows:

o¥ = h¥ de;. (2.10)
With the ““Lie derivative” of 1-forms defined by (2.8),
we see that Egs. (2.9) are equivalent to

X(f) = olX¥], for Xand YeG. (2.11)

In turn, condition (2.8) can be interpreted as follows.
Let FY(M) denote the vector space of 1-differential
forms on M. The action of Lie derivative defines a
representation of G by operators on F!(M). Then,
for fixed i, the map ¥ — o} is a linear map of G —
FY(M) that intertwines the action of G on both these
spaces.

This interpretation immediately enables us to
construct such a system of currents. Indeed, suppose
that B: V(M) x V(M)— F(M) is an F(M)-bilinear
map, i.e., B is a covariant 2-tensor on M. Suppose
also that B is invariant under the action of G, i.e.,

X(B(Y,2)) = B([X, Y1,Z) + B(Y, [X,Z]), (2.12)
for Y, Ze V(M) and X G. [For example, if B
defines a Riemannian metric® on M, then (2.8) is the
condition that X generate a l-parameter group of
isometries on M, i.e., that X be a Killing vector field.]
Then, one can define w} as

i

of (X) = cB(Y, X) (2.13)
for all X € V(M), where ¢; is a real scalar.

As an example, one can choose M = G, where G
is a compact, semisimple Lie group whose Lie
algebra is G, and where G is identified® with the Lie
algebra of right-invariant vector fields on G itself. B
may be defined as the bi-invariant Riemannian metric
on G defined by the Killing form of G. It may be
readily checked that this construction then specializes
to the Lagrangian model of the Sugawara algebra
given previously .28

Let us now investigate further the necessary condi-
tions that must be satisfied to give a c-number
Schwinger term.
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3. CONDITIONS THAT THE SCHWINGER
TERM BE A ¢ NUMBER
We keep the notations of Sec. 2. The “Schwinger
term” can be read off from (1.10) as

Vi),f’y(fl 2 S2) = fifalDx ;, Ey ]
= fifsdaha;.

The condition that the Schwinger term be independent
of the ¢’s (or that it be a “c number,” in quantum
mechanical language) is then that

AhY, =const, for X,Y€G. 3.)

In terms of the 1-forms o} given by (2.10), Eq. (3.1)
takes the form

oF(X) =const, for X,YeG, (3.2)

where the left-hand side of (3.2) is the inner product
between the differential form and vector field. (See
Ref. 8 for this operation.)

In addition to (3.2), let us suppose that G acts
transitively on M; that is, the following condition is
satisfied: If w is a 1-form on M, such that w(X) = 0
for all X € G, then w = 0.

Let us return to the investigation of condition (3.2).
Then, for X, Y, and Z€ G,

dof (X, Z) = X(o¥ (2)) = Z(oF (X)) — oF ([X, Z])

where d is the exterior derivative operation.®
In particular, suppose that X is a basis for G, with

[Xa’ Xb] = cachc ? (34)

and let
w? = wXe, 3.5

Then, (3.3) is equivalent to the conditions
dw? = ¢,,,0! A w{ (no summation on i), (3.6)

where A is the exterior product operation.

The most general possible solution to these condi-
tions can now be read off from (3.6). Let G be a Lie
group whose Lie algebra is G. Let »® denote the right-
invariant 1-forms (the “Cartan~-Maurer forms™) on G,
corresponding to the basis w®. They satisfy

do® = ¢, 0" A o°.

3.7

By the Frobenius complete-integrability theorem,®
there are then maps y,:M — G such that

wf = p}(of), (3.8)

where ] denotes the pull-back map or forms generated
by v,. The Sugawara model corresponds to the case



1828

where M = G, and the y; are the identity map. Thus,
it is in some sense a ‘‘universal model” for current
algebras of this type.

4, CONNECTIONS WITH QUANTUM FIELD
THEORY

In Ref. 2 we point out that there is a connection
between the formal operational rules of canonical
Lagrangian field theory and the sort of algebraic-
differential geometric considerations presented in this
paper. In this section, we present a few further brief
remarks in this direction, a full discussion is presented
in Ref. 9.

Let us now use x to denote a 4-vector x,, an
element of R*. Suppose that @,(x) are a set of spin-
zero, boson ‘quantum fields. Now, we consider a
Lagrangian of the form

L = %gnvhaﬁ((p)ay(paav<pﬁ . (41)
In (4.1), g, is the Lorentz metric tensor, while A ,(¢)
are, for the moment, any set of functions on M,
which depend symmetrically on « and 8. Let

La,u = gpvhaﬂay‘pﬁ s (42)

La = %guvazx(hﬂy)ag&(pﬁav(}vv b

ﬂ'a = Lao = haﬂao(Pﬂ . (43)

We say that the field theory defined by L is canonical
if Egs. (4.3) can be inverted (at the classical level),
expressing the time derivative d,¢, on terms of the 7, .
With the specific choice (4.1) of the Lagrangian, this
amounts to requiring that the determinant of the
matrix /,, be nonzero, i.e., that the symmetric quad-
ratic differential form

ds* = kaﬁ d(pa dcpﬂ (44)

define a pseudo-Riemannian metric® for M. In fact,
we also suppose that the form (4.4 is positive definite,
so that it defines a Riemannian metric® for M. Then,
one would expect that the Riemannian geometry of M
would play a role in the properties of the quantum
fields constructed from L. (Of course, L is one of a type
of what physicists call “phenomenological Lagran-
gians.”)

The equations of motion constructed from L can be
written down using (4.2} and (4.3):

0,(8uvhag(P(X))0,95(x)

= 18, 0,(hg, (X)), ()0, 9,(x). (4.5)
1t is interesting to note that at the classical level, Eqgs.
(4.5) define what Eels and Sampson call'! harmonic

maps R* — M, where R* has the Lorentz metric and
M has the metric form (4.4).
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Let us now rewrite (4.5) as

gpv(haﬁapav(pﬂ + ay(hccﬁ)a;x(pyav(pﬁ]

= %gpvaa(h/iy)autpﬂav(py . (46)
Notice that (4.6) enables us to determine the time
derivatives dym, . Thus, there are no formal “algebraic™

contradictions involved in introducing the canonical,
equal-time commutation relations

(700, Pp(Nkepmspmo = G,0(x — ¥),
0 = [7,(x), ”ﬁ()))]mo=yo=0 = [(Pa(x)’ ¢ﬂ(Y)]mo=vo=0'
@7

These commutation relations, together with the equa-
tion of motion (4.6), then determine the “quantized”
field theory, at least in a formal algebraic way. For
example, one could use power-series expansions for
the A,, about their “free-field” values,

haﬁ((p) = haﬂ(o) + haﬁ?(py + haﬂyy’ (py(p‘y: + T (4‘8)

and follow the usual rules for quantizing products of
functions as “operators.”

Now, suppose that X is a vector field on M given by
formula (2.1). Let X (ds? be the Lie derivative of the
metric form (4.2) by this vector field.® Suppose it is of
the form

X(ds®) = h% do, do,. (4.9)

Let L* be the Lagrangian defined analogously to (4.1)
from the form

X = %gwhff,aﬂ%a\,% . (4.10)

Construct the *“vector current” associated with X, by
the usual formula

V¥ = L,A,
= gy Aules0 95 - (4.11)

Then, at the classical level, “Noether’s theorem”
specializes to the formula

8,VE = I~ (4.12)

This relation may also be expected to hold at a quantum
level, if things are done right. In particular, the current
is “conserved,” i.e., the left-hand side of (4.12) is zero,
if LX =0, which translates geometrically via (4.9)
into the condition that X be a Killing vector field, i.e.,
that the 1-parameter group of transformations on M
generated by X leave invariant the metric determined
by ds®. If, more generally, one wants (as in PCAC type
theories) the left-hand side of (4.12) to be a “‘new”
field transforming in a certain way, one would require
that the metric form (4.5) be one of a family of metrics
on M transforming under the transformation group
G whose Lic algebra contains X. In turn, if G acts
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transitively on M, the possibilities for such families
can be read off from the vector-bundle version of the
Frobenius reciprocity theorem.?

One can now use (4.11) to convert the currents V¥
into elements of the Lie algebra generated by the fields
@,(x), m,(x) their derivatives, and “functions” of the
fields defined by formal power series of type (4.8). In
particular, one can purely algebraically compute com-
mutation relations of the form

V), Vi (laymye = 0.
In this way, one can calculate, at a purely algebraic
level, commutation relations of the type (1.1), (1.2), or
(1.4). In turn, the usual rules for quantizing objects
like @,(x), A(@,(x)), and 9,¢,(x) suggest the particular
types of “representations’ of the “integrated” currents
Vf (f) used in previous sections. Of course, the point

is that, once having written down, or guessed,'

“abstract” commutation relations for the currents,
one can forget the quantum field theory background,
and work in a well-defined mathematical way. Further
work on this purely algebraic direction can be found
in Refs. 9 and 12.

Finally, we may note that putting these remarks
together determines the choice of metric form (4.5)
which leads to the Sugawara-type of commutation
relations for the currents. Namely, M is G itself, and
the metric form (4.5) is the unique metric invariant
under right and left translations. From the mathemati-
cal point of view, this is the most interesting property
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yet investigated of the current commutation relations,
since it seems to say (if indeed the current commuta-
tion relations are at all basic in physics) that the geom-
etry of the Lie group manifold itself [corresponding
to a given symmetry group of the elementary particles,
eg., G=SUQ2), SUQ2) x SU2), and SU(3) or
SU(3) x SU(3)]plays a fundamental role in the physics
of elementary particles. It would also be interesting to
investigate analogous relations, starting off with fields
¢,(x) of higher spin and/or different statistics, e.g.,
fermions.
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I. INTRODUCTION
A few years ago, it became feasible to study the
quantum 3-body problem with separable potentials
by using Faddeev theory for reduction of the problem
to a 1-dimensional integral equation with a Fredholm
kernel. It has been the impression of many workers

and observers of the field that the fundamental
contribution of the Faddeev equations was to yield an
integral equation which had a Fredholm (i.e., com-
pletely continuous) kernel and that the solution of
integral equations with kernels not enjoying this
property is practically impossible.
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For example, Weinberg, while discussing integral
equations with ¢ functions in the kernel, has stated,
“The solution of such linear integral equations is
known to be straightforward if (and really only if) the
kernel .. .is of the ‘completely continuous’ type.”
And Lovelace has stated,®> “Now all numerical
methods for solving integral equations depend on
reducing them to matrix equations. This means that
the kernel is replaced by an operator of finite rank . .
Thus, unless the kernel of an integral equation is a
compact operator it cannot be approximated by a
matrix equation and there is therefore little hope of
solving it numerically.” The implication of these
authors’ statements seems to be that an integral
equation which involves a 4 function in the kernel
cannot be solved by matrix methods (at least as it
stands, i.e., without some algebraic manipulation
beforehand). We wish to show that d functions in the
kernel do not prevent the direct solution of the equa-
tion by matrix methods even though the kernel is not
Fredholm.

Before proceeding, we wish to distinguish two
types of problems which appear in the reduction of
the Lippman-Schwinger integral equation to a form
which can be shown to be of the Fredholm type. The
Lippmann-Schwinger equation for three bodies with
separable 2-body potentials can be put in a form

8(x) = £(x) + 2 f "[K(x, y) + k(X)8(x — 9)160) d,
M

where x and y are real variables, k(x) is a finite
continuous complex function of the real variable x,
and K(x, y) and f(x) are complex functions of the
real variables x, y. A is a complex parameter which
we have introduced to correspond to Fredholm’s
theory. The kernel here is made up of two parts. The
second part is one which corresponds to disconnected
diagrams in perturbation theory and for this reason
contains the é function. This é function has been called
a “dangerous 4 function” by Weinberg. The problem
of how this & function can be handled is what we are
concerned with in this paper. The second problem,
which should not be confused with this one, concerns
the first part of the kernel in Eq. (1). This part comes
from the completely connected 3-body diagrams in
perturbation theory. It can have singularities when
the momenta (which are related to the variables x
and y) correspond to values for which classical
3-body collisions can take place.® The latter singu-
larities have been studied by Faddeev,* who has shown
that an equation with this kind of singularity (but
without the -function singularity) has the Fredholm
solution. Furthermore, these singularities do not
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appear if the energy of the 3-body system is negative
so that no classical scattering can take place. Weignore
this singularity and assume K(x, y) to be finite and
continuous® on the range of the real variables x and y.

It is generally stated that the reason no matrix
approximation to Eq. (1) will work is that, if the kernel
K is not completely continuous, no finite approxima-
tion to it, Ky exists such that lim |K — Ky — 0,
as N — oo. We show in Sec. III that, although this is
true, there does exist a sequence of kernels Ky such
that their solutions ¢, approach ¢, as N— c0. In
Sec. II we show, by means of a technique almost
identical to that used to rid the Faddeev equations of
the “dangerous” ¢ functions, that Eq. (1) has solu-
tions for all 4 except for (a) 1/ on a continuous line
in the complex plane and (b) poles in the 1 plane
which are analogous to zeros of the Fredholm
denominator. In the 3-body problem, the continuous
line of singularities (a) corresponds to scattering
states with two bodies bound and the poles (b) corre-
spond to 3-body bound states.

II. SOLUTION OF EQUATION

If we carry out the integration over the ¢ function
in Eq. (1), we have

SOOI — AkGO] = f(x) + f K(x »)$0) dy. ()

We would like to divide Eq. (2) by the quantity
1 — Ak(x) in order to obtain a Fredholm equation
of the second kind. We can do this diviston with no
difficulty provided 1 — Ak(x) # 0, for all x on the
interval [a, b]. Now, k(x), being continuous, maps
the interval [a, b] on the real axis into a line L in the
complex plane. If 1/A is not on L, then [1 — Ak(x)] #
0. Hereafter, we take A such that 1/ is not on L. Then

f (x)
T + f K(x, y)é(y) dy.
3)

This is just the equation used to obtain numerical
solutions in Faddeev theory. The integral Eq. (3) is:
of the Fredholm type, since K(x, y) is continuous and
finite and since 1/[1 — Ak(x)] is also continuous and
finite. We will introduce a parameter A, which may be
set equal to A later, and rewrite Eq. (3) as

#x) = G

b
$(x) = F(x; &) + A f KGo i D0) dy,  (4)
where
Fon

Fx, 4 = l—lk(x)

K(x,y;2) = K(x, y),

1-— }.k(x)
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and where A is a parameter of the problem, and A
becomes the usual Fredholm parameter.

This step (i.e., using the correct 1) is crucial since
it allows the solution to be meromorphic in the A
plane, because A multiplies only a completely con-
tinuous part of the kernel. It seems to be somewhat
common mathematical practice to always introduce A
in such a way that it multiplies only the completely
continuous part of a singular kernel in order to obtain
simple behavior in the 2 plane.®

The solution of Eq. (4) is unique and is

POy A o
809 = Fi 1 + [ CCLED Ry, 9
where C and D are given by Fredholm theory.” It is
Fredholm’s resuit that C(x, y; 4; A) and D(4; A) are
entire functions of A for every value of 4, 1/4 not on
L. Furthermore, each term in the expansions for C
and D is analytic in 4 except for 1/4 on L. Therefore,
the solution of Eq. (1) is
PO, YA A) o
609 = Fex )+ [ EEED rsyay, (9
where C(x,y;4;4) and D(A,4) and F(x,1) are
analytic in A except for 1/ on L. Thus, ¢(x, 4) is
analytic in A for 1/4 not on L except for isolated poles
where D(4, A) = 0. Therefore, in distinction to the
situation existing for kernels obeying the Fredholm
conditions, we have a branch cut as well as poles in the
A plane.
ITI. MATRIX SOLUTION

Consider the linear equation problem

N .
b(x) = fx) + 13 (K(xi, x)) + k(x) %) SaODA,

(6)
where x; =a +jA, and where A = (b — a)/N.
Thus, for 1/4 not on L we have [l — ik(x,)] # 0.
Here, A = (b — a)/N. Thus, Eq. (6) is a direct
numerical treatment of the integral Eq. (1). We show
in this section that the solutions of Eq. (6) in the
limit of large N approach the solutions of Eq. (1).
The solution of Eq. (6) is given by
N
bnl(x,) =f§1 (M) f(x,), €]
where
(My)i; = 05[1 — Ak(x,)] — 2AK(x;, x;)-
In the same way that Eq. (1) was converted into
Eq. (3), we may convert Eq. (6) into

I
$() = [ fx)

X1
R

=1 m K(x;, x)$n(x;). (8
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But this equation clearly approaches Eq. (3) as
N — o0. In fact, the kernel of Eq. (8) approaches the
kernel of Eq. (3) as N — 0. Thus, ¢y(x;) approaches
$#(x) as N—oo. But, ¢y(x,) is given perfectly
adequately by Eq. (7) for any finite N. Thus, while
the kernel of Eq. (6) does not approach the kernel of
Eq. (1) as N approaches infinity, the solution of Eq.
(6) does approach the solution of Eq. (1), since it is
the same as the solution of Eq. (3) provided the
conditions on A are met.

IV. ANALYTIC PROPERTIES OF THE
APPROXIMATE SOLUTION

It is interesting to examine the analytic properties
in A of the solution of Eq. (6) for finite N.

In order to proceed, we assume that there exists an
M such that for all x, y, and z

K(z,y) — K(z, x)
k(x) — k(y)
This bounds K(x, y) on the one hand and, if the
slope (in x) of K(z, x) does not go to zero anywhere,
it also places a lower bound on the slope of k(x). At
points where the slope of X(z, x) is zero, the condition
on k(x) is weaker, however. The kernels in the 3-body
equations and the kernel in the worked example in the
Appendix satisfy this condition. We expand Eq. (6)
in a manner similar to that used in Fredholm theory.
Thus, if we solve Eq. (6) as a set of linear equations,

we have Eq. (7). The inverse of (My),; is

(Mﬁl)u = C,;/D,
where -C;; = (—1)** [minor of the (j,i)th element
of My] and where D = det (My). We may write the

determinant D as an expansion in powers of A, and
we obtain

D=Ii1(1—/1k,.)+A§(
+§2(

max {

. 1K, y)\} <M.

Ta-— zki))(—z)K,-,-

(i#3)

T (- zk,.))<—z)2

215k \it#7.0

K:’i Kik e .
X + ,

Kii K

where we have used the notation k, for k(x,) and K,
for K(x;, x;). We may factor out the product of the
diagonal elements of the determinant and obtain

D= (1:[(1 - Zk,-)) (1
A2 1
3 20— ke = k)

Ji ik )
+ LS
I(k.‘i I(kk

1
— A K,
jzl — Ak, "

X
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Then, we may use partial fractions on each of the
factors 1/[(1 — Ak;) -+ - (1 — 2k,)] so that
F ,-), ®)

D= (1;[(1 —Ak,))(l -

P
where
1 K. K, A"
F=K__A — 3 ik ++ _ln_
’ " zk,—kk K. Ky ( )n!
X X 1
2 am (ks = ke )y — ki) - (ks = k)
K;; Ky K,
Kh]' Kjljl thn
x| + - (10)
Kﬂ'nj anjl anjn

To investigate the convergence of this series for F;,
we may subtract the first column from each of the
succeeding columns in the determinant in the nth
term. Then we may write the part of the nth term
under the summation sign as

K, K, — Ky
kJ' - kh
K. . K:‘lh - Kh?‘
317 k _ k s

J J1

but each element of this determinant is assumed to be
bounded by M and, therefore,” we find that the nth

C(x, y; 4)
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term is bounded by M"n¥*(b — a)"1/(n — 1)!. There-
fore, the series is convergent.

Thus, there exists some analytic function F(x) such
that for all e there exists an integer M such that for
all N greater than M and forallj, 1 < j < N, we have
[F(x;) — Fy| < e

Thus, for some N the summation term in Eq. (9)
may be considered

1
AS ———
:z'(l/l) = k(x;)
where F(x) is an analytic function of x.

But in any neighborhood (in the 1/4 plane) of the
line 1/4 on L we may find an M large enough so that
for all N > M the expression (11) is equal to any
value whatever inside that neighborhood. In particular,
it is equal to 1 somewhere in that neighborhood so
that the zeros of D must be distributed along the line
1/4 on L. It is easily shown by considering the integral

1 g'(2)
27 f 1 — g(z)

on a contour ¢ completely enclosing the branch cut
that the number of zeros on L can differ from the
number of poles on L only by a finite number. Thus,
we expect the solution of Eq. (6) to have poles in the
main along the line 1/4 on L with other isolated poles
possible.

g(1/4) = F(x;), (11)

dz

V. THE CONTINUOUS LIMIT

If the numerator function C;; is treated in a way
similar to the way we treated the denominator func-
tion and if the continuous limit is taken, then the
solution to Eq. (1) may be written

309 = [ SLEEp) dy +109) = (ar)
where
L 1 1 _ ? 1 .
C(x’ y:}')_l —lk(x)l —}»k(y)l(K(x, y) J;(l/l)-—k(Z)F(x, y,Z)dZ), (12)
1
D) =1 —J;(—IM—)_——k(Z)F(z) dz, (13)
and where the “spectral functions™ F(z) and F(x, y; z) are
_ [ 1 K(x,x) K(x,z)
Fz) = K(z 2) f K2 — k()| Kz, x) Kz, 2)
K(z,z) K(z,x,) K(z, x,)
K(x;,2) K(xy,x1)
.« i —L— . i “ e (14)
L dx"(liT k(z) — k(xi)) T
K(x,, N Z) K(xn ’ xn)
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and

K(x,y) K(x,z)

Fxy:2) = K(z, y) K(z, z)

_-J‘b dx1
o k(z) — k(x,)

4+ (_1)"-33 J;bdxl . -fdxn(l'[
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K(x’ y) K(X, Z) K(X, xl)
K(Z, y) K(Za Z) K(Z, xl)
K(x1,y) K(x1,2) K(x1,x1)

=)
i k(z) — k(x;)

K(x,y) K(x,z) K(x,x) K(x, x,)
K(z,y) K(z,z) K(z,x,)

o K(x%, y) K(xf, z) K(x1., X1) b (15)
K(xn s ,V) K(xn s x'n)

Interestingly, the only appearance of 4 is in Eqgs. an,
(12), and (13) with no appearance of A in the series
expressions for F(z) and F(x, y; z).

V1. CONCLUSION

Thus, we expect that a direct matrix approach to
the Lippman—Schwinger equation should prove quite
satisfactory in the region below the threshold for
scattering with two bodies bound so that 1 is not on
the branch cut. Such a calculation has actually been
reported by Borysowicz and Dabrowski.® It was a
calculation of the bound state of the 3-nucleon
system for which quite reasonable results were ob-
tained. The calculation was actually carried® into the
region of the n-d cut and evidence was found of
the zeros of the denominator function mentioned in
Sec. 4. In retrospect, it is not surprising that the
solution of Eq. (1) has branch cuts in the A plane
since the kernel of Eq. (1) is not Fredholm, as the
main Fredholm result implies that the solution has
only isolated poles in . It is also not surprising that
the numerical approach to a branch cut be via a row
of poles having residues inversely proportional to the
density of poles on the line. It is also true that on the
line of singularities itself the numerical solution does
not approach the solution of Eq. (1), since for all ¥
there is a row of poles in the 4 plane along the branch
line of the solution (1), but on the other hand the
solution of Eq. (1) is not defined at all on such a line.

The question finally arises as to how any numerical
method can give the solution of the integral equation
along the branch cut in the 1 plane. This can be done
by letting the numerical procedure depend on A
Numerical procedures can be found so that for any
N the solution is analytic in 4 along the branch cut
and for any 4 on the branch cut ¢y(1) — ¢+(4) as

N — oo, where the superscript plus sign indicates the
value of ¢(4) on a particular side of the branch cut.
In that case, however, it does not seem convenient to
start with Eq. (1), but with a form derived from Eq.
(3). That is, we define

$(x) = [1 = k()] Mp(x);
Eq. (3) then becomes

p(y) dy. (16)

w(x) = (x)+zf1<<x,y) —

Thus, the singularity in the integrand at y = solution
of 1 — Ak(y) = 0 is made manifest, and the numerical
evaluation of the integral can be accomplished by
taking a principal value plus #wd for the denominator.
As noted, the numerical procedure for such an
integration must depend on the location of the
singularity, and thus on . This is a practical procedure
used by several workers in the solution of Fadeev’s
equations.!®

Some workers'! have used a rotation of momentum
axis in the Fadeev equations in order to avoid
singularities in the integrands. This method has the
advantage that a fixed set of points in the integration
procedure may be used. In this case, of course, it
does not matter whether one starts from Eq. (1) or
Eq. (16), since they are algebraically equivalent.

APPENDIX
Consider the homogeneous equation
dk’
@m*’

This is just the Schrédinger equation for a separable
potential in momentum space. If v is spherically

Ed(k) = — ¢>(k) + Av(k) f oK) b(K')
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symmetric so that only s waves occur, we have
1 [°(k
k)=- — Ok -k
80 =1 (5 ok = 1)
72
+ Av(k)o(k’) -2k—2) d(k’) dk'. (A1)
X

This equation is just a homogeneous form of Eq. (1),
where 1/E corresponds to A. To find the eigenvalues of
this equation, we may write D(E) and find its zeros.
We use the forms given in Eqs. (13) and (14) to evalu-
ate D(E). We treat the special case v(k) =1 for
k <k, and v(k) = 0 for k > k,. First, we consider
the continuous limit, then the case of a discrete
approximation. F(z) in Eq. (14) becomes

F(2) = Az?27%,
so that D becomes

A Zdz

D(E)=1— —_—.
(E) 0 27 E — Z*2m

Introducing the dimensionless variables « = z/k, and
y% = 2mE[k?, we have

Amk

KdK

’}/—K

o] o

The “physical cut” in E, which arises here from the
non-Fredholm character of our equations, is the
branch cut of the logarithm.,

In the discrete case F(z) becomes Az%/2#%, where
z; = k,(j— 3)/N, so that D(E) becomes
A 22
D(E)=1 Az ~ m

j=1 2‘rr

D(E) =

(A3)

J. H. HETHERINGTON

Carrying out the summation, we obtain
D(E) = 1 + (Amk,[=%)
+ lz'[w(—% — YN+ N)

—y(—=1 —yN = N)i, (A4)

where p(x) is the logarithmic derivative of the factorial
function. Here the branch cut of Eq. (A2) is replaced

, by a line of poles.

The values of E chosen by E = z2/2m are similar to
the unperturbed levels in a periodic or box normaliza-
tion of finite size, while the zeros of D(E) in Eq. (A4)
are similar to the perturbed values of such energy
levels.

It is easily shown that D(E) as given by Eq. (A4)
approaches D(E) as given by Eq. (A2) in the limit
N — oo, for any 4 not on the physical cut.

To go further, this problem can be solved for the
case of the inhomogeneous integral equation but most
of the features of analyticity are contained in D(E).
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An interpretation is proposed for the intriguing symmetry of the Clebsch-Gordan coefficients dis-
covered in 1958 by Regge. The interpretation is based on the observation that, in the reduction of the
Kronecker product of two irreducible representations of an SU(2) group, there appears in a natural way
another SU(2) group, which is almost independent of the original one. The Regge symmetry is interpreted
as the symmetry under the interchange of these two SU(2) groups. In more picturesque language, the
Regge symmetry is the symmetry under the interchange of the “‘two-ness” of the fwo angular momenta
being added with the “‘two-ness” of SU(2). It follows from this interpretation that a symmetry of the
same nature is present in the generalized Clebsch-Gordan coefficient that appears in the reduction of the
Kronecker product of # (and not two, except when »n = 2) irreducible representations of SU(n).

INTRODUCTION

In the study of the quantum theory of angular
momentum, a central role is played by the Clebsch-
Gordan (CG) coefficient or 3-f symbol. The concept of
this coefficient was introduced! nearly half a century
ago, and its properties were studied and described in
great detail in the years immediately following. In
particular, it was thought that its symmetries were well
understood and it came as quite a surprise when, as
late as 1958, Regge? demonstrated the existence of a
new, and rather bizarre, symmetry of the CG co-
efficient.

Whereas the previously known symmetries had a
natural physical or geometrical interpretation, the
symmetry discovered by Regge appeared not to have
any such explanation. To quote from Regge’s original
paper: “Thus far we cannot justify these symmetries
using simple physical arguments.” 2 This unexplained
symmetry has led Bargmann® to conjecture that the
rotation group has special properties not shared by
other groups. We are referring here to the Racah-
Wigner calculus of the group and the fact that many
properties of the appropriately generalized 3-j sym-
bols, 6-j symbols, etc., are common to many groups.
At the same time, however, Shelepin and Karasevt
constructed a Racah-Wigner calculus for SU(n)
group by considering the so-called (n + 1) X (n + 1)
symbol, which is a direct generalization of the 3 x 3
symbol introduced by Regge. As will be seen from the
interpretation of the Regge symmetry we propose,
the contradiction between Bargmann’s conjecture and
the work of Shelepin and Karasev is only apparent.

Shelepin and Karasev contributed to the theory of
the Racah-Wigner calculus. On a more practical side
one  should mention the work of Shimpuku,® who
looked into the simplifications, due to the Regge

symmetry, in numerical computations of 3-j symbols.
The magic square feature of the Regge 3 x 3 symbol
was exploited by Giovannini and Smith® in their study
of the 3-j symbol.

It is natural to expect that the Regge symmetry for
the 3-j symbol should have implications for the 6-j
symbol, 9-f symbol, etc. It was shown by Regge? and
by Jahn and Howell® that the 6-j symbol, or Racah
coefficient, indeed possesses additional symmetries.

Although we do not claim to have quoted here
every contribution to the subject of Regge symmetry,
we believe that our list of references is representative.
None of these contributions offer an explanation for
the Regge symmetry. In a paper by Ponzano and
Regge,® published as recently as 1968, we find the
following statement: “The geometrical and physical
content of these symmetries is still to be understood
and they remain a puzzling feature of the theory of
angular momenta.”

After stating the symmetries of the SU(2) CG
coefficient in Sec. 1, we show in Sec. 2 the existence of
another SU(2) group by employing the calculus of
boson operators.!® The importance of this other group
for the Racah-Wigner calculus of SU(n) has been
emphasized by Biedenharn and coworkers.}* We next
demonstrate that the exchange of quantum numbers
involved in the Regge symmetry corresponds to the
exchange of these two SU(2) groups. Even though this
completes our explanation of the Regge symmetry,
we give another version in Sec. 3 to make the meaning
clearer. In this version, we introduce a new generating
function for the CG coefficients and give a new proof
of the Regge symmetries. As a final insight into the
problem, we discuss in Sec. 4 the relation between
CG coefficients and the representation functions inso-
far as it is relevant to the Regge symmetries. We
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present here an expression!? for the CG coefficient
which makes manifest the fact that the CG coefficient
is the quantized analog of the representation func-
tion.1®

In the Conclusion, we make remarks about ex-
tension to SU(n) and explain in what sense the SU(2)
group both is and is not different from SU(n) groups,
n # 2, as far as Regge symmetries are concerned.

1. SYMMETRIES OF THE CG COEFFICIENTS

The physical meaning of the CG coefficient is made
immediately apparent in the bra and ket notation of
Dirac. Thus,

<j1m1j2m2 |]m> 0]

is the probability amplitude that, in the addition of
the angular momentum whose square and z compo-
nent are j;(j; + 1) and m, to the angular momentum
Ja{j. + 1) and m,, one obtains the angular momentum
J(j + 1) and m. It is clear from this definition that the
CG coefficient should be invariant, except possibly for
a phase, under the interchange of the subscripts one
and two. Less trivial is the remark that the CG
coefficient has symmetries under the permutation of
all three angular momenta J,, J;, and J. To make
this symmetry apparent, the six numbers appearing in
Eq. (1) are arranged in a two-rowed array called the
3-f symbol:

(j1 Ja fa)
m, my; ms
= (—l)h_h—ma(zjs + 1)—%<j1m1]'2m2 |]a — my). (2)

The 3-j symbol is invariant, up to a phase, under a
permutation of its columns. The origin of this invari-
ance is the fact that the addition of two angular
momenta, J, + J, = J, can be viewed as the addition
of three angular momenta J; + J; + J; = 0, because
the negative of an angular momentum operator is, in
a certain sense, also an angular momentum operator.!¢
Therefore, it also follows that the 3-j symbol is in-
variant, up to a phase under the replacement

mim,my — —my — My — My,

corresponding to the reversal of all three angular
momenta.

Thus, we have as the symmetry group of the 3
symbol the 3! permutations and the reversal of the
three angular momenta—a symmetry group of 12
elements. These symmetries will be referred to as
classical symmetries; their physical origin is clear.

ADAM M. BINCER

Now, in fact, the symmetry group of the 3-j symbol
consists of 72 elements. These can be generated by
combining the classical symmetries with the Regge
symmetries. To make all these symmetries apparent
in the notation, one replaces the 3-j symbol by an
array of nine numbers, the so-called Regge symbol or
3 x 3 symbol:

(ja Ja j1)
ms my, my

jl +j2 —js jl—jz +j3 "'j1 +j2 +ja
= |Js — my Jo— My Ji—m NE)
Ja+ my Jot+ my h+m

The 72 = 3! x 3! X 2 elements are the permuta-
tion of columns, the permutation of rows and
transposition of the 3 x 3 symbol. Clearly, all these
elements can be generated from the following funda-
mental ones: (a) permutation of the columns, (b)
permutation of the 2nd and 3rd rows, (c) transposi-
tion. The (a) and (b) symmetries are seen to be the
classical symmetries; (c) is a Regge symmetry. Other
Regge symmetries result from combining (c) with (a)
andfor (b). In the following, we concentrate on the
transposition symmetry (c) and refer to it as the Regge
symmetry; clearly, it is sufficient to find an explanation
for it.

It is our thesis that the Regge symmetry reflects the
fact that we are dealing with the reduction of the Kro-
necker product of two irreducible representations of
SU(2). Therefore, the notation that treats all three
angular momenta symmetrically is not a help but a
hindrance. Therefore, we set j; = j and use the fact

that my = —m; — m, to write the Regge symbol as
hti—Jj h—ht] —hti+ti
Jtm+my jo—my Ji—m G
jm—m—m jptme i+m

Thus, the transposition is equivalent to the inter-
change m; + my <> j; — j,, while my — m,, j, + j,
and j are left unchanged.

2. THE “OTHER” SU(2) GROUP

We start by constructing angular momentum
operators, using the boson calculus realization of the
angular momentum algebra. Let a, b, ¢, and d be four
independent (commuting) boson annihilation oper-
ators

[aa d] = [ba B] = [C, é] = [dr d] = 1’ (5)

all other commutators being zero.
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Let
LY = }(ab + ba),
LY = —%i(ab — ba), (6)
Ly" = §(daa — bb),
or

LY = $%c¢9

where ¢ is the I-column matrix (¢) and the ¢ are the
Pauli 2 X 2 matrices. Then, the three objects Lil’,
LY, L{V are isomorphic to the Cartesian components
of an angular momentum, and we say that they
generate a group called SU(2).
We may construct another set, completely inde-
pendent, by using the ¢ and d operators
L® = 7ioy, M
where y is the 1-column matrix (§). Since LV and
L*» commute, they generate together the group
SU(2) x SU(2).
Now, aside from the above, we may construct
another, isomorphic, set
U® = fjaf, U® =ijor, ®
where { = (9), 7 = (8. U'¥ and U® also generate an
SU(2) x SU(2) group. In fact, several other sets, such
as the UM and U™ sets, can be obtained from the
L% and L® set by permutation of the boson operators
a, b, ¢, and d. This is a manifestation of the fact that
the appropriate framework for the discussion of the
reduction of the Kronecker product of two irreducible
representations of the SU(2) group is the SU(4) group.
This group has several SU(2) x SU(2) subgroups,
examples of which are the group generated by LY and
L® and the group generated by UY and U®. Al-
though all these groups are mathematically identical,
we can, of course, assign different physical meanings
to them.
To emphasize the SU(4) framework, it is convenient
to use 4 X 4 matrices. We may write

LY = Ofti(p, + pg)®, ®
L® = ?%T%(sz — pa)®, (10)
U = O (7, + 75)3p®, (11)
U® = O}(r, — 19)}3p®, (12)

where 7, and p, are 2 x 2 matrices whose direct
product spans the space of 4 x 4 matrices 7,p;,
w,f=1,2,3,4, 7, = (7, 74), pg= (P, ps), With T
and p copies of the Pauli o, and =, and p, copies of the
identity. Lastly,

(13)

Qoo on
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It is easily seen in this notation that
L =LY 4+ L® = ®}xp,® (14)
and _
U = UW 4 U? = Dir,pd (15)

commute with each other. However, the SU(2) groups
generated by L and U are not completely independent
because, as a little algebra shows,

L? = U2 (16)

Thus, L and U generate the so-called orbital
SU(2) x SU(2) group, for which the notation SU(2) *
SU(2) has been proposed.’* If we interpret L™ and
L® as the angular momentum operators of two inde-
pendent physical subsystems, then L is clearly to be
interpreted as the total angular momentum of the
system and the *“physical” SU(2) groups are those
generated by LW, L®, and L. The “other” SU(2)
groups are those generated by UV, U®, and U. In the
work of Biedenharn and coworkers!! the “physical”
groups correspond to the lower and the “other”
groups correspond to the upper Gel’fand patterns in
the diamond-shaped structure describing their boson
polynomial.

This then demonstrates, as stated in the Introduc-
tion, the natural occurrence of “another” SU(2) group
in the discussion of the Racah~Wigner calculus of the
“physical” SU(2) group. We now proceed to show
that the interchange of quantum numbers involved in
the Regge symmetry is equivalent to the interchange
of the SU(2) groups generated by L™, L® .and L
with those generated by U®, U'%, and U.

As is well known, the boson operators can be used
to provide explicit realization of angular momentum
eigenvectors. Thus,

Ljimy) = [ + my)! (o — m)t]Rafrtmabima |
(17
is a properly normalized eigenvector of the angular
momentum LV
LV [jymy) = my | jymy),

@O [amy) = ji(y + 1) Ly, (18)
with | ) the vacuum state, i.e., the state annihilated
by any annihilation operator a, b, ¢, d.

Similarly,
|jama) = [(Jo + m)! (jo — mao) ! Ecivtmadi=ma] ), (19)
L5¥ |jamg) = my | jomy),
(L2 | jamay = jo(je + 1) | jomg). (20)

The quantum numbers j; and m;, i = 1, 2, are integers
or half-integers satisfying

~JiSm<ji, ji=0,41,---. 21)
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This, then, defines all the quantum numbers that

appear in the Regge symbol, Eq. (4), except for j,
which is defined by

L2 |jm) = j(j + 1) | jm),

m= m]_ + m2 (22)

and is an integer (half-integer) if j; + j, is an integer
(half-integer) and satisfies

=Dl L] <+ ) (23)
The state | jm) is, of course, given by
lim) = 3 |jimyjame) (amyjamy | jm),  (24)
with -
| i joms)

= [(j1 + m)! (j1 = mD! (o + my)! (a2 — mz)!]_%
% 5a'1+m15i1—~m15:‘e+mnd5a~ma| Y, (25)

where Eq. (24) defines the CG coefficient.

Now, we may consider the set of all states of the
form (25), for all m; and j; satisfying Eq. (21) and
restricted by
(26)

where N is some integer. Clearly, the number of such
states is

2 : @+ D@+ 1)

J1tia=2N
f1=0.%.1,---,

= Y (k+DWN-—-k+1
N

k=0.1,---,

= (N + DN + (N + 3).

This number is equal to (V3?), which is the dimension
of the completely symmetric representation of SU(4)
specified by the Young diagram of one row and N
columns. This means that the representation of
SU(2) x SU(2), Eq. (25), can be imbedded in a
multiplicity-free way in the symmetric representation
of SU(4).

But that is not all. The state | jm), Eq. (24), should
actually carry the labels j; and j,, since it is an eigen-
state of (L™V)? and (L®)2, Instead, using Eq. (26) and
defining

2(j1 +j2) =N,

@ + DI2EN — jy) + 1]
N

@7

#=h=j 28)
we may label this state

|Npgjm). 29)
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It follows from Eq. (23) that u obeys
—JSu<s+

just like m. We can now ask the question: How many
states of the form (29) are there for fixed N and all
allowed values of j, 4, and m? The calculation depends
en whether N is even or odd. For N = 2p, we have

§(2j + 1) = (2p + 1)(2p + 2)(2p + 3)
=0

(30)

6
N+3
= , 1
¥ (31
while, for N = 2p + 1, we have
»+¥ »
Z}(Zj +DP=3Q+1+1)
i~ 1=0
_4e+ D+ 22p +3)
6
N+3
= . 32
("3 32

This means that the state |Nujm) can also be im-
bedded in a multiplicity-free way in the symmetric
representation of SU(4).1® These states are, in fact, a
representation of the SU(2) » SU(2) generated by L
and U. To see this, we only need to observe that we
have

L2 |[Nyjm) = U? |Njm) = j(j + 1) [Nujm),

Ly |Nujm) = m |Nyjm), (33)

Us |Nujm) = u |Nujm,).

If we recall that the transposition (4) of the Regge
symbol amounted to leaving j, j; + j, and m; — m,
unchanged, while interchanging m, + m, with j; — j,,
then in our present notation this means leaving j, N,
and m;, — m, unchanged while interchanging m and
u. It is clear from Eq. (33) that interchanging L and U
interchanges m and u, leaving j and N invariant.
Moreover, m, — m, is the eigenvalue of L{} — L{¥
and this operator, as is clear from Egs. (9)-(12), is
equal to U§Y — U?. This completes the proof that
the interchange of quantum numbers involved in the
transposition of the Regge symbol corresponds to the
interchange of the “physical” groups generated by
LW, L, and L with the *““other” groups generated
by UW, U™, and U. More precisely, we have shown
that the effect on the quantum numbers that appear in
the Regge symbol of interchanging the “physical”
and “other” groups is the same as transposing the
Regge symbol.



REGGE’S SYMMETRY IN CLEBSCH-GORDAN COEFFICIENTS

Our final task is to deduce the abstract significance
of the interchange of the “physical” and “other”
groups. In the boson operator realization, we have the
four objects a, b, ¢, and d. The interchange under
discussion is achieved by exchanging b and c. All four
objects a, b, ¢, and d are mathematically identical;
however, they were ascribed different physical mean-
ings. Thus, a and b were paired to realize the angular
momentum of subsystem 1, and ¢ and d were paired to
realize the angular momentum of subsystem 2. We
need pairs of operators because we are dealing with
SU(2). The exchange of b and ¢ means that we propose
to arrange the two pairings differently and are, in
effect, exchanging the two-ness of SU(2) with the
two-ness of the two subsystems. To put it one more
way, we may relabel the boson operators

(34)

a=al, b=al, c=a}, d=al.

The object a/ has a two-valued lower index referring
to “spin up” and “spin down.” It has a two-valued
upper index referring to the two subsystems whose
spins are being added. The Regge symmetry involves
interchanging upper and lower indices.

3. A GENERATING FUNCTION FOR THE CG
COEFFICIENT

In this section, we derive the symmetries of the CG
coefficient in a new way, different from both the
derivation given by Regge® and that given by Barg-
mann.® We hope that this will help to clarify our
interpretation of the Regge symmetries. In the process,
we present a generating function for the CG coefficient,
which we believe to be new.

From the multinomial theorem and the definition
(25) we have

(Aa+ Bb+ Cé+ DAY | )
= Nt z . Aa'l-l'-mlBh—m1c:ia+ng:‘g—mg '
[(G1 + m)! (jr — m)! (o + my)! (jo — my)!]
X | jimyjamsy),

(35)

where 4, B, C, and D are arbitrary ¢ numbers, and
the summation is over all j;, j,, m,, and m, satisfying
Eqgs. (21) and (26).

Equation (35), is, of course, nothing but an explicit
realization of the statement that the representations of
the SU(2) x SU(2), generated by L' and L, can be
imbedded in the symmetric representation of SU(4).
As we know from the previous section, a similar im-
bedding is possible for the representations of the or-
bital SU(2) » SU(2) generated by L and U. The
explicit realization of this imbedding depends on
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whether N is even or odd. For N even, we have
[E(Fd + Gb + G + F'd)® + H(ad — b&)PPV | )
(21)!( N +j + 1! )*

= 02T e —
E:iFm+qu—uH%N—:i

X
[G+mG—mtG+w (G —ml]

3 INuim),
(36a)
where E, F, G, and H are arbitrary ¢ numbers and the
summation is over all integer values of j, m, and u
satisfying
For N odd we have, instead,
[E(Fa + Gb + G™'¢ + F~'d)* + H(ad — bo)F™"
x E¥Fa + Gb + G¢ + F'd)| )
_ (N— 1)'2 2))! [ GN +j + 1! T
2 (= HILE + DEN - !
ElFm+qu—nH§N—i
X
[G+mtG—m!G+m (-

0<j<IN. (37a)

|Nujm),
it

(36b)

the summation being over all half-integer values of j,

m, and u satisfying

~j<m<j, 1 <j<iN. (37

Equation (36) is a direct consequence of the multi-

nomial theorem, provided that the properly normal-

ized eigenvector |Nujm) is given in terms of the boson
operators by

—j<er<)

|Nujm)
_ ((2j + D0+ MG —m! G +m!U —u)!)*
@GN -NEN+j+ D!
=k, j+u—kx j+m—k Jk—m—
xS . a*h : g itmokJk—m—p
kK!'GHpu—kNG+m—Ek)!k—m—p)

x (ad — be)¥¥-71 ). (38)
The proof of Eq. (38) is left to Appendix A.

If we form the scalar product of the left-hand sides

of Eq. (35) and (36a) we obtain (assuming, for sim-
plicity, that E, F, G, and H are real)

( | [E(Fa + Gb + G + F~'d)* + H(ad — be)¥¥
X (Aa + Bb + C¢ + DAY | )
= [E(FA + GB + G™C + F'D)?
+ H(4AD — BOEMN!.  (39)
Equation (39) applies when N is even; a similar ex-

pression holds when N is odd. The proof of Eq. (39)
is given in Appendix B.
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The result of these operations is a generating function for the CG coefficient

[E(FA + GB + G'C + F~'D)* + H(AD — BOY
_ (N, s @DI[_GN +j + D!
(2)-2 J! [(21' + DEN — j)!

A51+WLIB ir—mxc a’z+sz fz—szfFﬂ—!—mGu—mH%N——i

S
] (Nujm | jymy jams)

x 3
[Gy + m)! Gy = m)t G+ mo)! G = m)! (G + m)L (G = m)L (G + i (G = w1}

where the sum extends over all the quantum numbers
specified in Eqs. (21), (26), and (37a). Again, a slightly
different expression results when N is odd.

Symmetry properties of the CG coefficient follow
from the invariance of the generating function to
particular substitutions. Thus, the substitution

A«B, C— D, Fes (G, E—E, H—->-—-H
(41)
proves the classical symmetry
(Nujm [f1m1f2m2>
= (—)=iNpj — m | jy = myjy — mg), (42)

whereas the substitution

A— A, B~ C, DD, E—E,

F—>F, GG, H—->H (43)

proves the Regge symmetry, i.e., invariance of the
CG coefficient under m «-» g, with j, j; + j;, and
m; — my, left unchanged.

The classical symmetry under the permutation of
Jamy with jm, is also easily inferred from the invari-
ance under the substitution

E-+E, H-—>-—H.
(44)

A C, B« D, FoG,

The classical symmetry under the permutation of jm
with either jim,; or jym, is not as readily apparent.
What we are seeing here is the complement of the
statement that a notation which treats all three angular
momenta J,, J,, and J symmetrically is not helpful in
understanding the Regge symmetry: the generating
function, Eq. (40) clarifies the Regge symmetry but
obscures the symmetry under the permutation of J
with either J; or J,.

How do we use the generating function (40) to
clarify the Regge symmetry ? Consider first a classical
symmetry, say the symmetry under reversal of all
angular momenta. According to Eq. (41), we must
interchange 4 and B, C and D, F and G, leave FE
alone, and change the sign of H. A look at Egs. (35)
and (36) makes it clear that, in terms of the boson

(40)

operators, this is equivalent to the interchange of a
with b and ¢ with 4. Mathematically, there is no
difference between a and b, but when we wrote Eq.
(6) we assigned to g the physical meaning of the crea-
tion operator that creates “spin up” and to 5 the
physical meaning of the creation operator that
creates “spin down”—interchanging @ and b corre-
sponds, therefore, to the reversal of angular mo-
mentum J;. The same argument applies to ¢ and 4
and J,.

Guided by the above, we see that the substitution
(43) is equivalent in terms of boson operators to the
interchanging of 4 and ¢ (with @ and d left unchanged)
and, therefore, the Regge symmetry corresponds to
this particular permutation of boson operators. From
here on, we may repeat verbatim the arguments
appearing at the end of the preceding section.

For the reader who may wonder what precisely was
the purpose of this section, we point out that we pro-
duced here a generating function from which we can
prove the Regge symmetries and obtain the same
interpretation of these symmetries as proposed in the
previous section. This could not be done with the
generating function given by Schwinger'® or Regge.?

4. CG COEFFICIENTS, REPRESENTATION
FUNCTIONS, AND THE REGGE SYMMETRY

As is well known, in the so-called classical limit, the
CG coeflicient approaches the representation function;
i.e., the matrix element of a finite rotation. The rela-
tion in question may be written as follows:

(jm IM|J + p, M + m) — (=1)"""D},(0, §, 0),
I M5, (45)
cos B = M|J.

The Regge 3 X 3 symbol corresponding to this
CG coefficient may be written as

WAp—j j+n j—u
j+m J+M J—M+pu—m
j—m J—M J+M+u+m

(46)
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so that its transposition requires the following trans-
formation of quantum numbers:

JJ 43— m), MM~ @ —m),

mesp, joj. 47)

Consequently, in the classical limit, the Regge sym-
metry of the CG coefficient is equivalent to the
symmetry under the interchange m <> u of the repre-
sentation function D} . This latter interchange can be
given the physical interpretation of interchanging
“body-fixed” and “‘space-fixed” coordinate systems
when the D functions are identified with the eigen-
functions of the Schrédinger equation for a symmetric
top.

Thus, in the classical limit for the CG coefficient,
the Regge symmetry may be viewed as the symmetry
under the interchange of “body-fixed” and “space-
fixed” frames of reference. More precisely, we again
have here two angular momenta—the angular mo-
mentum in the body-fixed and in the space-fixed
frames—which commute with each other and have
equal magnitudes, i.e., which generate the orbital
SU(2) » SU(2). And, again, the Regge symmetry is the
symmetry under the interchange of the two SU(2)
groups.

However, this result is unsatisfactory since it really
expresses a property of the representation function—
which is equal to the CG coefficient only in the
classical limit—whereas, the Regge symmetry refers
to the CG coefficient itself.

However, the above asymptotic relation (45) pro-
vides a clue. If one considers the geometrical con-
struction!® used in deriving Eq. (45), one arrives at
the following geometrical interpretation. The object
(jmJM | JM) is the probability amplitude that a
quantized vector j, which has a component m along an

[QP + DJQP + u — j + DPFGm IM | J + u, M + m)
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axis specified by a classical vector z, will then have the
component j-J/J along a quantized vector J. The
object D’ (0, B, 0), on the other hand, is the proba-
bility amplitude that the quantized vector j, which has
the component m along an axis specified by a classical
vector z, will then have the component x along a
classical vector Z, where cos § = z » Z/zZ. Thus, the CG
coefficient constitutes the quantized analog of the
representation function.

The above relationship between the CG coefficient
and the representation function may be displayed in
a striking fashion by making use of the concept of
generalized power.)” We may define

x4 = xl(x — a)!, (48)

where the factorial is to be understood as the I' func-
tion when the argument is noninteger. It follows from
Eq. (48) that

Axte]

= gxto~1],
Ax

(49)

where the difference operator A/Ax is defined in the
usual way, i.e.,

A
20— p - s, (50)
X
When we compare Eq. (49) with
dx® a—1
ol ax" ™, (51)

we see that the generalized power is the difference
analog of the conventional power.

Let us now take the expression for the CG coeffi-
cient as given, for example, by Edmonds [Eq. (3.6.11)]'8

=1G=m' G+ G —m(+m!@P—2)YeP)t
(P+QP+Q+m+WI(P—Q—j—@(P—Q—j—mn

x ¥ (=1)° , (52
g sSl(j—pup—=—)G—m—=s5)!m+u+)MP+Q—9!(P—0Q—2+ 9! (52)
where
P+Q=J+M, P-Q=J—-M+j+u, (53)
and rewrite it,1? using the definition of generalized power, as'?
2P+1 j — ) (j V(G — m)!(j ! :
(————+ : )(jmJM|J+,u,M+m>=( UG+ G — iU+ m )f
2P + u—Jj+ 1 (2P)[ J](P + Q)[ m “](P — Q)[J+n](P — Q)[J+m]
s P+ IS]P_ [25—s]
x 3 (=1y LT Q) e
s stj—m =)l —pu—9)(m+pu+s)!
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On the other hand, starting from Edmonds [Eq. (4.1.15)], we have
(=1)7"D5u(0, 8,0 = [ — w)! (G + W' (G — m)! (j + m)1]

(COS % ﬂ)2s+m+u(sin % ﬂ)Zi—Zs—m—u

x 2 (=1)

Sl —m =)\ (j—p

=) (m + pu+9)!

=[G =G+ (G~ m (G +mt

X Z( 1)s [(P + Q)/ZP]S_*_#('"*"‘)[(P Q)/zplf—s—i‘(mﬂt)

where

But Eq. (55) can, of course, be written as

(nmnwﬂ)(

G=mG+mIG—m!(+m! \}
QPY(P + Q) ™ #(P — Q)**(P — Q)’“")

StG=m =G —p—)(m+pu+s)!’ 9
Q[P = cos B. (56)
(P + Q)'(P — Q)** 7

X Es:(—l)’

When we compare Eqs. (57) and (54), we see that
the representation function and CG coefficient bear
to each other the same relation as the normal power
to the generalized power. This, then, is the mathe-
matical version of the statement that the CG coeffi-
cient is the quantized analog of the representation
function.

In this fashion, we remove the objection mentioned
earlier to the interpretation of the Regge symmetry in
terms of the interchange of “body-fixed”” and “‘space-
fixed” frames of reference. It may be worth pointing
out that the transformation (47) leaves P and Q in-
variant so that in terms of the quantum numbers used
in Eq. (54) the Regge transformation is m <> u, with
all other quantities unchanged as is necessary for

consistency.
CONCLUSION

In conclusion, and as a final insight into the prob-
lem, we consider the generalization of the Regge
symmetry from SU(2) to SU(n). The realization of the
SU(n) algebra in terms of boson operators requires the
introduction of n boson annihilation operators a;,
i=1,2,--,n The discussion of the Racah-Wigner
calculus of SU(n) requires the use of z copies of SU(n).
Thus, we introduce the »n* boson annihilation oper-
ators g/, with i=1, 2, ,nand j=1,--+,n
[Compare with Eq. (34) for SU(2).] We see clearly the
natural appearance of two kinds of SU(n) groups:
the “physical” SU(n) involving transformations on the
lower index of a!, and the “other” SU(n) involving
transformations on the upper index of a; .

Next, we define CG coefficients of rank® k as
elements of the unitary matrix which reduces the
Kronecker product of k irreducible representations of
SU(n). When k > n, these objects can be expressed in

StG—m—=NG—p—)(m+pu+s)

terms of those of rank k" where k' < n [it is clear that
the concept of this rank is not useful in SU(2)].

Given these definitions, we can state the Regge
symmetry for SU(n): The CG coefficient of rank x,
arising in the reduction of n completely symmetric
irreducible representations, is invariant under the
transformation of quantum numbers that results from
the interchange of the “physical” and “other” SU(n)
groups.

It is now also clear from this generalization how the
rotation group [i.e., SU(2)] at the same time does and
does not differ from SU(n) groups, n > 2. It differs
because the conventional (i.e., of rank 2) CG coeffi-
cient possesses the Regge symmetry in SU(2) and does
not in SU(n), n > 2. It does not differ because the CG
coefficient of rank n possesses the Regge symmetry for
all SU(n) including n = 2.

It has been pointed out to the author that the
equality of the two sets of invariants of U(n) * U(n)
[cf. our Eq. (16)] has been established in the work of
Louck®! and that the work of Biedenharn?? (in which
limits of certain Racah coefficients are related to CG
coefficients) raises the possibility of a geometrical
interpretation of the Regge symmetry by exploring
the tetrahedral structure of the Racah coefficient.
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APPENDIX A

In this appendix, we show that the properly nor-
malized eigenvector |Nujm) is given in terms of the
boson operators by Eq. (38). It follows from the
definitions in Sec. 2 that

L.=L, Fil, (Al
U:F = U1 F iU2’ (AZ)

L =L_L, + Ly + L3,
U= U_U, + U; + U3,

L,=ab+¢d, L_=bha+d, (A3)
U, =ac+ bd, U_=ca+ db, A%
L, = }(da — bb + éc — dd), (AS)
U, = §(aa + bb — éc — dd). (A6)

Consider the state A | ), where

A=Za

dk 5 :i-hﬂ—ké J+m—k d'k—m—;.t

GHp—RIG+m—Ik—m=—u!
(A7)

By explicit commutation, we have

LLA|Y=I[L,[L,Alll)
=(+m+1)(G—mA|), (A8)
UUA|Y=G+u+DG—wAl) (A9

Moreover, since each term in the sum in A is an eigen-
state of L, to the eigenvalue m and of U, to the eigen-
value g, it follows that

UA| )y =j(j+ DA} ), LEA| ) =j(j+ DA|),
UA|Y=puA|) LAl )=mAl). (A10)

Next, we note that the operator N, whose eigen-
value is the degree of the homogeneous polynomial
constructed out of @, b, ¢, and d, is obviously

N = da + bb + éc + dd. (AlD)
Clearly,

NA| ) =2A[). (A12)
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Consider the object (dd — b&)¥V—4. Since it com-
mutes with U%, L2, Uy, and L;, and since
[N, (ad — BeyN-] = (V — 2j)ad — by,
(A13)
it follows that A(ad — be)#¥~7 is proportional to
| Nujm). This proves Eq. (38) to within a constant of
proportionality.
To determine the constant of proportionality, we

write
[Nujim) = K-¥K(ad — Be)¥¥-1| ),  (A14)

so that the normalization condition (Nujm | Nujm) =
1 becomes

K = ( | (ad — bo)*¥-AR(ad — Ba)¥¥1] ). (A15)
We note that (as can be proved by induction on N — j)
(___ l)i‘N—j(ad bc)*Nw"A

= z gmm(k)akb%N-f-u*k L (A16)
where
ghn (o) = (B/AkN-7
X[k =N+ N E—IN+j—m—p)!
X AN +m—K!GN +pu— I,

(A1)
and we remind the reader that

=gy s

- g(—-l)"-”(;)f(k +1). (Al8)
Using Eq. (A16) and
(| a*a

| ) =k!d, (A19)

etc., we obtain

K = 2 [gmm(k)]z/gyN&m(k)‘

If we replace one of the g,
manipulate Eq. (A20) into

(A20)

N (k) by Eq. (A17), we can

gwm(k)/gpN/2m(k)

k=g (U7)
N A0)

k=plk—p—m—wWl(j+m—k+p(j+upu—k+p!

SR —m =G m =GR (42D
where we have used Eq. (A18), relabeled some dummy indices, and defined for convenience
Id'm(r) = ( I)QN_ gp:m(r)/gmem(r)' (A22)
It is straightforward to show from all these definitions that we have the recursion relation
W) = r(r — m — w70 — 1) — GN + m — DGN + 4 — DR, (A23)
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and from Eq. (A23) one can show by induction on
4N — j that h%ﬁ."m(r) is a polynomial in r of degree
IN —j with the coefficient of V=7 given by
(AN + j + 1)!#¥=9, Hence,

(AANBIREN, () = (AN — DI GN + ] + DI

(A24)
and, therefore,
K =@3N = )IGN +j + D2
X [(G+m!(—m?
j+m j—m
Xg( r )(j-i-/t-—r)
_GN-DIGN+) 1)[“’-“(_2,- ) a29)
G+m!G-m!  \j+u

APPENDIX B
In this appendix, we prove Eq. (39). Since
[E(Fa + Gb + G™'c + Fd)* + H(ad — bo)|}¥
= P(a, b,c,d) (B1)

is a homogeneous polynomial in a, b, ¢, and d of

degree N, we may express it as
P(a,b,c,d) = Z Xk1k2k3k4ak1bk-gckadk4’

where X, j,z.x, 1S @ ¢ number and the sum is over all
ky, ks, k3, k, subject to

k1+k2+k3+k4=N.

On the other hand, from the multinomial theorem
we have

(B2)

(B3)

(da + Bb + Cc + D)™
(Aa)"(Bb)*(Cc)*(Dd)4

=N!Y :

1LY LY I,

(B4)

where the sum is over all [, /,, /5, and /, subject to
ll+12+l3+l4=N. (BS)
When these equations are combined with Eq. (A19) of

ADAM M. BINCER

Appendix A, we obtain

{ | P(a, b, c,d)(Ada + Bb + Cé + D" | )

= N!P(4, B, C, D), (B6)
which proves Eq. (39).
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A many-body wavefunction is constructed by antisymmetrization, with respect to the electron
variables, of a product of ‘He-atom wavefunctions, each in its individual ground state. This wavefunction
is shown to have the following properties: (1) The pair distribution function D(R;;) vanishes at zero
separation R,; = 0; part of the mutual repulsion of *He atoms is built into the wavefunction as a result of
the exclusion principle acting between the electron shells on different atoms. (2) Neither the nuclei nor the
whole atoms undergo Bose condensation, but there is a ‘'Fermi condensation’ similar to that shown by
Yang to characterize superconductivity, arising from off-diagonal long-range order of the appropriate

reduced density matrix.

1. INTRODUCTION

It is customary in microscopic theories of liquid
‘He to regard *He atoms as little Bose billiard balls.
It is well known that the mutual impenetrability of
pairs of atoms arises from the effects of the exclusion
principle together with the filled-shell electronic con-
figuration, and that the long-range attraction which
makes the system a liquid arises from coupled virtual
electromagnetic transitions of pairs of atoms. How-
ever, it has been thought that these effects could be
adequately simulated by a suitable phenomenological
potential acting between pairs of elementary bosons,
without introducing electronic degrees of freedom into
the model explicitly. The A transition is then viewed
as a Bose-Einstein condensation in a system of inter-
acting bosons.

It has recently been pointed out! that exchange
effects in a system of *He atoms are qualitatively
different from those in a system of bosons, in spite of
the tight binding of the *He atoms. One consequence
is that Bose condensation, in the sense of macroscopic
occupation of any single *He atom state, cannot in
fact occur in liquid *He. On the other hand, a less
extreme condensation which we call “Fermi condensa-
tion” can occur. It is characterized by off-diagonal
long-range order (ODLRO) in the sense that

Dy(x;x,R, xix;R")

infinite separation

nonzero limit,

M
Here, each R stands for the position of a nucleus («
particle); each x; stands for both the position r; and
spin z-component of an electron. The reduced density
matrix Dj is defined by

Dy(x, xR, x{x;R") =f¢(x1 %, RR; - - - R,)
X Qp*(xixéxs [P x2’nR’R2 [P Rn)
X dxz -+ dx,,d®R, -+ d°R,,,
©)]

where | dx; stands for integration over r; and summa-
tion over o;. And, finally, ¢ is the normalized wave-

function of the system of n ‘He atoms, expressed in
terms of both nuclear and electronic coordinates.
The limit implied in (1) is one in which the group
(r,r,R) and the group (r;r,R’) are allowed to separate
infinitely keeping r;, r,, and R all at a finite distance
from each other, and similarly for r, r;, and R’; this
ODLRO occurs only if both 0, = —0, and 6, = —o,.
Since the ground state of a ‘He atom is a bound state
and a spin singlet (o, = —o0;), one would expect
ODLRO in the sense (1) to occur in a wavefunction
y in which ground-state ‘He atoms move freely
throughout the system. It has been proposed! that this
is indeed the case, and that the A transition and pecu-
liar properties of liquid *He are to be understood on
the basis of a Fermi condensation associated with
ODLRO of the form (1). This is the closest possible
analog, for real ‘He atoms, of the ODLRO of the
I-particle density matrix which is associated with
Bose condensation in boson models of liquid ‘He.
However, the fact that ODLRO of the form (1) does
not imply macroscopic occupation of a single ‘He
atom state means that a correct microscopic theory of
liquid *He will differ qualitatively from theories based
on boson models. Since Feynman’s arguments?? for
the low phonon-roton spectrum are unchanged by the
inclusion of electronic coordinates in the ground
state 9o(x; - - * X3, Ry - - - R,), the picture of the nature
of the low excitations and hence the low-temperature
thermodynamics need not be changed by the distinc-
tion between Bose and Fermi condensations. On the
other hand, the details of the 4 transition are probably
sensitive to this distinction, and the structure of y, -
certainly is.

Yang has shown? that superconductivity is charac-
terized by ODLRO of the 2-particle density matrix
D,(x,x,, x,x,), analogous to (1). Thus, it appears that
a correct microscopic theory of liquid *He would be
much closer to theories of superconductivity than are
the boson models. It is worth noticing that ODLRO
[Eq. (1)] cannot occur in liquid 3He due to the effects
of Fermi statistics of the nuclei.
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Let fy(x1x,R) be the ground state of a single *He
atom. The closest analog of the ideal Bose gas many-
body ground state fy(R,)---fo(R,) which can be
constructed from single He-atom states is
Yol * - X3,R; - - R,)

= CA2,,[ﬁ,(x1x2R1)ﬂ,(x3x4R2) o fo(Xano1X2, R,
©)
where C is a normalization constant and 4,, is the
antisymmetrizer with respect to the electronic coordi-
nates x, * - X,,. This wavefunction is automatically
symmetric in the nuclear coordinates R, - - + R, since
exchange of nuclei between atoms is equivalent to
exchange of a pair of electrons between the same
atoms. The purpose of this paper is to examine the
properties of the wavefunction (3). We find that it does
exhibit Fermi condensation and ODLRO in the sense
of Eq. (1). We also find that, in contradistinction to
the boson models, part of the mutual repulsion of
‘He atoms is already kinematically built into the
wavefunction (3) as a result of the antisymmetrization
(exclusion principle), together with the closed-shell
structure of f,. This antisymmetrization also implies
that the physical interpretation of y, is not as simple as
one might naively expect. After exchange of a pair of
electrons between two atoms, the product f;f; can be
expanded in terms of unexchanged functions f,fs,
where {f,(x;x,R)} is a complete set of “He atom wave-
functions:

ﬁ)(xssz1)ﬁ)(x1x4R2) = zﬂcaﬁfa(xlx2R1)ﬁi(xax4R2)' 4

Note added in proof: Only that part of f; fo which is
antisymmetric both in the pair (x,x;) and in the pair
(x3x,) can be so expanded. However, since this part
is nonvanishing, our conclusion is the same.

On the other hand, in the Bose-gas model, fo(R;)fo(Rz)
has no such nontrivial expansion. This distinction lies
at the heart of the difference between Bose and Fermi
condensations.! The wavefunction (3) cannot be
interpreted as representing a situation where all the
*He atoms are in their internal ground states and all
have zero momentum; the antisymmetrization implies
components with many of the atoms moving, and
many virtually internally excited.

2. FORMULATION
The state (3) has the standard quantized-field repre-
sentation
lyo) = [2n)! ] f dx,*+ dxgd'Ry - - 'R,

X polxy * * %Ry RY)
x 9’ (%) P )P R - YR, ()
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where y(x) and pf(x) are electron annihilation and
creation operators satisfying the Fermi anticommuta-
tion relations

{96, v(x)} = {¥'(). ¥’} = 0,
{9(), ¥'(x)} = 8(x — x) = 8(r ~ )8,0;  (6)
and y(R) and y'(R) are a-particle annihilation and

creation operators satisfying the Bose® commutation
relations

l(R), (R)] = [»'(R), 'R} =0,
[w(R), p"(R)] = 6(R — R). Q)

Defining the creation operator A} for a ground-state
‘He atom by

Al =2t f dxy dxsd*Rfy(xi%,R)
x 9"y v R), (8)

one can write (5) together with (3) in the simple form

lpo = 27j@mt (anleADm 0, ()
reminiscent of the ideal Bose-gas ground state. How-
ever, A, and A}; are not Bose annihilation and creation
operators, since their commutator differs from the
Bose value (the c-number unity) by operator terms
involving p'ylyy and iy,
The properties of the state (9) are easier to evaluate
if one uses an orbital approximation® for f;:

So(x1x.R) = Q) Huy(Ir, — RDuy(Ir; — R))
X (06,106, — 94,,061),  (10)
where u, is the normalized ground-state ls orbital

and Q is the volume of the system. We assume periodic
boundary conditions.” Then (8) becomes

Al =t f FRal®a] RW®). (1)

Here a!(R) is the creation operator for an electron in
the orbital u, centered on a nucleus at R,

al(®) = f Prulr — R o), (12)
which satisfies the anticommutation relations
{a,(R), a,(R)} = {al(R), a}(R)} = 0,
{a,(R), al(R)} = 8,,w(IR — R']), (13)
where w is the overlap integral
w(R) = f ud(Puo(Ir + R)Ar. (14)

The atomic creation operator (11) and its Hermitian
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conjugate A, satisfy the commutation relation

[4o, Al =1 — Q! f PR[a}(R)a,(R) + a](R)a,(R)]
+ o j PRERW(R — Ry R)p(R)
+ o f *Ra(R)a}(R)a,(R)a,(R)
_ o f FRERW(R — Ry (R)

x [al(R)ay(R) + a|(R)a,(R)]p(R).
(15)

It is convenient to slightly relax the strict conserva-
tion of the number of *He atoms, replacing (9) by

lye) = U |0),

U=éf, F=cd— 4), (16)
where c is a real c-number chosen so that
(wol N lyo) = n, )]

with N the number operator for « particles, hence for
“He atoms
N = f Ry (R)p(R). (18)

We find that, for n — o0, the fractional fluctuation in
Nisonly of order n~%, hence negligible. The situation in
this respect is the direct analog of that in the Bardeen-
Cooper-Schrieffer (BCS) theory.®

The expectation value of any operator O in the state
(16) is

ol O lpe) = (0| U0U |0). (19)

Thus, the evaluation of such expectation values can be
carried out by first transforming the operators y and
' by the unitary operator U and then evaluating the
resultant vacuum expectation values by Wick’s
theorem. Owing to the complicated commutation
relations of the y and ' operators with 4, and A},
these transformations cannot be carried out in closed
form. Therefore, we carry out an approximate evalua-
tion based on the multiple commutator expansion

U™0U = e70e" = 0 + [0, F]
+ 310, F1, F] + HIIO, F1, FL, F1 + - --.

We find that this yields an expansion in powers of
the dimensionless density pad (p = n/Q, a, = Bohr
radius), so that the first few terms are sufficient at
low density. It then follows from (16), (11)-(13),

(20)
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and Wick’s theorem that
UTpRU = p(R) + Q- La{(R)a|(R)
+ 40 f FRW(IR — RDp(R)
— jeQ f E*RW(R — R)[a}(R)a,(R")
+ a}(R)a,(R)]p(R)
+ 3t f FRW(IR — R'al(R)

x al(®R)) — peo? f FRW(R — R'])
x [a}(R)a[(R") — a|(R)al(R")]

— joqt f FRW(R — R'))

x [a}(R)aj(R)a](R)a,(R")

+ al(R)alR)al(R)ay(R)]

— peoq-t f PR'ER"W(R — R))

x w(iR" — R"|)[a}(R)a;(R")

— a](R)a](R)]p' R")p(R")

— et f dPRERW(R — R'))

x w(|R — R"Dp(R")p(R’)

x a(R")ay(R) + 0(c'Q?) @1)

and
U™p(ro)U = y(ro) + s,cQ*
X f ERug((r — R))a’ ((R)

x ¢(R) + Q" f &*Ruy(Jr — R])
X [al,(R)a_o(R)a,(R) — a,(R)]

— 320 f PRAR'uq(Ir — R])

x (IR — Ry (R)p(R)a,R")

+ 3ok, f d*RAR'ug(|r — R|)

x wi(IR — R')al,(R)p'(R)

— 3ot f dRA*R'uq(|r — R|)

x w(IR — Ry (R)al (R

— 300k, f P*RAR'uy(Jr — R))

x w(IR — R')y'(R)a’ (R)
x [2j(R)a,(R) + a](R)a,(R)]
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— g0t f d*Rd*R'u,(Jr — R|)

x w(R — Ry (R)a](R)a](R)a,(R")
— 30k, f d*Rd*R'uy(|r — R])

x w(IR — R')y'(R)a (R")

— 1007k, f RAR'ER"ug(|r — R))|
x w(IR — R)w(R" — R])

x v (R)p (R)p(R)al (R")

— 3ot f PRER u(|r — R|)

x w(IR — R'Day(R)a1(R)

X p(R)a,(R) + O(c*Q™), (22)

where
5 = 1 and s, = —1.

The expectation value needed in (17) is then
(ol Y RP(R) [pg) = 207" — 30

x f W(R)L — IWAR)MER + 0(EQ), (23)
so that (17) implies
Q7 = p[l + 3(x — ty)pay + O((pay))], (24)

where a, is the Bohr radius (~ the range of w), and x
and y are numbers of order unity defined by

f W (R)d°R = xad and f WAR)R = yab. (25)

3. a-PARTICLE MOMENTUM DISTRIBUTION

The a-particle momentum distribution function n,,
the mean number of *He nuclei with momentum #k, is

ny = (P> L) =n (plf(R)Dl(R’ R’)(pk(R’)d3Rd3R’,

(26)

where ¢, (R) = Qte®*® and D, is the I-particle
density matrix®

Dy(R, R') = 17" (] %" (R)P(R) o).
One finds by (21), (24), and Wick’s theorem that

@7

3 3\2 2
e = pagx; + 3(pay) (xxk + ix;

— 2m) % f z.k_k,.z:,dsk') + O((pad), (28)

M. D. GIRARDEAU

where x; and z, are real, spherically symmetric func-
tions of k, of range ~ a;* and of order unity within
this range, defined by

f W (R)e IR = x,a3,

f W(R)e M RPR = 7,43 (29)
In the term involving the z,, the replacement X, —
(2m)~%Q | d®k, valid asymptotically for  — oo, has
been made.

The first term in (28) is just » times the nuclear
momentum distribution function for a single ‘He
atom, whereas the remaining terms give modifications
due to interaction of the *He atoms via the exclusion
principle. n is a smooth function of k of range ~ a1,
with no d-function spike at k = 0 (no Bose-Einstein
condensation); correspondingly, D; does not exhibit
ODLRO, but falls to zero as |R — R’| — o0. This
behavior is to be expected, since even on the Bohr
model the momentum of the nucleus fluctuates by an
amount ~ /ia;! as the electrons go around. ODLRO of
D, would imply that the many-body wavefunction,
evaluated at a given position R of one « particle, has
a sizeable overlap with the wavefunction differing
through a /arge displacement of the « particle to the
point R’, keeping the positions of all the other «
particles and all the electrons fixed; such a displacement
without motion of the electrons would imply breakup
of the helium atom, which does not in fact occur with
appreciable probability in liquid ‘He. Equivalently,
ODLRO of D; would imply macroscopic occupation
(by « particles) of a spatially extended orbital, which is
incompatible with localization of each « particle
relative to two electrons so as to form a helium atom.
The distribution of momenta of whole *He atoms is
discussed in Sec. 6.

4. PAIR DISTRIBUTION FUNCTION

Next, we calculate the pair distribution function
D(R,;), the relative probability of finding two nuclei
(hence two ‘He atoms) at a separation R,;. Adopting
the usual normalization D(R;;) — 1 as R,; — oo, one
has

D(R;) = p7% (yol ¥T(RIPT(R)p(R)p(R,) o)

= p7* (ol P R)Y Op(0)p(Ry) lye), (30)
use having been made of translational invariance
(lye) is an eigenstate of total linear momentum with
eigenvalue zero). It follows from (21), (24), and
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Wick’s theorem that

D(R,) = [1 + 3(x — $)padllL — W(R,))P
— 3pll — W(R,)] f W(R)
X [W(R) — w(R; W(IR;; — RD14°R

+p f WAR)W(R) — w(R,)w(IR;; — R)PPR

+ 3 f w(RW(R,; — RI)

X [w(IR;; — R|) — w(R;)W(R)]

X [W(R) — w(R)w(|R;; — R))]d°R

+ 0((pad)®). (31
Since w(0) = 1, D(R,;) vanishes at zero separation,
R;; = 0. This is a direct result of the exclusion prin-

ciple acting between the electron shells on different
*He atoms. Mathematically, it arises from the equation

[aX(R)]* =0, (32)

which follows from (13) and expresses the fact that
only a single electron of each spin can occupy the
orbital u,(Ir — R|) centered on the point R. Further-
more, D(R;;) remains small in a neighborhood of the
origin, since

D(R;;) = O((R;;/ap)*) for R, —0. (33

Thus, part of the mutual repulsion of *He atoms is
built into the state |y, as a result of the exclusion
principle. In the opposite limit of large separation,
one has
D(R;)) T“:? \ (34)

by (31) and (25), since w(R,;) vanishes in the same
limit.

More explicit results can be obtained if u, is taken
to be the best hydrogenic orbital®:

u(r) = (Z°fmad)ie ",

= 3% = 1.69. (35)
Then
W(R) = (1 + 5 + 4$%)e5,

In principle, all the integrals in (31) can then be
evaluated in closed form with the aid of the convolu-
tion theorem, but the expressions resulting are so
lengthy and unwieldy that they are best evaluated
numerically. The method of evaluation is discussed
in Appendix A. The resultant D(R,;) is shown in Fig.
1 at liquid *He density (paj = 0.0033) along with
experimental values.® The rather large discrepancy is
not surprising, in view of the extremely simplified
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FiG. 1. Theoretical and experimental pair distribution functions.

nature of the state (16). It should be noted, however,
that the pair distribution function of (16) is a consider-
able improvement over that of the ground state of the
ideal Bose gas, which gives the trivial result D(R,;) =
1. The state (16) can be regarded as the simplest
possible approximation to the ground state of real
‘He atoms, whereas the ideal Bose gas ground state is
the simplest possible ground state of structureless
bosons. Possible improvements to the state (16) are
discussed in Sec. 7.

5. NUMBER FLUCTUATIONS
It follows trivially from the commutation relations
(7) that

f E*RAR'y (R)y R)pR)YR) = NN — 1), (37)

where N is the number operator (18). It then follows
from (30) and (17) that the expectation value of N2 is

(pol N 1wo) = 1 + mp f D(R)ER.  (38)

Since D(R) approaches unity for R — <o, one has
(ol N lyo) = n* + O(n), (39

so that the fractional rms fluctuation in N is only of
order n¥:

n (ol N2 o) — n?lt = O(n~b). (40)
This verifies our previous remark to the effect that the
fluctuations in the number of ‘He atoms in the state
(16) are negligible for a macroscopic system (n — ).
6. ODLRO AND FERMI CONDENSATION
The 2-electron, one a-particle density matrix D,
[Eq. (2)] of the state (16) can be expressed in the form
Dy(x,%,R, xjx;R") = [2n(2n — Dn]™?
X (pol ' (DY DY RYPRPODP(x) lyo), (A1)
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in analogy with (27). Making use of (21), (24), and
Wick’s theorem, one can find the first few terms in the
density expansion of D;. The result is

Dy(x1x5R, x1x;R")
= x(xXR)y*(x{x;R") + Di(x1x:R, x{x;R’), (42)
where
#(6xR) = 202 — DQI25° 00100,y = 801)00)
X [uo(lry — R]ug(Irs — R|)aj
— }paguy(lr; — R])vg(Jr; — RY)
— 4paguy(Jr, — R]ve(Ir, — R))
+ pagwe(r; — R, 1, — R) + O((pag))]
(43)
and D, is a very complicated expression given in

Appendix B. The functions vy and w in (43) are given
by the following integrals:

0o(r) = f ug(lr — RDW(R)ER,

Wolly» 1) = f ue(lr, — RDug(lr, — ROW(R)ER.  (44)

With the substitutions (35) and (36), v, is easily eval-
uated by the convolution technique discussed in
Appendix A, with the result

no(r) = (Dmdag/ e[l + 5 + 3% + A8 + 1d55'],
(45)

where s = zrfa,. On the other hand, w, is a 3-center
integral and cannot be evaluated in closed form.

It is easily seen from (B1) that D, falls to zero as the
set of positions (rr,R) is taken far from the set
(r;r;R’), keeping the relative distances within each set
microscopic (~ a,). Thus, the ODLRO in D, arises
entirely from the separable term yx*, which is inde-
pendent of the separation of these two groups.
Physically, this ODLRO implies that the state |y,) is
such that, when one *He atom is displaced an arbitrary
distance from its original position, keeping all other
atoms fixed, the new wavefunction generated by this
displacement has nonzero overlap with the original
wavefunction, no matter how large the displacement.
Thus, |y, exhibits long-range configurational order
of a type analogous to that in a many-boson system
with Bose-Einstein condensation.

The mean occupation number 7, of any normalized
single-*He-atom state g,(x,x,R) is’

n, = (‘Pa’ Pa‘l’a)
=f97:(x1x2R)P3(x1x2R, x1x;R")
X @u(x1x3R") dx, dx,d°R dx{ dxjd*R’. (46)

M. D. GIRARDEAU

The separation (42) of D, into the part yx* exhibiting
ODLRO and the residue D; implies that

n, = n (., O + ng, (47)

where
(P 2) = f H(r%R)y(ryxR) dx, dxedR  (48)

and n, differs from (46) only in the replacement of D,
by D;. It follows from (B1) and the normalization of
@, that n) is of order n~2 or smaller in the thermo-
dynamic limit (n — 00, Q — 00, n/Q —>p, 0 < p <
o). Thus, taking

Po(x1x:R) = (7, Z)_%X(xlsz) 49)
and ¢, orthogonal to g, for & # 0, one has
Ny = n(y, 2)8, + O(n™?). (50)

It follows from (43) and (10) that
2(x1XR) —=—> [n(2n —~ DIYyxxR),  (51)

and hence, since f; is normalized,

1,-1
n b
0 pag®—0 2 ’

n,=0m?2), a0 (52)

This d-function behavior of n, is similar to the
behavior of electron-pair occupation numbers in a
superconductor.! It is quite different from Bose con-
densation, since Bose condensation would require
macroscopic occupation in the sense n, = O(n), which
has been shown to be impossible for ‘He atoms,! and
since an #, of order n~! makes a negligible contribution
to the sum rule!!

z h, = n, (53)
-4

in contrast to the situation in the case of Bose con-
densation. Thus, we shall call the behavior typified
by (52) “Fermi condensation.” 12 Although the extreme
value (52) of n, is only attained in the limit of zero
density, one expects that, for the state (16), the value of
ny at liquid *He density is only slightly less than a2
This is due to the fact that pa} is very small, so that y
differs from the right-hand side of (51) only by a very
small amount except at large distances, where both
Joand y are very small, but v, falls off less rapidly than
Uy.
The true liquid ‘He ground state p{%® js, of
course, much more complicated than (16). Never-
theless, it seems likely that it shares with (16) the
property that there is an “effective single-atom
wavefunction” g@y(x;x,R), such that the occupation
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number n, of ¢, in the state y)(‘,“““” is of order n1,
whereas n, is of order n~2 for all ¢, orthogonal to
@o. This would be associated with ODLRO of D,
due to a separable term yy*, where x differs from
@, only in normalization. This ODLRO would be
present not only in the ground state, but also at
sufficiently low temperatures T > 0. The A transition
would then arise because of the existence of a tem-
perature T, such that for T < T,, n, = O(n™") due
to ODLRO in D,, whereas, for T'> T,, D; would
not exhibit ODLRO and », would be of order n~2 or
smaller for all a.

The quantum number « in (52) includes both the
translational wave vector k and all the internal quan-
tum numbers of a single *He atom. One can therefore
define an over-all momentum distribution function of
“He atoms by summing », over all internal states for
fixed k. One can then ask whether this momentum
distribution function might exhibit Bose-Einstein con-
densation in the usual sense, i.e., might contain a
term nf dy, with f > 0 and independent of n. We have
not thus far been able to answer this question. The
difficulty is that the approximation of identifying the
center of mass of the atoms with the nuclear position
R cannot be validly made in such a calculation, since
even for a single *He atom at rest (k = 0) the nucleus
orbits in reaction to the motion of the electrons, with
a momentum fluctuation of order /a;?. Thus, the
usual m/M expansion breaks down for a calculation
of the atomic (as opposed to nuclear) momentum
distribution. The question is to a certain extent
academic, since the characterization of the condensa-
tion of *He atoms by ODLRO of D, and the related
behavior of the occupation numbers (52) is simple and
unambiguous.

7. IMPROVED WAVEFUNCTIONS

The most obvious physical oversimplification of the
state (16) is that the state f; is not only the internal
ground state of a *He atom, but also the translational
ground state: i.e., it corresponds to zero translational
momentum of the atom. In the actual liquid ‘He
ground state, the atoms certainly do not all have zero
momentum, It is true that this is also the case for the
state (16), due to the virtual transitions associated
with (4), but in the state (16) the translational motions
and internal excitations do not correspond to the
correct dynamics (in fact, we have not even written
down the Hamiltonian). This suggests an improved
approximate ground state of the form

lye) = U '9’1
U= eF, F = %g al(A Ay — A AL), (54)
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where [cf. (11)]
Al =0 f dRe**alR)alR)Y'R).  (55)

This is the simplest state allowing explicit trans-
lational motions of the atoms, yet with total linear
momentum zero. The function ¢, would be chosen to
eliminate or reduce the discrepancy between the cal-
culated and experimental D(R;) (Fig. 1) or, more
fundamentally, by minimization of the expectation
value of the full many-electron, many-« Hamiltonian.
An even more realistic trial state would also allow
explicit internal excitation of the atoms, allowing
the coupling between translation and virtual internal
excitation to correspond as closely as possible to the
actual dynamics.

APPENDIX A: PAIR DISTRIBUTION FUNCTION

The expression (31) can be rewritten in the form

D(Ru) = Do(Ri;') + Pang(Ru), (AI)
where

DyRy) = [1 — Wz(Rij)F’

Dy(R;)) = 4(x — 1 — Wi (R
— 41 — wiR)][x — w(R;)I1(R;;)]
+ &y — $w(R)I(R;))

+ 31 + 2w2(Rij)]122(Rij) (A2)

and
(R, = a;* f [WR)FW(R,; — RDIAR. (A3)

By (25), (35), and (36), we have

_ 3w _ y = 57637
122887°

o 7, = 4.32, (Ad)

so that at *He density (pa? = 0.0033) one has
3(x — y)pag = 0.028. (A5)

It follows that the first line in the expression for D,
makes only a 39 contribution to D(R;;). It turns out
that the contributions of the remaining terms in D, are
also small. However, since this is not certain a priori,
we discuss the evaluation of these terms here.

The integrals (A3) can be reduced to 1-dimensional
integrals by use of the convolution theorem. Define

q = kao/z, S = zR/a, (A6)
and
W) = f [W(R)Fre ™ d*R
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Then
3

L® = f " W @)0() sin (¢5) dq. (AS)

One has,'? by (35) and (36),

w1<q>—64w( )<1+ o,
ma = (S (1+30) (5 + 54+ 550

y(g) = 8”(“") (1 + é qz)—s

(57752 4 21472 e 10064 e
2187 19683 177147
2080 8 8)
+ ) A9
* 50337 T 531401 ¢ (A9)
The integral 1, then has a simple closed form?¢:
337r 4
I,(R eS(1+ S + — S8
u®) =23 ( + S+
2 1 1
= 8§ty —55 4 —— s"). A10
+ 99 + 495 + 10395 (AL0)

In principle, I3, and Iy, can also be expressed in closed
form, but the algebraic reductions are so involved that
it is easier to evaluate them numerically. This was
done by Filon’s formula,'® which avoids difficulty due
to rapid oscillations of the factor sin (¢S) in the inte-
grands. The corrections due to D, were found to be
less than 59 at all R,; for which the calculation was
carried out. The resultant D(R,;) is plotted in Fig. 1.
APPENDIX B: EXPLICIT EXPRESSION FOR D;

The evaluation of D, [Eq. (41)] is straightforward,
though very tedious. We exhibit here the terms in D,
[Eq. (42)] of lowest order in the density:

Di(x;x:R, x;x;R') = [2n(2n — 1)Q]™
X P[((So‘ﬁaaﬂ - a;lédﬂ)(én }6azl -
+ 601111 0202 D(z) + 60‘10’2 6620’1 D(3) b
where

Dy = —2w(R ~ R’I)Jué‘(lri — R"Dug(ir; — R"))

% [ugllry, — Rl)ug(lrz — R7))
+ ug(Irz — RlJuy(Ir; — R"DIw(IR’ —

— 2w(|R — R’l)f[ué‘(lri — R'Dug(ir; — R"))

+ ug(ir; — R'Dug(ir; — R"))]
% ug(|ry — R"Duo(lr, — R'Dw(R — R"))d°R"

+ wH(R — R’I)fﬂ&“(lri — R"ug(Ir; — R
— R"Dug(Ir, — R"DA°R”, (B2)

601'l662’1) Dél)
(B1)

R/II)dBR"

X (|

M. D. GIRARDEAU

DY = w(lR — RD[ul(Ir, — R'us(lr, — RI)
x w(les — ) + ud(ir — RY)
X ug(Jry — Rw(lr, — 1]
+ u(lK, — R'Dug(lr, — R]) f ud(ir; — R"))

X ug[ry — R"Dw(|R — R"Dw(IR" — R")d°R"

+ ul(r — R'Dug(lr; — R)) f u¥(r, — R"))

X u(lrz — R"Dw(R — R"))w(|R’ — R"|)d°R"
(B3)
and
DY = —w(IR — R'D[u¥(Ir; — R'Duy(lr, — R|)

X w([r, = r3l) + ug(lry — R'|)
X ug(|r; — RDw(jry — r{])]

— (vl — R'Dug(lr, — R} [ j 3(r, — RY))

X ug(|r; — R"Dw(IR — R")w(/R" — R"|)d’R"

— ug(jry — R'Duy(lr, — RI)JM&"(IF& — R

X ug(lr, — R'Dw(IR — R"Dw(|R" — R"|)d°R".

(B4)
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The spin representations of the algebras B, and D, are constructed from the spin representations of the
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canonical subalgebras B,_; and D,_,, respectively.

I. INTRODUCTION

The operator techniques! for constructing the
weight space diagrams for the classical simple groups
are extended to the spin “representations” of the
orthogonal groups.

II. RESULTS AND EXAMPLES

Irreducible representations of the algebras D, and
B, are described uniquely® by their highest weights
M™. They can also be described uniquely by means of
extended partitions defined by 1 = A" These extended
partitions have the usual®—® properties

Bniﬂlzlzz"'ZAnZO,
Dn:llzxﬂz.'.Zln—12|ln|20'

All 2, are either integral or half-integral.
Branching rules under the canonical embeddings
S0Q2n + 1) { SO(2n) | SO(2n — 1) are given by
BulDn

Plenyr — z [A']en:

222k 2021420, 1)

DulBn-y
[A,]2n z [2”]271—1:

M2MH222482 2hy 2 a2l ()

Equations (1) and (2) are conveniently summarized
using the box annihilation operator!

1 1 1 1
"l l—ey; l—el—¢ &
BalDy
Mana = 2 Paldle,, (1)
DulBy—y
(M) = 2 PalA o - (2)

The modification rules are
B, | D,:none

D, B, y:TA Aers Apdon
=[A,
=0,

A =0, £}, £1,

)';—1]21?-1 ’
otherwise.

In order to construct the weight spaces for the spin
representations of D, from those of D,_; (and of
B, from B,_,), it is necessary to apply these operators
successively:

_ DalDna _
Dn l Bn~1 l Dn—l: [l]zn - Pn—-lpn[l]2n—2’
_ BalBn—1
B,| D, | B, y:[Alyys ™ (4)

The weight space diagram for [1],, of D, is con-
structed by the following algorithm:

PnPn[z]we—-l .

(1) P, operates on A, annihilating boxes and add-
ing +1 for each box annihilated.

(2) The modification rulesfor D,, | B,_,areapplied.
At the same time, 1, is added to the positive integer
above the partition A.

(3) Py_1)- operates on all nonvanishing partitions
describing representations of B,_; , adding —1 for each
box annihilated () > 0). For 47, <0, m' = —m,
the latter defined by

!

m —m
s A3, = 1A allen—e = [A05 485+ * 12, allans.
(4) The half-integral number m above the partition

[A"]en-o indicates the plane Z, = m in which the
weight space of [4"],,_, lies in the synthesis of [4],,.

Example 1: Construct the weight space for o of
D,: l74
0 1
{7 N
b1
2) =073+ 173
3 —% i -3 3
3 PD73 =2 N0 + 2N + 172+ O
- 1
P73 = A7

(4) Results of this construction are plotted in Fig. 1.
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The construction of the irreducible spin repre-
sentations of B, from those of B, ; follows an
analogous procedure:

(1) P,. operates on A, annihilating boxes and
adding +1 for each box annihilated (4, > 0). Once
again,

m —m

A= Ao = [, 4+ Ay

(2) P} operates on the remaining partitions, anni-
hilating boxes and adding ~1 if 1), > 0 and +1 if
2, <0.

(3) The modificationrules for D, | B,_, are applied,
and A} is added to each integer above the associated
partition.

oy o

Example 2: Construct the weight space for
: p gutsp O s

B,:

0 1
1 P+D'7 _,DV DV
WP EC ot 7,
-1 -0
+ O+ O
N4 Ng4
2
L
372
oz
/2 L 2
2o 005
e ‘ -|/£ ~ !
o 0%
32 |
2o

Fig. 1. The weight space of Evas constructed in Example 1.
4
The weight space for D74 may be computed as in Example

1 or obtained from EIZ by reflection in the Z, = 0 hyperplane.

ROBERT GILMORE

° ° o o l+172
3
o 9 o o B%I)/z O~I7I§l/2
° S X o —l+l/02 -l+l—l/2
T 5
o o o o -1-1/2
W3
Fig. 2. The weight space of %gsas constructed in Example 2.
0 0 -1 14}
1 1 . )
2
P:};“V "{:7]37“‘;3 = OVs+17ss
~1 -1 —-141 )
POV |, OV+ Ve 4
Q4 V3 ﬂ3 = DV3 + 73 ’
0 0 +1
Pl OV—-_ O+ o
ND4 Nds N3
1~13
=—-+ UV,

(3) The results of this calculation are shown in

Fig. 2.
III. CONCLUSION

With these algorithms and those presented in Ref. 1,
it is possible to construct weight spaces for all the
finite-dimensional irreducible representations of the
simple classical rank-n Lie algebras from the weight
spaces of the canonically embedded subalgebra of
rank n — 1.
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The spectra of the Casimir invariants for the classical compact simple Lie groups are presented. It is

proved that these invariants are irreducible and functionally independent. The highest weight of a repre-
sentation is determined in terms of its invariant spectrum.

I. INTRODUCTION

The Casimir invariants! of Lie groups, and their
spectra, are of interest to both physicists and mathe-
maticians. Invariants of the unitary groups have been
used in discussions on nuclear? and elementary particle®
physics. Invariants of the symplectic groups have been
used in the discussion of elementary particle* physics.
Invariants of the orthogonal and related groups have
been used in the description of the hydrogen atom®
and of free-particle®? states. A knowledge of the
invariants and their spectra is also necessary for a
complete description of the unitary irreducible repre-
sentations of the noncompact real forms associated
with the algebras 4,,, B,, C,, and D, .3° The invari-
ants of the unitary series 4, have been determined,
together with a partial eigenvalue spectrum -1

We present here the spectrum of the irreducible
invariants of the UIR’s associated with the compact
formsof 4,, B,, C,,and D,.

11, PROPERTIES OF THE INVARIANTS

The UIR’s of the compact simple Lie groups may be
uniquely classified according to
(i) highest* weight M*,
(ii) extended!? partition A,
(iii) Casimir-invariant spectrum C.

The relation between (i) and (ji) is

M, = 4 — —— 3 4, for 4
i = AT T » 10T A,,
n+1ix1 ! "

M=, forC,,B,,and D, (€8]

Representations have not generally been characterized
by their Casimir-invariant spectrum, since this has not
generally been available.

Some useful properties! of the invariants of a simple
group are as follows:

(a) They are symmetric homogeneous polynomial
functions of the group generators which commute with
all elements of the Lie algebra.

(b) They are invariant under the automorphisms
induced by the Weyl group of reflections.

(c) The product of the orders of the » functionally
independent irreducible invariants associated with a
simple algebra of rank n is equal to the order of the
Weyl group of reflections for the algebra.

(d) The spectrum of the invariant operators C(M")
on an irreducible representation with highest weight
M"* is given by

C(M") = f(M" + R) — f(R). @

Here, f(x) are those terms in the irreducible poly-
nomial invariant which depend on the diagonal group

generators H, only, and R is half the sum of all positive
roots of the algebra

R=1%Y4a.
a>0
We shall call f(H,) the associated invariant.
(e) The Jacobian J(H) = ||0C,/0H,) of the irreduc-

ible invariants is a basis for the alternating representa-
tion of the Weyl group.t?

3)

HI. ASSOCIATED INVARIANTS
The associated invariants are

fio) =3 TIH,, forA,,

iy Fiy =1

s
f(\{) =3 TIH, forC,,B,,and D,, (4)
f#Edy r=1
except the nth associated invariant for D, is
fRMH) = II H,. )
=
The vector R is given by
‘.=i~n+l—i, fOI'An,
R;=142n +2) —1i, forC,, ¥
Ri=%2n+ 1) —1i, forB,, )
R, = +(2n) — i, for D,,.
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1V. IRREDUCIBILITY OF INVARIANTS

From (4) it is seen that the product of the orders of
the invariants is equal to the order of the Weyl group,
for each algebra [cf. Sec. II, observation (c)]. They are
therefore irreducibie.

Y. FUNCTIONAL INDEPENDENCE OF
INVARIANTS
The order of the Jacobian is equal to the number of
positive roots in the algebra. From observation (e) of
Sec. II we conclude that

J(M* + R)[J(O + R) = dim (M"). (5)

Since the Jacobian is nonvanishing, the invariants are
functionally independent.

VI. HIGHEST WEIGHTS FROM INVARIANTS

It is easily verified that the ordered roots x; >
Xp > * ' > X,y of the equation
n+1

> (= DX oM + R) = 0

i=0

(6)

are related to the highest weights of the representation
whose associated invariants are f;f"(M + R) by

%, = M} + R,. ™
Similarly, the ordered roots x? of
Z) (=D HM" + R) =0 ©

are related to the highest weights of C,,, B,,, and D, by
x; = (M} + R)". M
For D, fP» must be replaced by its square. Then

M,+ R, =M, = + X, ®
depending on whether f2» 2 0.
VIiI. EXAMPLE
The representation (4, 2) [ | of SU(3)

has highest weight (2,0, —2) [cf. Eq. (1)}. From

GILMORE

(3), R = (1,0, —1). From Eq. (4) the associated in-
variants are

f‘{lz = Z Hz = 05
[ = (3)0) + ((=3) + (=3)3) = —9,
f§*=(3)0)(-3) =0.

The Casimir invariants are C; = ~—8 and C; = 0. For
the unitary groups, C, is always zero. From Eq. (5),
this representation has dimension 27. The highest
weight may be found by solving Eq. (6),

X -0+ (-Nx—-0=0.
Then x, = (3,0, —3) and
M'=x—R=(3,0,-3)~ (1,0, —1) =(2,0, —=2).

ViII. CONCLUSION

The spectra of the Casimir invariants of the classical
compact simple Lie groups has been presented. They
may be used to label representations conveniently. The
relationship between the labelling schemes using M*,
A, and C is contained in Egs. (1), (6), and (7).
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The amplitude of a wave of frequency @ which is transmitted by a disordered array of N isotopic
defects in a 1-dimensional harmonic crystal is investigated in the limit N — co. In particular, the

ratio Ty(e) of the amplitude of the Nth defect to the amplitude of the first defect is represented as
exp [—Néy(w, Q, {a,})],where {a,}, n =2,---, N, is the sequence of nearest-neighbor spacings and
Q = (M — m)/m. It is known from earlier work that é&y(w, Q, {a,}) is the logarithm of the Nth root of
the magnitude of a continuant determinant of order N. The value of the continuant is expressed formally
as a product of N factors §, which are recursively related. In the present case, the £, happen to lie ona
circle K, in the complex £ plane. Assuming that the spacings between defects are independent identically
distributed random variables with the mean value ¢! and going to the limit N — o, a functional
equation for the limiting distribution function of the 5;,, on K, is derived. The limiting value «(w, Q, ¢) =
lim &y(w, Q, {a,}), as N — 0, can be determined from the limiting distribution function of the 59"_
We determine the solution of the functional equation in three different ways for three different cases:
(a) In the case of the special frequency of Matsuda, w = 2-* and Q = 1, we obtain exact values of the
integral of the ¢ distribution function which are in excellent agreement with Monte Carlo estimates;
(b) in the physically interesting case where the mean spacing between defects is small compared to the
incident wavelength, i.e., c~'w « 1, we obtain the solution of the functional equation correct to first order
in ¢~'w and we calculate the lowest-order nonzero value of a(w, Q, ¢); (c) for the general case of moderate
values of w, @, and ¢, we develop a numerical method for solving the functional equation and present
the results of the numerical calculations in several representative cases. These numerical results are in
good agreement with Monte Carlo estimates. One of the principal results, obtained by solving the func-
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tional equation, is that a(w, @, ¢) > 0 for ® K ¢ <1 and w(|Q| + ¢ 1) K 1 with @ # 0.

1. INTRODUCTION

This paper is a continuation of a study of the
transmission properties of a disordered array of iso-
topic defects of mass M substituted in an otherwise
perfect 1-dimensional harmonic crystal composed of
particles of mass m.! In R1 the transmitted amplitude
of a wave of frequency w incident on a section of
crystal containing N defects was shown to be the
reciprocal of the magnitude of an Nth-order deter-
minant whose elements depend explicitly on (M — m)/
m, w, and the spacings between adjacent pairs of
defects. The principal problem treated in R1 dealt
with the case in which the spacings between successive
pairs of defects were assumed to be independent
random variables with a common probability distri-
bution and a common mean value ¢~1. (The parameter
c plays the role of concentration.) Based on the
assumption of statistical independence of spacings,
the dependence of the transmitted amplitude on N in
the limit N — co was investigated. The transmitted
amplitude can be expressed in the form Ty =
exp [—Nay(w, O, {@;})], where Q = (M — m)[m and
{a;}, j = 2,- -+, N, denotes the particular set of spac-
ings between adjacent pairs of defects. It was shown
in R1 that there is a range of concentration 0 < ¢ <
é(w, Q) such that

leim an(w, Q, {a:‘}) = o(w, @, c) > 0. ¢))

Conservation of energy insures that ay(w, Q, {a,}) >
0. Therefore, the most significant aspect of Eq. (1) is
that the limiting value of ay(w, Q, {a,}) is independent
of N and strictly positive. In Eq. (1), ay(w, Q, {4,})
is the average contribution of a defect to the attenua-
tion of the incident wave. On physical grounds it is
expected that, if the mean spacing ¢! between defects
is sufficiently large compared to the wavelength of the
incident wave, then ay(w, Q{a;}) approaches a,(w, Q),
the attenuation of a single isolated defect. This
physical argument forms the basis of the derivation
of Eq. (1) and of the determination of &(w, Q). The
method of derivation is limited to low concentrations.
However, it was emphasized in R1 that the limitation
on the range of concentration 0 < ¢ < &(w, Q) in Eq.
(1) is not a necessary condition for the inequality in
Eq. (1). One of the principal results of this paper is
that «(w, @, ¢) > 0 in a range of frequency and con-
centration where the mean spacing between defects is
small compared to the incident wavelength, i.e.,
wc<l.

In the remainder of this section, we first summarize
those results in R1 which will be required in the present
analysis, and then we outline the order of the calcula-
tions in the present paper. The model system which
is considered is an infinite 1-dimensional harmonic
crystal with nearest-neighbor force constants only.
All particles have the mass m except for N isotopic
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defect particles at lattice sites 4,, j = 1,---, N. The
mass of each of the defect particles is M. It is assumed
that A; = 0 and that the subscript j on A; specifies
the order of the defects, ie., 0 = 4, < -+ < Ay.
If a wave of unit amplitude and frequency o is
incident from the left on the array of defects, then the
steady-state amplitude of lattice site r < 0 is

x(r) a— e—-ikr + RNeierAN’ (2)
14+iA Y
__e—kazi 1 + iA + (1 — iA)e—zkazi

— e—kaai

where A = Qu(l — w? %, Q = (M — m)/m, and
a,= A, — A,_, and where

—1 i
D} = Tye'*?,

&)

with Ty = |Dy|~. The determinant Dy satisfies the
recurrence relation

'DN = [1 + iA + (1 - iA)e—2kaNi]DN_1
— Dy, (©)

with Dy=1 and D, =1+ iA. The steady-state
amplitude of the right-most defect has the same form
as Eq. 3),

X(Ay) = e*4¥| Dy,

™

and the steady-state amplitude of the left-most
defect at 4; = 0 is given in R1 as

x(0) = ty_1/Dy = Dy/Dy, ®
where 7y_; is an (N —1) X (N — 1) tridiagonal
determinant which satisfies the same recurrence
relation (6) as Dy . It is possible, and convenient, to
express fy_, as an N X N determinant Dy. The
elements of the augmented determinant are identical
with those of Dy given in Eq. (4) except that the
upper left-hand-corner element of Dy is 1 instead of
1 4+ iA. Therefore, the determinant Dy satisfies the
same recurrence relation (6) as Dy but with the
starting values D, = I and B, = 1. Equation (3) is
an explicit expression for the amplitude and phase
shift of the transmitted wave in terms of the deter-
minant Dy . Similarly, by combining Eq. (2) forr =0

1 4 iA + (I — iA)e2koss
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where @ = sin }k and Ry is the amplitude of the
reflected wave. The steady-state amplitude of the
transmitted wave is obtained from Egs. (21), (22), and
(26) of R1:

x(s) — e—iks/DN —_ TNe~iks+i\l‘N’ (3)
where s > Ay and Dy is the determinant of an
N X N matrix and has the tridiagonal or continuant
form

— e—-kagi

» @

—_ e—ka Nt

—p—kayi

1+ A + (1 — ib)e2ort

with Eq. (8), the amplitude and phase shift of the
reflected wave can be expressed as

Rye™™ = —1 + (Dy/Dy). ®

Since Dy and Dy, satisfy the same recurrence relation,
it can be shown that

Dy/Dy = (i/A)[—1 + (Dy_,/Dy)],
and

Rye™ = (i/A)[—1 + iA + (Dy/Dy)).  (9)
In studying the transmission properties of the array
of defects in the limit N — o, two alternatives present
themselves. First, one can investigate the asymptotic
properties of the transmitted amplitude Ty = |Dy|™;
or second, as noted in R1, one can investigate the
asymptotic properties of the ratio Ty = |Dy|~! of
the amplitude of the Nth defect to the first defect. In
the former alternative, it is convenient to express D!
as a product of N factors

N
Dy = (H g,.) e,
n=1
where g, = e*D, ,/D,, 1 + iA = de*, and where g,,
satisfies the recurrence relation
8. = [0 + (8 — g y)e ™2 (11

with g, = 671 If the transmitted amplitude is expressed
in the form

(10)

TN = ¢Xp [—NGN((D, Q9 {ai})]a (12)
then
N
ay(w, @, {a,}) = —N7" glln(lg,.l)- (13)
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U Ko

FiG. 1. The complex g plane showing the unit circle U with its
center at the origin and the circle X, whose radius is A and whose

center is at § = (1 + AL,

The g, in Eq. (13) have the property that they are
confined to the interior of the circle K, in Fig. 1.
Successive values of g, are determined by the sequence
of spacings {a,} through the recurrence relation (11).
In obtaining the result in R1 that

Izlim ay(w, @, {a,}) = a(@, Q,¢c) >0

for a sequence of random, independent spacings {a,}
with (a,) = ¢ and for 0 < ¢ < é(w, Q), the question
of the precise form of the distribution of the values of
g, inside K, was ignored. We examine this question
in more detail in the present paper; consequently, we
are able to obtain stronger results regarding the
limiting value «(w, @, c) (see Sec. 3B).

The second starting point, and the one used in this
paper, for the investigation of the transmission
properties of a random array of defects is the relation

Ty = Dyl = exp [-Nay(w, Q, {a;})]. (14

Because D), satisfies the same recurrence relation as
Dy, analogous ratios §, = e'D,_,/D, can be defined
which satisfy the recurrence relation (11) for g, but
with g, = e*’. Then, the expression for &y(w, Q, {a,})
is formally the same as for a(w, Q, {a,}) in Eq. (13):

N
ap(w, @, {a,}) = —N7* len(lénl)- (15)
The advantage in working with the £,, as noted in
R1, is that the g, are confined to the circumference of
the circle X, in Fig. 1 and, thus, have a 1-dimensional
distribution. Assuming that the spacings a; are
statistically independent with the mean value ¢, we
have a limiting distribution function of the £, on X,
which we denote by f,[x]. The determination of this
limiting distribution function is our primary concern
because the limiting value of &y(w, Q, {a,}) can be
calculated from it.

1859

In Sec. 2, we derive a functional equation for
f.1x] and for F,[x] = % f.[x1 dy. In Sec. 3, we deter-
mine the solution of the functional equation in three
different ways for three different cases: (a) In the
case of the special frequency of Matsuda,? @ = 2%
and Q = 1, we obtain exact values of F,[x] which are
in excellent agreement with Monte Carlo estimates;
(b) in the physically interesting case where the mean
spacing between defects is small compared to the
incident wavelength, ie., ¢'o K1, we determine
[:[x] correct to the first order in c~w and we calculate
the lowest-order nonzero limiting value of &y(w, Q,
{a;}) (this limiting value, which is positive, and f,[y]
are in excellent agreement with Monte Carlo esti-
mates); (c) for the general case of moderate values of
w, @, and ¢, we have developed a numerical method
for solving the functional equation for F,[x]. The
numerical results for F,[x] and the associated limiting
value of &p{w, Q, {a,}) are presented and compared
with Monte Carlo estimates for several cases.

We expect on physical grounds that the limiting
values of ay(w, 0,{a,;}) and &y(w, Q, {a,;}) are
identical, i.e.,

13711‘1'1 OLN(Q), Q’ {ai}) =1\111m é\‘N(u% Q’ {af})~ (16)
We assume that the a; are statistically independent
and that {@;) = ¢~*; we denote the limiting value of

é\CN(('U’ Q’ {ai}) by

(0,0 =limay(®, 0, {a ). (16)
If a(w, @, c) > 0, we can prove that ay(w, Q, {a,})
approaches dy(w, @, {a,}). The basic reason is that,
if a(w, Q,c) > 0, then g, approaches §,. To show
that [g, — &,| — 0if a(w, Q, ¢) > 0, we multiply the
recurrence relation (6) for Dy by Dy_,, multiply the
corresponding relation for Dy by Dy_, and form
the difference

DyDy s — DDy

= e #ai(Dy Dy, — Dy_1Dy ). (17)
We use Eq. (17) repeatedly to reduce its right-hand side
and rewrite the left-hand side to give
e* Dy Dy(e* Dy_ Dy — e Dy_1 DF)

= e—‘ZkANi(DlDo - DoDl)
or

(18)

If a(w, @, ¢) > 0, Eq. (18) can be used to prove Eq.
(16).

18y — gnl = |A] TyTy.
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2. DERIVATION OF FUNCTIONAL EQUATION
FOR THE DISTRIBUTION OF THE §,

In this section, we derive a functional equation for
the distribution of the g, on the circle X, in Fig. I.
The recurrence equation relating £, to g, ; is the
same as Eq. (11),

gn= [0+ (6 — g,_)e ™27, 19
but with g, = e%%. If £, is expressed as
g, =04 |A] e, (20)

then Eq. (19) provides a relation between yx, and
Xn—1>

—i(xn—1—20nk—2¢)
ei"” - o— |A| gm0 4 ei(zﬂ_l—Za,,k—2¢) (21)
5 — ‘AI gtlxn-1—2ank~2¢) '

We assume that N is large compared to unity and
that the set of spacings {a,} are independent random
variables with the same probability distribution

P(a) = c(l — )1, (22)

Consider an interval (x, y + dx) on the circle K
and denote the fraction of the §, which are located in
this interval by f,(x) dy. We assume that, for suffi-
ciently large N, f,(x) is independent of N. We invert Eq.
(21) and obtain an expression for the angle x,_, = ¥/,
in terms of g, = g and g, = ¥,

x =y —2¥() + 2ak + 24, (23)
where
W(y) = tan* [|A[ sin x/(d + |A[ cos y)]
= tan~! [sin || sin y/(1 + sin |¢| cos y)]. (24)

A functional equation for f,(y) can be obtained by
identifying the intervals from which the £ in (y, x + d)
originate; that is,

fx)dy = Zlc(l — " f(x) dy. (25)
In Eq. (25) dy and dy’ are related by (23)
dy' = dy[(6* + A% + 28 |A| cos y). (26)

Thus, the functional equation for f,(y), the fraction
of the £, in the interval (x, x + dy), is

—_ < _ a—lfc(x _ 2‘F(X) + 2ak <+ 2¢)
fc(%)_zc(l c) 52+2'A'6€OSX+A2

a=1

27N
where (27 f.(x) dy = 1. The limiting form for

N
a(w, Q, ¢) = lim —N""3 In (|£,)),
N»x

n=1
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when expressed in terms of £,(y), is
x(w, @, ¢)
27
==, J)In (0 + 141 e™) dy

2T
= —3| f()In(8® + 2|A|dcosy + A% dy. (28)
0

Before considering various solutions of the func-
tional equation (27) in the next section, we note that
in the limit ¢ — 0 the sum over a in Eq. (27) is pro-
portional® to the integral of fy(y — 2¥(y) + B + 2¢4)
over the interval 0 < f < 27 (provided that k is not
a rational fraction of =). In particular,

lim Se(l — Y0 — 2¥(y) + 2ak + 26)

¢—+0 a=1

=L (T~ 2% + B+ 2918, (29)

2w Jo

The range of integration in Eq. (29) covers a complete
period of the argument and so the right-hand side of
Eq. (29) is simply (27)~l. Therefore, in the limit
¢ — 0, the functional equation reduces to the simple
form

Jo() = @m)7 (8 + 2]A] dcos x + A%, (30)
provided that k is not a rational fraction of =. The
foregoing restriction on the values of k is obviously
necessary in the case where the condition for the
existence of Matsuda’s special frequencies is satisfied.!-2

It can be verified readily by substitution of (30) in
Eq. (28) thatt

lim a(w, Q, ¢)

¢—0

_ _l_fz”ln(62+2|A]6cosx+A2)d
d4mJo 8%+ 2}Albdcos y + A?

(31)

This result for a{w, @, 0F), which was obtained in a
slightly different way in R1, expresses the physical
fact that when the average nearest-neighbor spacing
in a random array of defects is large compared to the
incident wavelength, the defects each scatter inde-
pendently.

The form of the functional equation which is most
convenient for analysis in the next section is a func-
tional equation for

Fp) = j "t d.

= In 4.
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This new functional equation is obtained directly by
integrating both sides of Eq. (25) from 0 to y:

F(g) =2 c(l — o fe(x) dy

a=1

= ic(l — o)t
X {F.[x — 2¥(y) + 2ak + 24]
— F[2ak + 2¢]}. (32)

An expression for a(w, @, ¢) in terms of F,(x) can be
obtained by integrating Eq. (28) by parts to obtain

© J‘x—Z\P(x)+2ak+2¢
2,

ak+2¢

w(w, Q, c)
= —In(é + |A]
27 M
—Ad‘ﬂ ( sin g )d. 13
0 () 8% + 2 |Al d cos y + A? x 33

In the limit ¢ — 0,
Fo(p) = Qm)~ [y — 2¥ ()]
3. SOLUTION OF FUNCTIONAL EQUATION

In this section we first treat a special case in which
it is possible to obtain exact values of the solution of
the functional equation (33) for F,(y). Next, an
approximate solution of Eq. (33) is obtained which
is an expansion in the parameter ¢ 'w, the mean
spacing between defects divided by the wavelength
of the incident wave. Satisfactory agreement between
the first-order solution in ¢'w and Monte Carlo
estimates are obtained. Finally, a numerical procedure
for solving Eq. (33) is outlined and a comparison is
made between the numerical solution in several
representative cases and Monte Carlo estimates,

(34)

A. Exact Values of F(x) in Case k ==, Q =1

We consider the case k = =7, Q = 1. It was shown
in R1 that in this case the g, generated by the trans-
formation (19) are limited to segments of the circum-
ference of the circle K, (Fig. 1) which lie inside the
unit circle U. This fact is used to derive values of
F,(y) from the functional equation (33). The same
arguments apply if Q > I; however, the details be-
come more involved. For this reason, we treat only
the case 0 = 1.

The transformation (19) can be regarded as a
product of two transformations. First, the denomi-
nator in (I19) is formed by rotating the difference
vector d — g, , through the angle —(a,7 + 2¢) =
—(a, + $)m and then adding the resulting vector to 4.
Note that the angle of rotation assumes only two
values, modulo 27, depending upon whether a, is
odd or even. Second, the reciprocal of the vector
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(a)

(b)

B,
F1G. 2. Two stages of the transformation in Eq. (19) in case
k=14nrand Q = 1.

8 + (8 — g, e D7 is formed. Figure 2(a) shows
the circles U and K, and the result of the first trans-
formation. Points on the arc ABC are shifted to corre-
sponding points on the arc 4,8,C, if a, is odd and to
points on 4.B.C, if a, is even. Figure 2(b) shows
several stages in the second transformation. The
reciprocal of a point such as B, in Fig. 2(a) is located
geometrically by first forming its mirror image B, in
the line OX. The reciprocal of B, is then located at B/,
the intersection of OB, with circle K,.® The two
images of the arc ABC, A;B,C, and A,B,C., are
contained in the arc 4BC. Since the starting value g
corresponds to the point 4, all subsequent values of
§, must be located either in the arc A;B,C;, or A,B,C.
No £, appear in the arc A;BC;, . Clearly, there will
be images of this gap A4;BC, in the £ distribution
around the points Bj and B, . Images of these images
also coincide with gaps in the £ distribution and so on.

We now consider the functional equation (33) in
the present case. There is a considerable simplification
because the difference F,[y — 2¥'(y) + (2 + Hn] —
F.[(a + $)7], which is a periodic function of y with
period 2, assumes one of two values depending
upon whether 4 is odd or even. The functional equa-
tion reduces to

Flx]l= @2 — o™F [y — 2¥ () + #7] — F,[3=]}
+(1 -2 -0

X {Fly = 2¥ () + 7] = E[i=]},  (35)
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for 0 < y < 2w, where
W(x) = tan~? [sin y/(2¥ + cos )] < }m.

Since the g, are confined to portions of the arc ABC,
the integral distribution function F,[y] has the values

Flx]=0, 0<y<Lir,
dr < x <27 + §m.

=1,
As a result, Eq. (35) can be rewritten as

Flyl= Q2 — o ™MF[x —2¥() + §=] — 1}
+ (1 = )2 — o) F,[x — 2¥(y) + 7],
0<y<2m (36)

As y increases from §m to « to 37, the two arguments
of F,[ ] on the right-hand side of Eq. (36), y —
2¥(x) + 3= for odd a and y — 2¥W(y) + 3 for even
a, increase from Zw to 27w + 4w to 27 + 47 and from
§7 to 3w to 2w 4 }m, respectively. Thus, it can be
seen that Eq. (36) is equivalent to the following set of
relations:

F() =0, 0<y<in,
= (1 — )2 — o) 'F.l[y — 2¥(p) + i=l,
in<xy<ix,
=1 -2 —-07 5 <x<1s
=2 —oMF[x —2¥(0) + #=] + 1}
+ (A =R2—=c) r<y<im
<y <2m

(372)

(37b)
(37¢)

(37d)
(37€)

=1,
In Eqgs. (37) the angle y, is defined by the condition
21— 2¥(p) + 37 =47 and x, by the condition
12 — 2% (x2) + #m = 27 + §m. The angles y, and x,
correspond to the limits of the principal gap in the &
distribution, arc A¢BC, in Fig. 2(b).

We next determine the limits of the subinterval of
the interval (3=, 7) for which the argument y —
2% (x) + 1= lies in the range x; to xp. The limits of
this subinterval are determined by the conditions

Xs — 211’(%3) + 17 = 11,
and

e —2¥ (1) + ¥ = 2.
Thus,for§r < 3 <y < s < 7,
F() =1 -2 —o)P,

and the interval (x3, y4) corresponds to the image of
the gap interval A;BC, around the point B;. Simi-
larly, for m < x < % there is a subinterval = < x5 <
2 < 28 < &m corresponding to the image of the gap

(3%)
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A3BC, around B, where

25— 2V (xs) + 37 =27 + X1
and

Xs — 2¥(20) + 37 =27 + 2.
In the interval (¥, %6),

_ 1 1—c__ 1—c¢
FC[X]—2—C(1+2—C 1)+2—C

_(1=93-9

—_———(2—c)2 . (39

The intervals (s, x4) and (x5, xs) are symmetrically
located with respect to the angle 7. The above pro-
cedure can be continued indefinitely to give additional,
exact values of F,[x].

There is, in addition, a pair of angles y = 7 — 4,
and y = 7 + A, which satisfy the conditions

7—h—2Wax—-A)+ir=7+1, (40)

and

4+l —Va+l)+irn=2n+7—1. (41

In the present case where Q = 1, there is a symmetry
with respect to the angle 7 so that 4; = 4, = 1in (40)
and (41). The value of A obtained from (40) or (41) is
1% Thus, from Eqs. (37b) and (37d), we obtain

Flm — 5m) = [(1 = )2 — )E,[7 + 7¢m]  (42)

and

Elr + 7gm] = @ — {1 + Fllm — #ym] — 1}
+(1—0@2—-0ot 43

Equations (42) and (43) constitute a pair of simultane-
ous equations whose solution is

Folm — fm] = (1 — 0)*(3 — 3¢ + ¥,
Flr+ fml=( — )2 — )3 — 3¢ + ¢,

(44)
(45)

Once these exact values have been determined from
Egs. (37b) and (37d), additional exact values of
F,[x] can be generated with the aid of the same
relations.

In this section, we have determined some exact
values of F,[x] from the functional equation (32). For
purposes of comparison, we present some numerical
results of the calculation of F,[y] for a particular
random configuration of 10° defects in the case
c=0375, Q=1, w=2% The y, are formed
recursively using Eq. (21), which in the present case
reduces to

. (2* —- e—izn__1+i(an+})i
e Xy =

ix _.—ila Hr ’
2} — el‘l"_l—i(a”+*)v )e Tama wt ? (21 )
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FiG. 3. Distribution of values of the x, for a particular dis-

ordered array of 10° defects in the case c = 0.375, @ = 1, w = 2t
The range of values of the x, is 3= to 7. This range is divided
into 500 equal intervals and the fraction of yx, contained in each
interval is plotted as a function of the interval number.

400

with y, = #7. All of the calculations described here
and in succeeding sections were performed on a
CDC 6600 at the Los Alamos Scientific Laboratory.
A sequence of random integer values of the spacings
is generated in which each spacing a,, has the frequency
distribution ¢(1 — ¢)*~. As each value of a,, n =2,
-+ +, N, is generated, a value of y,, is determined from
Eq. (21'). The values of x, are limited to the range
§m < 4 < 4m. This range has been divided into 500
equal intervals, and a count is made of the fraction
of all values of y, which either lie in a given interval
or to the left of that interval. The results of this count
are presented in Figs. 3 and 4. In Fig. 3 the fraction
of the values of y, in each interval is plotted as a
function of the interval number from 1 to 500. In
Fig. 4, the Monte Carlo estimate of F,{y], the fraction
of values lying in or to the left of a given interval is
plotted as a function of the interval number. The
principal gap region and a number of its images can
be clearly seen in these figures. The differences between
the exact values of F,[y] in the principal gap regions,
Egs. (37c), (38), and (39), and their Monte Carlo
estimates in the case shown in Figs. 3 and 4 are of
the order of the relative root-mean-square fluctuation
{1 — F[x]N-4
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B. An Approximate Solution of the Functional
Equation for F[y]

An approximate solution of the functional equa-
tion (32) can be obtained if the average of the argu-
ment appearing on the right-hand side is close to yx,
ie., if

YOl + ¢k + |l L . (46)
Since k = 2sin! w, ¢ = tan?! [Q tan (3k)], and
|~ ()] < 1, Eq. (46) is essentially a condition that
the frequency is small. Although frequency is a
natural expansion parameter, it is convenient in our
calculation to take ¢ as the expansion parameter and
rewrite (46) as

2160 1 + Q) L 7. (47)

When condition (47) is satisfied, the integral distribu-
tion functions on the right-hand side of (32) can be
expanded in a Taylor series (assuming that the
derivatives exist). The result is

0

Flx]l=2%c(1 ="

a=1

X {F,[x] + 2[ak + ¢ — Y (lf.[x]
+ 2[ak + ¢ —FPfixl + -
— 2[ak + ¢]£.[0] — 2[ak + $)f.[0] —--}.

(48)
] ]
b ’_;
f
4
4 BN
J
: 7
ﬁ
0
0 200 400

FiG. 4. Plot of the Monte Carlo estimate of the distribution of
values of the y, for the case shown in Fig. 3: ¢ =0.375, 0 =1,
w = 2—*,and N = 10°. The fraction of values of the y, lying in or

to the left of each interval is plotted as a function of the interval
number from 1 to 500.
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The terms containing F,[x] in Eq. (48) cancel, and
the coefficient of the mth derivative of f;[y] is of the
order ¢™. If Eq. (48) is rearranged so that f,[y] is

expressed in terms of f,[0] and derivatives of f,[x],
we obtain

L+b

= =gy MO
_ 14 b— WP+ b’ — o),

¢[( 14 b— ¢ W) )f”["]

(A 4B+ b0 =0 qorl — - (4o

(5 s e Jrior] =, @9

where b = kc1¢~1. The first two terms in the expan-

sion of the parameter b in powers of ¢ are
b = 2c'¢ tan™! (O tan ¢)

2 by + $b(1 — Q2 + - -,

where by = 2¢*Q7L. The coefficient of £[0] in Eq.

(49) is expressible as a power series in ¢ [see Eq. (24)].
The first two terms in the expansion are

(50)

1+5b
14+b— ()
3 1+ b,
" 14 by— e(Q)siny
(1 + by)sin x cos x 44

[1 4 by — €(Q) sin xI*
where
(@)= 1, ¢>0,
=-1, 0<0.

A zeroth-order approximation for f,{x] can be ob-
tained by substituting the ¢ independent term in Eq.
(51) for the coefficient of the first term in Eq. (49).
An expression for f,[y] correct through the first order
in ¢ can be obtained by substituting the first two
terms in Eq. (5§1) for the coefficient of £,[0] in Eq.
(49) and by replacing the derivatives, f,[x] and
fi[0], by their zeroth-order approximations. The
result is

1
fild = + bo)fc[()][l paT Yo
_ sin ¥ cos x _ ¢( e(Q) cos x
[1 + bee(Q) sin g 1 + by — €(Q) sin x
L, b= od@cosy_ _ «Q)
[1+ by —e(@sinyg]® 1+ by — e(Q)siny
_ B — 9<(@)/(1 + by’ 5
1+ b, — €(Q) sin x )] 52)

J. RUBIN

The expression (52) for f,[y] contains the constant
/:[0] which can be determined from the normalization
condition 3" f,[x] dy = 1. The terms containing the
single factor cos y in the numerator in Eq. (52) give
a zero contribution to the normalization condition.
The value obtained for f,(0] is then
]
(1 + by’

b2 + byl [1-0i(1+
53)

[T+ byl
The expression for f,[x] can be substituted in Eq. (28)
to calculate the value of a(w, Q,c), the average
contribution of a defect to the attenuation of the
incident wave. In the limit being considered, the
logarithmic term in Eq. (28) can be expanded in
powers of ¢:

£.0] = b1 —

(o, Q,¢) = —} fc(x)
x In (sec? ¢ + 2 tan || sec ¢ cos y + tan® ¢) dy
ROl cos g + ¢ sint ) dy. (54

When the expression for f;[x] in Eqgs. (52) and (53),
correct to the first order in @, is substituted in Eq.
(54), the resulting value of a(w, @, ¢) will be correct
through the second order in ¢. The result is

a(, @, €) =2 3¢%b(1 — €)(2 + by)™*

o~ —

or
w(w, @, ¢) = (1 — o)(1 + cQ)'Q*w?,
where ¢? ~ Q%w?.
It should be recalled that the value of a(w, Q, ¢) in

Eq. (55) is an approximate one based on the condition
that

(55)

21910 + QI L .

When this condition is satisfied for a particular set of
values of w’, @', and ¢’, it is clearly satisfied for all
values of the concentration ¢’ < ¢ < 1. It should be
expected on physical grounds that in the limit ¢ — 1,
the roles of the host and defect atoms are interchanged.
That is, it should be expected that the inhomogeneities
which contribute to the reflection of the incident wave
are isolated host atoms (mass m) in a background of
defect atoms (mass M). To verify this expectation, we
consider the average attenuation coefficient for N
defects

Ne(o, @, ¢) = K1 — o)Ayl + Q) Q*w (NAR
(56)

In Eq. (56), NA} =c¢ and (1 — c)4Ay = N,,, the
number of host partlcles (mass m) between 0 and A .

CY)
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Fi1G. 5. Distribution of values of the yx, for a particular disordered
array of N = 2 X 10° defects in the case c = 0.5, 0 = 1, w = 0.1.
The range of the yx,, which is O to 27, is divided into 301 equal
intervals and the fraction of the ¥, contained in each interval is
plotted with an asterisk as a function of the interval number. The
solid curve is a plot of the expression for f[x] in Eq. (52).

[The concentration of host atoms is ¢, = N Ayt =
I — ¢.] So, in the limit ¢ — 1,

NOL(CU, Q: 1—) = Nh%szg('I + Q)_la (57)
and $Q%w?%(1 + Q) is the average contribution per
host atom to the attentuation of the incident wave.
In the limit ¢ — 1, the concentration of host atoms
¢, in the disordered section of crystal approaches
zero, and the mean spacing between host atoms is
large compared to the incident wavelength. We have
shown in R1 and in Eq. (31) that if the host particles
have mass M and the defect particles have mass m
and their concentration is ¢,, then

lima(d, Q,¢;) =1nd

cp—0

~30%% [$l K1, (58)
where @ is the frequency of the incident wave measured
in units of the maximum frequency in a perfect
crystal composed of atoms of mass M. If, instead,
frequency is measured in units of the maximum
frequency of a perfect crystal composed of atoms of
mass m, Eq. (58) can be written as

lim a(w, Q, ¢;) = $Q%w’ (MM ™)

¢, —0
=~ §0%*(1 + Q)" QoK1 (59)
Combining Eqs. (57) and (59), we have the expected
result

Noa(w, @, ¢ =17) = Nyo(w,Q,¢, =0, Qw1

(60)
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This result ought to hold over the entire frequency
range instead of being limited by the condition
Qw K 1. A proof of this result for arbitrary values of
o will most likely have to start with the determinantal
expression (14) for Ty.

The normalized expression for f,[y] in Eqs. (52)
and (53) should be compared with the expansion
obtained for lim,_, f;[x] from Eq. (30)

liﬂg folxl = Qmy7'[1 — 2 || cos g].
The zeroth-order terms in ¢ are, respectively,
(2m)1[by(2 + b)¥(I1 + byl — sin x) and (Qm)L

In view of the foregoing difference, it must be regarded
as fortuitous that if the condition (47) is ignored and
¢ is set equal to zero in Eq. (55), the correct value is
obtained for lim a(w, Q, ¢) =~ }Q%»?, as ¢ — 0.
Finally, for two sets of values of w, O, and c, we
compare the numerical value of the expression (52) for
filx] with a Monte Carlo estimate of the same
distribution. The procedure for generating a sequence
of values of y, has already been outlined in Sec. 3A.
In the present cases, the range of y,,, which is 0 to 2=,
is divided into 301 intervals. For arrays of 2 x 10°
defects, the fraction of the y, which fall in each
interval is determined. In Fig. 5 for the case ¢ = 0.5,
Q =1, w=0.1, the fraction of the jx, in each
interval are plotted as a function of the interval
number 0 to 300 where interval number 0 is the

(61)
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FiG. 6. Distribution of values of the y,, for a particular disordered
array of N = 2 X 10° defects in the case ¢ = 0.5, @ = 2, w = 0.01.
The range of the y,, which is 0 to 2, is divided into 301 equal
intervals and the fraction of the yx, contained in each interval is
plotted with an asterisk as a function of the interval number. The
solid curve is a plot of the expression for f[y] in Eq. (52).
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interval near y = 0. Each value is plotted with an
asterisk. The solid curve is a plot of the expression for
f:[x]in Eq. (52), the distribution function of values of
% on the circle K, derived from the functional equa-
tion (32). The first-order correction to f{®[y] is
relatively large in this case: f{V[0] =~ —0.12f{®[0],
SV n] == 4+0.12f[«], and [V [§n] = f(M[§n] = 0.
Nevertheless, the correspondence between the curve
and the distribution of Monte Carlo points is close.
The order of magnitude of the scatter in the Monte
Carlo points is roughly that expected for a sample
size of 2 x 10°. A similar comparison is presented in
Fig. 6 for the case ¢ = 0.5, @ =2, w = 0.01 and
N =2 x 105 In this case, the first-order correction
to {0 [y] is one-fifth as large as in the previous case;
and, the correspondence between the curve repre-
senting f,[x] and the Monte Carlo points is closer.

C. An Iterative Method for Obtaining Numerical
Solutions of the Functional Equation for F,[x]

‘We now describe an iterative method for obtaining
numerical solutions of the functional equation
Folyl =23 c(l = o) {Foly — 2¥(y) + 2ak + 24]
a=1
— F[2ak + 24]}. (32)

The method is based on the assumption that we have
an approximate solution F{™[y] of Eq. (32) and that
we can construct a more accurate solution F{"[y]
with the aid of Eq. (32)

F(cn+l)[x]

=S e(l — ofYFW[y — 2%(x) + 2ak + 24]
a=1
— F"[2ak + 241}. (62)

Then, repeated use of Eq. (62) will result in the con-
vergence of F{"*1[y] to the exact solution F,[x] of
Eq. (32). In our numerical calculations we have
found that Fy[y] in Eq. (34), the solution of Eq. (32)
in the limit ¢ = 0, is a suitable starting choice for the
iteration process, i.c.,

FOlxl = @m7x — 2¥ ()]
In practice, divide the fundamental
0 < x < 27 into M equal subintervals

[2r(m — DM, 2eomM™Y], m=1,---, M. (64)
We evaluate the starting function F{®'[y] at the points
Am =2m(m — PM, m=1,--- M.
Then, for a given set of parameters w, @, ¢, we evalu-

ate the two arguments on the right-hand side of Eq.
(62) at the points

Am = 2m(m — HM,

(63)
interval

m=1,---,M,

J. RUBIN

for all values of a such that
e(l — ¢)*1 < 10711, (65)

Each value of the two arguments is reduced, modulo
2w, to the fundamental interval, and the subinterval
in which the reduced value lies is determined. If the
subinterval is [2#(s — )M, 2msM~1], then the
reduced argument is identified with subintervals. If
the reduced value of yx, —2¥(x,.) + 2a;k + 2¢
corresponds to subinterval s and the reduced value
of 2a;k + 24 to subinterval 7 with s > ¢, then the
difference

Fltm = 2% (tm) + 200k + 26] — F2a1k + 24]
is assigned the value

Fi"’[xs(m, a)] — Fgm[xt(al)]'
However, if s < ¢, the difference F(*{y,, — 2¥'(x..) +
2a;k + 24] — FO[2a,k + 24] is assigned the value

14 F[x(m, a))] — FEO)[Xt(aﬂ]-
With the above assignments, a new set of values
FV[y,,] is determined by using Eq. (62) and summing
over all a satisfying condition (65). This procedure
is repeated until the set of values F{"*V[y ]is suffi-
ciently close to the set F{™[y,].

Finally, for two cases we present a comparison of
the solution of the functional equation with Monte
Carlo estimates of the distribution of values of y,.
In Fig. 7, for the case ¢ = 0.5, 0 = 1, w = 0.3, and

1
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Fi1G. 7. Distribution of values of the y,, for a particular disordered
array of N = 2 X 10° defects in the case ¢ = 0.5, Q = 1, w = 0.3.
The range of the y,, which is 0 to 2, is divided into 301 equal
intervals and the fraction of the y, contained in each interval is
plotted with an asterisk as a function of the interval number. The
solid curve is a plot of values of FJly,l — F.[)xm-,] obtained from
the iterative solution of functional equation (32), where m is the
interval number.
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Fic. 8. Distribution of values of the y, for a particular disordered
array of N =2 X 10% defects in the case c = 0.5, @ =1, 0w =
sin $or. The range of the y,, which is 0 to 27, is divided into 301
equal intervals and the fraction of the y, contained in each interval
is plotted with an asterisk as a function of the interval number. The
solid curve is a plot of values of F [yl — F.[y,] obtained from
the iterative solution of functional equation (32), where m is the
interval number.

N =2 x 105 and a division of the 0 to 2 range of
%, into 301 intervals, the fraction of the yx, in each
interval is indicated by an asterisk and is plotted as a
function of interval number. The solution obtained
from the functional equation for a division of the
range of y into M = 301 intervals results in a set of
values for F,[y,,]. The curve shown in Fig. 7 is a plot
of the values of F,[x,.] — F.[x,._1] as a function of
the interval number m. The agreement between this
curve and the distribution of Monte Carlo points is
good. In Fig. 8, we show a similar comparison
between the Monte Carlo distribution of values of
2. and the corresponding distribution obtained from
the iterative solution of Eq. (32) in the case ¢ = 0.5,
Q0 =1, w=sin(}n), and N =2 x 105 Even in this
case, where the distribution contains several sharp
peaks, the agreement is good.®
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4. REMARK

The principal problem which has motivated the
work in R1 and in the present paper is the determina-
tion of the limiting value of the Nth root of the
transmitted amplitude

lim [TY¥M(w)] = lim | DYV

N-w N-ow

= exp [—«(w, @, o)].

In R1 it was shown that (i) «(w,Q,c)>0 for
sufficiently small values of ¢ at any given  for
|@] > 0 and (ii) «[sin (7r/2s), Q, c] > O for all values
of ¢,0 < ¢ <1, and for Q > cot (7/2s) cot (mr/2s),
where r and s are relatively prime integers. In Sec. 3B
of this paper, we show that

®(w, Q,¢) = $(1 — (1 + ¢c@)7*Q%?* >0

to the lowest order in Qw for 0 K¢ <1, Q@ #0,
and (0] + ¢ ) K I. We conjectured in R1 that
a(w, @,¢) >0 for all values of the parameters:
0<w<1,0%#0,and0 < ¢ < 1. It may be possible
to prove the foregoing conjecture by showing that the
solution F,[x] of the functional equation (32) has the
property that the value of a{w, @, ¢) is positive for
all the above values of the parameters. Thus far, with
the exception of the restricted case treated in Sec. 3B,
we have not succeeded in carrying out this program.
Moreover, the result for a(w, Q, ¢) in Sec. 3B was
derived by first obtaining an explicit expression for the
solution of the functional equation.
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The algebraic formulation of quantum statistical mechanics is extended so as to include local un-
bounded observables. We start, in a usual way, with a C*-algebra U of quasilocal bounded observables
in Fock space ¥, an arbitrary, locally normal state ¢ on !, and a corresponding Gel’fand-Naimark-
Segal (GNS) representation Ry of U in a Hilbert space $,. We then construct a set @, of local, closed
operators whose domains are dense in &y, such that @, includes all the local observables of the system.
The representation Ry is then extended so as to provide a *-homomorphism of @, into the closed,
densely defined operators in $,. Correspondingly, a number of results previously established for the
local bounded observables are extended to the unbounded ones. For appropriate classes of locally normal
states, these extended results include the Kubo-Martin-Schwinger boundary conditions, the spatially
asymptotic and ergodic properties of space-correlation functions, and the temporally ergodic properties
of time-correlation functions. It is also shown that, for locally normal Gibbs states, the time correlations
between elements of a specified subset of @, are thermodynamical limits of the corresponding correla-
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tions for finite systems.

1. INTRODUCTION

The algebraic formulation of quantum statistical
mechanics has been constructed according to the
following scheme?:

(i) Let I" be the Euclidean space of a physical system
and let L be the set {A} of all bounded subsets of I'.
One assigns to each A € L a von Neumann algebra
U, of bounded operators in a Fock space JCp: this
is the algebra generated by the bounded observables
for the region A. One then defines U, the C*-algebra
of quasilocal bounded observables, to be the norm
closure in Jaez Ua-

(i) The states of the system are represented by
positive linear functionals, of unit norm, on U.

(iii) The Gel’fand-Naimark—Segal (GNS) construc-
tion, corresponding to the state ¢, yields a representa-
tion R, of U in a Hilbert space $,.

The object of the present article is to extend this
scheme to local unbounded observables,® for cases
where the states concerned are locally normal.* The
restriction to locally normal states is equivalent to
the assumption that the probability that any A (€ L)
contains an infinite number of particles is zero.*

The local unbounded observables may be defined as
follows: Let @, be the set of all closed, densely defined
operators affiliated (in Dixmier’s sense’) to U, in
¥ and let Q; = UJper Qo The unbounded local
observables correspond to the self-adjoint elements of
UAeL (QA/ uA)-

We incorporate Q into the above algebraic scheme
by constructing an extension of Ry so that it provides
a »-homomorphism of Q; into the closed, densely
defined operators in $,. This construction may be
summarily described as follows. For A € L, the space

J¢z may be expressed? as a completed tensor product

®®k,, of Hilbert spaces %, and ®,, the former
being the Fock space for the region A. Correspondingly,

u, =11 iA, where IIA is an algebra of bounded

operators in %, and I, is the unit operator in Ry
Likewise, we show in Sec. 2 (Theorem 2.3) that Q,

can be expressed as a tensor product Q) ® fA, where
Q, is the set of all closed, densely defined operators
affiliated to U, in &, (of course, our definition of this
latter tensor product will require an extension of that
generally employed for bounded operators). Assuming
¢ to be locally normal, we ‘may express4 Hy as a

completed tensor product NG 33A between two
Hilbert spaces Ha and 55 A+, in such a way that, if 4, €
lIA and 4 = A4, ® IA, then R¢(A) WAAAW—1 ®
JA, where W, is an 1sometry of J€A onto 551\ and SA
is the unit operator in S Correspondingly, if @ =
0. ® I,, with J, € Q,, we define

R¢(Q) = WAQA

Thus (Theorem 4.1) we obtain a consistently defined
*-homomorphism R, of @ into the closed, densely
defined operators in £,. Once this homomorphism is
constructed, we are able to extend to & a number of
results previously obtained for U.

The article is set out as follows. In Sec. 2, we
derive a number of properties of closed operators in
abstract Hilbert space that will be needed subse-
quently. In Sec. 3, we define our notation and
summarize certain established properties of various
classes of states on U. In Sec. 4, we employ the for-
malism of Secs.2and 3 toextend R, from U toUW U Q.

W@ S,.
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We then derive corresponding extensions, for appro-
priate classes of locally normal states, of (i)
the Kubo-Martin-Schwinger boundary conditions
(Theorem 4.2), (ii) the spatially asymptotic and
ergodic properties of space-correlation functions
(Theorem 4.3), and (iii) the temporally ergodic
properties of time-correlation functions (Theorem
4.4). In Sec. 5 we show that, in the case of locally
normal Gibbs states, the time correlations between
elements of a certain specified subset of Q; are
thermodynamical limits of corresponding correlations
for finite systems (Theorem 5.1). We also show that
equations of motion for elements of this subset may
be represented in the GNS space 9.

2. CLOSED OPERATORS IN HILBERT SPACE

Let J¢ be a Hilbert space. We denote the domain
of an arbitrary operator L in J¢ by D,. Also, we
denote the set of all bounded operators in § by B(X).

Let Q° be the set of all closed operators® {Q} for
which Dy, is dense in JC. Thus, if Q € Q°, then Q* and
0*0 [= (0*Q)*1 € Q% We denote the family of
spectral projectors for Q*Q by {E,;}, ie., Q*Q =
§ AdE;. Also, we denote QF, by Q.

Theorem 2.1: Let Q € Q% and let A < 0. Then:

(i) E; = Dy
(ii) Q; € B(K).
(iii) For fixed feX, |0,/ is a non-decreasing
function of A.
(iv) For fixed fe JC, the following statements are
equivalent:
(a) 1Q:fl is a bounded function of 4 and
thus, by (iii), converges to a finite limit as
A— o0,
(b) Q,f converges strongly as A — oo,
(c) feDy,.
Further, in cases where these conditions are satisfied,

12,/ < 1Qf1, ¥V 4 < oo

(V) s-lim Ql = Q.

(vi) slim (0,)* = Q* on Dy..
20

Proof:

(i) It follows from the definition of E; that, for
A< oo,
EX c Dy < Dy.

(ii) Since Q is closed, it follows that QF, (= Q,) is
closed. Further, since E,JC < Dy, it follows that
DQ; = J. ‘Hence, Q, is a closed operator whose
domain is J€ and, therefore, 0, € $(3).

1869

(iii) Let fe . Then |Q,f(* = (QE,f, QE;f) =
(Eif, Q*QE,f) = (E.f, OQ*QE,f). Hence, since E,
is a projection operator that commutes with 0*Q, it
follows that

12:11* = (f, Q*QE, ). @1

Likewise, if A < A’ < oo, then
1(@s — QIf 2 = (f, Q*Q(E;. — E,)f).

Therefore,

10 f1% — HQufI* = 11(Qx — QDS I* (2 0)
if A<d <o, (22)

from which it follows that ||Q, f|| is a nondecreasing
function of A.

(iv) It follows easily from Eq. (2.2) that (a) <= (b).

Assume (b). Then QF,f converges strongly as
A — o0. Hence, since E, f converges strongly to f and
since Q is closed, it follows that fe D, and that
Q. f— Qf, strongly. Thus (a) <= (b) — (¢).

Assume (c). Then (@ ~ Q,)f € X and

1Q — @)fI = 10f]2 + 1Q:f )2
— (9, &) — Q.1 9f). (23)

Since E;fe€ Dgag, it follows that Q,f(= QE,f) €
Dy, and, therefore, (Qf, Q,f) = (f, Q*QFE,f) =

19/ 1%, by Eq. (2.1). Likewise, (Q,f, Of) = Q,f1|*
and, consequently, by Eq. (2.3),

1@ — QIfI* = IQf 12 — Q. fIIx

It follows immediately that |Q,f| is bounded above
by |Qf |I. Hence (c) — (b), which completes our proof
that (a) <> (b) <= (c). Further, it follows from Eq.
(2.4) that |Q,f1l < ||Qf|| when these conditions are
fulfilled.

(v) This follows from (iv) and the above derivation
of (ivc) from (ivb).

(vi) Since Q, = QE,, it follows that (Q,)* =
E,Q* Thus, if fe D., then (Q,)*f = E;Q*f. Hence
(2)*f — 0%, strongly, as A — 0, V¥ fe Dy.. QED

2.4)

Let £ be the Hilbert-Schmidt class of operators in
e, ie., & ={4|A4eBI); Tr (4*4) < }. Then £
is a Hilbert space, with (4, B)y = Tr (4*B), and
strong convergence in £ corresponds to ultrastrong
convergence in JC.

Let p be a density matrix in J, i.c.,

p=2c.E,, (2.5)

where the c, are real positive numbers such that
D> ¢, =1 and {E,} is the set of I-dimensional projec-
tors corresponding to an orthonormal set of vectors
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{fa}. Let A, be the subset of Q° defined by

A, = {Q |0, {f,}e Dy, 3 c; 10fI° <

or, equivalently, by A, = {Q | Q0 € @, Qpt € £}. We
define

Tr(Q'p0* = (05, 0'pb) = 3 ¢,(0f,, 0'F),

VO, 0 €A, (26)

It is evident that this reduces to the usual definition of
Tr (Q'pQ*) in cases where Q, Q' € B(J). It may be
noted that the sum in Eq. (2.6) is absolutely conver-
gent, by virtue of our definition of A,.

Theorem 2.2: Let Q, Q' € Q% Then:

(i) @ €A, if and only if Tr (Q,p(Q;)*) is a bounded
function of 4;

i) if QeA,, then Tr(Q,p(Q)*) — Tr (QpQ*)
as A — o0;

(iii) if @, @’ €A,, then

Tr(Q;-p(2)*) — Tr (Q'pQ%)

as 4, A’ tend independently to co.

Proof:

(i) Let Q€A,. Then it follows from Theorem
2.1(iv) and Eq. (2.6) that

Tr (Q:p(22)*) < Tr (@pQ*) < 0,

and thus Tr (Q,p(Q,)*) is a bounded function of 4.
In order to prove the converse, we note that, by
Eqgs. (2.2) and (2.6) and our definition of £,

10:0% — Qotls = 10,6H1% — 1220012
for A<l < (27

Proceeding as in Theorem 2.1(iv), we find from this
equation that, if [Q,ptl3[= Tr(Q;p(@)¥] is a
bounded function of 4, then Q,p? converges strongly
in @ to A4, say, as 41— oo. Thus Q,p* converges
ultrastrongly and, hence, strongly to 4 in X, as
A— . Let {g,} be an orthonormal set of vectors,
complementary and orthogonal to {f,} in X. Then

Af, = s-lim Q,p%,
A= o0
and
Ag, = s-lim Q,ptg,,.

A= ®
Hence, by Eq. (2.5) and our definition of {g,.},
Af, =s-limctQ,f, and Ag, =0.
Ao
In view of Theorem 2.1(v) and Eq. (2.5), it follows
that 4 = Qp*. Therefore, since 4 € &, it follows that
Q e A,, as required.

G. L. SEWELL

(i) Let Qe A,. Then Qpt € 8 and thus, by Egs.
(2.4) and (2.6),
1@ — QP12 = 120412 — 12012, (28)

As proved in the course of the above derivation of (i),
it follows that, if @ € A, then Q,p — Qp}, strongly
in 8, as 41— co. Consequently, by Egs. (2.6) and
(2.8), Tr(Q:p(Q)*) — Tr (QpQ*) as 4 — .

(iii) Let Q, Q'€ A,. Then Qpt, Q'pte g, and
106}, Qo1 — (Quph, QpDel
= Q.0 (' = 03)ph)e + (@ — e, Q1)
< 12:04e Q" — @3)pt I
+ 120 g 1@ — 26t

By Eq. (2.8), [Q:ptle < [Qpt]e. Hence, the above
equality implies that
@Y, 0'ph)e — (Qip¥05 Nl
< 10640 1@ — Q3)ptg
+ 1264 1@ — 26t
Hence, by Egs. (2.6) and (2.8),
ITr (Q'pQ*) — Tr (Q}p(Q)™)
< [Tr(QpQ"IHTr(Q'pQ™*) — Tr (@} (@)1
+ [Tr (Q'pQ"MPITr (Qp0%) — Tr (Q:p(@)1.

2.9
It follows from this equation and (ii) that
Tr(Q;-p(@0)*) — Tr (Q'pQ*)

as A, A’ tend independently to . QED

In the remainder of this section, it is assumed
that J€ is the completed tensor product of Hilbert
spaces ®and ®,ie., =33 R Denoting the unit
operators in X, J vy 1, i, respectively, we define Q
to be the set of all closed, densely defined operators in
J that are affiliated to the algebra B(R%) ® 1. Thus @
is the subset of Q° that commutes with [ ® B(%);
ie, Q=1{0|0e@, A40c 04, VAecl® B(8)}.
The set of all closed, densely defined operators in ¥
will be denoted by Q.

Theorem 2.3:

() HQeQ,feR, 10 (£ 0)eR, and f® 1o € Dy
thenf®xeDQ,Ver%.

(i) If Q € Q, then Q induces an operator J in k,
suchthat e &, Dy = (f|feX,f® y€ Dy, vV y ¥},
and O(f® x) = (%f) ® 1
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(iii) If O € @, then' 3 a unique element Q of Q that
induces J in ®, as in (ii).

Thus, there is a bijective mapping of @ onto @ such
that each Q (e @) induces a unique operator O(e (5)
in J&. We denote this mapping by @ = @ ® 7, thereby
extending the definition of tensor product generally
employed for bounded operators.

Proof:
(i) Let A4 be the element of $B(J) defined by

/ilo = xa /‘fx& = 0’

where yi is the orthogonal complement of y, in de;
and let A = 1 ® 4. Thus

Af@r)=f®y VS ek

It follows from the definition of Q that, if Q € Q and
S ® xo€ Dy, then A(f® yx,) € Dy. Thus, by Eq.
(2.10), f@ yeDy.

(ii) It also follows from the same assumption that,
in view of Eq. (2.10),

Q(f® x) = QA(f ® x0) = 4Q(f ® x0)-

Further, Eq. (2.10) implies that 4¥ < ¥ ® x. Hence

AQ(f ® yo) is of the form g ® y where g € . Thus,
by Eq. (2.11),

(2.10)

@2.11)

oo =¢g®7 2.12)

Applying this result to the case where y = y,, we
find that 3 g, € J such that

A(f® %) =80 ® 0. (2.13)

Hence, by Eq. (2.11), A(gy, ® %) = g ® , and thus,
by Eq. (2.10), g®@x =g, ® g, ie., g=g,. This
implies that g is independent of y. Consequently, it
follows from Eq. (2.12) that Q induces an operator

0 in &, where { is defined by
Di={f|feR.fOpeD,,V yeky
ofe ) = (0N ez

It follows easily from this definition that, since Q € Q,
then @ is closed and densely defined in R, ie., Je a.

(iii) Let J € Q, and let Q' be the associated operator
in JE, defined by

N
DO'={”glfn®x"lfn€Da’ZnEJe’N< OO}

and

N N
Q'gfn®xn=§(gfn)®ln'

1871

Since @ is closed and densely defined in 3, it follows
from this definition that both Q' and its adjoint are
densely defined in J. Therefore, the minimal closed
extension? of Q' is (Q')** = @, say. Since I ® B(3)
commutes with Q’, it follows that it also commutes
with Q and, hence, Q € Q. Thus, Q is an element of Q
that induces J in .

Suppose that there is another element of @, namely
Q’, that induces 0 in J. Then it follows from our
definitions of Q' and Q that Q' < Q = Q”, which
implies that Dy.\ Dy is nonvoid, since Q" # Q.

Let y be a nonnull element of Dy.\ Dy, and let Q¥
be a complete orthonormal set of basis vectors in
3. Then we may express v in the form

p=Y f,©60,, with {6,}eV. (214
n=1

Let B, be the projection operator for 0, in %, and let
P,=1®P,. Then, since Q" €@ and ye Dy, it
follows that P,y = f, ® 6, € Dy.. Hence, since Q"
induces § in J (by definition), it follows that

Q”(fn ® Bn) = Q(fn ® 01:) = Ql(fn ® on)
= (0f) ®6,. @.15)

Let My = 3N P,. Then it follows from Eq. (2.14)
that

N
Myy=3 f,®0, (2.16)
1

and, therefore, by Eq. (2.15), that

N
Q'Myy = QMyy = Q'Myy = ;(an) ®40,.
2.17)

Further, since p € Dg., 0" €Q, and My e [ ® H(k),
it follows that MyQ"y = Q"Myy. Hence, by Eq.
2.17),
1Myl = IMxQ"yll < I1Q"yI
(since My is a projector), (2.18)
and

1OM 9| — QM y9l® = @M.y — QM yyl* (> 0),
for N < N' < o0. (2.19)

It follows from these last two equations that | QM ||
is a bounded nondecreasing function of N. Thus
|@Muy| converges to a finite limit as N — oo and,
consequently, by Eq. (2.19), QMyy converges
strongly as N - co. Further, it follows from Egs.
(2.14) and (2.16) that Myy — y, strongly, as N — 0.
Hence, since Q is a closed operator, y € Dy, . This con-
tradicts the assumption that y € Dy.\ Dy and thus
refutes the supposition that Q contains an element

other than Q that induces J in J.
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Corollary: Let Q (e Q) induce 0 (€ Q) in &; ie., and that

Q=0®1 Let

£(€3) =3 g, ®0,,

n=1

where {0,} belongs to the complete orthonormal basis

0 of Je. Then & ¢ Dy if and only if

N -~
{g.}eD and >Q0g,06,
1

converges strongly as N — oo, in which case

Q¢ =§1Q~gﬂ ®0,.
Proof: Let P, and My be defined as above. Then
Pl=g,®0,, (2.20)
Myé = gjgn @8, N<w, (2.21)
(2.22)

(s, J)-lim M & = &.
N-+w

We assume first that £ € Dg,. Then, since @ € Q, it
follows that {P,&} € D, and hence, by Theorem 2.3
and Eq. (2.20), that {g,} € D, and Q(g, ® 6,) =
0g, ®0,. It also follows that My& € D, and that
QMyE = MyQ&. Hence, by Eq. (2.21),

N

Since My is a projection operator and since {0} is
an orthonormal set, it follows from this equation that

N
g 108.1* = IMyQE)® < Q&) (2.24)

and

Z

102,12 = |IMy.Qf — M Q£ for N’ > N.
(2.25)

It follows from Eq. (2.24) that the sum X% ||Qg,|*
is bounded above and, therefore, converges to a finite
limit as N — oo, Consequently, by Eq. (2.25), MyQ¢&
converges strongly as N — oo and, hence, by Eq.
(2.23), 3V Jg, ® 6, converges strongly as N — 0.
Conversely, we assume that {g,} € Dy and that
>V 0g., ® 0, is strongly convergent as N — oo. Then
it follows from this assumption and Eq. (2.21) that
Myt e Dy and that QMyE (= 3V Og, ®8,) con-
verges strongly as N — co. Therefore, since Q is a
closed operator, it follows from Eq. (2.22) that £ € D,

AT

-

gt = S’;Hm QMNS = zggn ® en'
N-w o

QED

Theorem 2.4: let 0 =0 ®Tand Q' = Q' ® [ be
two elements of Q. Then:

(i) g*=0* oIy
(i) if @+ Q'€Q,then § + 0’ €@ and
Q+0=@0+0)ef
(ii) if @0’ € Q, then §0' € Qand 00’ = 30’ ®
) if g+ 0 e, thenQ+Q0 <c(@+0)0f;
) if 30’ €@, thengQ' < 30" ® I.
Proof:

(i) It follows from the definition of @ that, since
QeQ, then Q* Q. Hence, by Theorem 2.3, Q*
induces an operator S, say, in &, where §€ @; ie.,
0*=S® [ Letfe Dyandg € Dg. Then Q(f ® ) =
(@f)® x, and O*g® ) = (Sg) ® x. Thus, since
(fo1, 280 =(Q(f®),g®y), it follows
that ( f,WSg) = (Qf, g). Hence, S = Q* and, therefore,
Q*=0*0®l

(ii) Let Q" = Q@ + Q' € Q. Then it follows from
Theorem 2.3 that 0" = 0" ® [ (with 3" € Q) and that,
if ¥ is a nonnull element of %,

(feDy)<=>(f® e Dy)<(f® ye Dy N Dy)
@(fe Da ) Dél)@(fe D6+Q').

Thus Dy, = Dg,5 . Further, if f lies in this domain,
then

@Ner=00en=000n+ (o
=@+ 0V1®y
Hence, (0 + 0)eQand Q0+ Q' =@+ QN1
(iii) Let Q" = Q@' Q. Then it follows from
Theorem 2.3 that Q" may be expressed in the form

Q" = 0" ® I, with (" € @, and that, if y is a nonnull
element of 3@,

(fe Dg) <= (f®yxeDy)

<>{(f®xeDy) and (Q'(f® x) € Dy}

<{(feDy) and (J'fe Dy)}

<>(f€ Dyg).
Thus Dy == Dg.. Further, if f lies in this domain,
then

@Neor=0(on=02(f2
=0(@Nen=1Q0N®y.

Hence 3" = G0’ and, therefore, 00’ = (00") @ I.
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(iv) Let £€ Do, = Dy N Dy.. Then it follows
from the Corollary to Theorem 2.3 that, if
E=>g,®0,, with {0, }eq,
1
then

0t =3(0g) ®6, and Q=3 (0 @0,
1
these sums being strongly convergent. Hence
Q@+ Q)= ;(Q~ + 08, ®0,,

this latter sum also being strongly convergent. In
view of this convergence, it follows from the Corollary

to Theorem 2.3 that, if (0 + 0')e@, then &€
Dgriner and

(0 +0) e he =§(Q + 0, ®6,,

ie, (0 + Q)@= (Q+ Q)& VEcDy, o Thus
Q@+0)s(@+0)0Lifd+ 0 eq.

(iv) Let £€ Dy, ie., E€ Dy and Q'€ Dy, It
follows from the Corollary to Theorem 2.3 that, if

&= Zgn ®0,, with {6,}ed,
then '
Q’§ = gQ‘Ig’n ® 0’"

this latter sum being strongly convergent. In view of
this convergence, it follows from the Corollary to

Theorem 2.3 that, if 00’ € @, then

and 00t = 003,00,

3008, ©0,= (@0 © Dk,

V&€ Dy .
Thus Q' < 00’ ® [if Q' € Q.

Theorem 2.5: Let 0 =0 ® [(Qe @, Je@) and
let {E,} and {E,} be the families of spectral projectors
for Q*Q and 0*J, respectively. Let Q, = QF, and
0, = OF,. Then:

W) E,=EoI
(i) 9, = Qi. ® I
(i) if &ede, then &e€Dyy, if and only if
H(Q,l ® )& is a bounded function of 1, in which case
10, ® DEl < @ @ DEN, VA< 0
(iv)
(s, ¥)-lim (0, ® ) = [(s, ®)-lim §,] ® J;

A

QED

A—r©

() [(@y* @ 1— 0* ® I, strongly, on D, as

A — oo,
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Proof:

(i) Since Q €4, it follows from Theorem 2.4(i)
that Q* € Q. Hence I ® “B(JAe) commutes with Q and
0* and thus with Q*Q. Therefore, since 0*Q € Q°,
it follows that Q*Q € Q. Consequently, by Theorem
2.4(iii),

0*0=0*0®l
Since I ® “B(J@) commutes with Q*Q, it also commutes
with {E,}. Thus £, € B(#)®[I; ie., E, may be
expressed in the form

(2.26)

=E o]
where E’ efB(JL) Since E, is a projector in JC, it
follows that £/ is a projector in R.

It follows from the definitions of Q*Q and E; that
Q*QE;, E;0*Q, Q*Q( — E)), and (I — E))Q*Q €
Q. Hence, by Theorem 2.4(iii) and Eqgs. (2.26) and
(2.27),

(2.27)

Q*QE, =0*0F, I, EQ*Q=E0*00]
0Q*QU —E)=0"0U - Epol (229
(I-E)*Q=(1-E)J*0ol

Now the spectral projector E, is uniquely defined as
the projection operator for which

E;Q*Q = Q*QE,, Q*QE, L AE,,

Q*QUI — E) > (I — Ey). (2.29)
Hence, by Eqs. (2.27)—(2.29),
E0*0 < 0*0F;. 0*0F; < iE;,
O*0( — E) > xJ — E). (2.30)
Since £ is a projector, it follows from Egs. (2.30)
that £ = E.

Consequently, by Eq. (2.27), E, = E, ® I,

(ii) This follows from (i) and Theorem 2.4(iii).

(iii) This follows from (ii) and Theorem 2.1(iv).

(iv) This follows from (ii) and Theorem 2.1(v).

(v) This follows from (ii) and Theorems 2.1(vi)
and 2.4(i). QED

3. STATES OF PHYSICAL SYSTEMS

Let I' be a »-dimensional Euclidean space and let L
be the set of all bounded, measurable subsets A of T'.
We shall denote the Hilbert spaces of real square-
integrable functions on I' and A by £ and £,, respec-
tively. Points in I' will be denoted by x or y.

In the Fock representation of £, corresponding to
canonical commutation relations (CCR’s) or canonical
anticommutation relations (CAR’s), each element f of
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£ is associated with a pair of operators a(f),
a*(f) [= (a(f))*] in a complex Hilbert space Xy,
with unit operator I, such that

la(f), a*@))e = (f, 8)clF, la(f), a(g)l. = 0.
The space J, contains a ‘““vacuum vector” Qg,
possessing the property that a(f)(r =0, Vfef.
Further, the space J€; may be generated by repeated
application of the a*(f)’s to Qz. Thus ¥z may be
expressed as a direct sum

¥p =3 ® X5,

n=0

where 3 consists of scalar multiples of Qp and
where Je4* is the subspace of Xy generated by apply-
ing monomials of order n in the a*(f)’s to (. We
define E to be I in the case of CCR’s and to be the
projection operator for Dy, , ® %3 in the case of
CAR’s.

The Fock representation for £, may be embedded
in the above structure, since ¥ may be expressed as
a completed tensor product of Fock spaces #,and3,,
corresponding to A (i.e., to £,) and I"™\ A, respectively
(cf. Ref. 2):

(3.1)

Kp= Ry @Ry (3.2)
Let 1, and 1, be the algebras of bounded operators
in ¥, and 3, , defined by

U, =1, ® [, = [BFKy) ® L) N (Ep), (3.3)

where (Ep)’ is the commutant of Ep. Thus U, is the
von Neumann algebra generated, in the case of CCR’s,
by {expila(f) + a*()], exp [a(f) — a*(N]|feLa}
and, in the case of CAR’s, by even monomials in
{a(f), a*(f) | f€La}. We define U to be the norm
closure of Uy = UJaez Wa. Thus Uy is the algebra of
all local bounded observables, and UM is the C¥*-
algebra of quasilocal bounded observables.

It follows from our definitions that U, is isotonic
w.rt. A, ie., Uy 2 U, <= (A" 2 A). Further, U
has the property of local commutativity, i.e., U,
commutes with U, if A N A’ is void.

The set ' is unitarily represented in JCz by the
transformation group {Up(x)}. defined by

Up(x)Qp = Qp

and
Up(x)a()Up(x)" = a(fy), (3.4)
with
f z(y) Ef (y - x)'
Let

y A = Up(x)AUp(x)?, YA4ell. (@35)

Then it follows that

yqu = ul\+w ’ (36)
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where A + x is the set obtained by translating A
through x. Hence y,: U — U; i.e., {p,} is a group of
automorphisms of U, corresponding to translations in
I'. Further, it follows from Eq. (3.6) and the local
commutativity of U that this latter algebra is asymp-
totically Abelian w.r.t. I, ie., ||[y,4, Bl_|| -~ 0 as
|x] > 0,VA,Bell.

In certain cases, there is also a homomorphism =
of the real line 7 = {t} onto a group of unitarily
implemented automorphisms {r;} of . In such cases

T,A = Ve()AVR()?, 3.7

where {V;()} is a unitary representation of T. It will
be assumed that the automorphisms r,, when they
exist, correspond to time translations,

Let C be the state space of U. Thus C is the convex,
w*-compact set

{$lPecu* g(A*AH) 20, VA4el, [y = 1}.
The GNS representation of U, corresponding to the
state ¢, is a x-homomorphism R, of U into the

bounded operators in a Hilbert space §,, with cyclical
vector Q,. This representation has the property that

$(4) = (Qy, Ry(AQ,), VAU  (38)

We shall denote the projection operator for Q, by
E(Q,).

Let C,, be the set of all locally normal states on 1.
Then, if ¢ € C;, $, may be expressed® as a completed
tensor product

55¢ = 551\ ® 51\ (3-9)
of two Hilbert spaces $, and Ha, in such a way that
RMA,® 1) = WA, Wi @ 3,, VA, ell,, (3.10)

where W, is an isometry of ¥, onto $, and i A is the
unit operator in $, .
Let C be the set of all I'-invariant states on U, i.e.,

CL={¢|pcC d(y,4) = §(4),VAcl, xeT}.

Thus, if ¢ € C%, it follows® that the transformation
R,(A) = R (7,4) is unitarily implementedin $,, i.e.,

Ry(yA) = Uy(xX)Ry (A Uy(x)1, Uy(x)™! = Uy(x)*,
3.11)

and that

Uy(0)Q, = Q. (3.12)

We shall denote the projection operator for the sub-
space of $, spanned by all I-translationally variant
vectors by ET$(0), i.e.,

EN0)9y = (3| v€9,, Uy = v,V xeT).
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Let Cp be the subset of C% for which Uy(x) is
strongly continuous?® w.r.t. x in $,. We define & to be
the subset of Cy. for which Q, is the only -invariant
vector in §,, i.e., § = {¢ | eCr, E(Q,) = E40)}.
Thus & consists of I'-ergodic states on M. Further,
as U is asymptotically Abelian w.r.t. T, it follows!!
that &}, consists precisely of the extremal elements of
the convex, w*-compact set C..

In cases where the homomorphism r: 7 — {r;}
exists, we define

Cr={¢|PcC d(r,4) = §Ad),yteT Acl}.

Thus, €Y corresponds to the set of time-translationally
invariant states. It follows from our definition that,
if ¢€Cf, the transformation R, (4) — Ry(7,4) is
unitarily implemented in $,, i.c.,

Ry(mA) = V¢(t)R¢(A)V¢(t)—1,
V¢(t)_1 = Vd,(—t) = V¢(t)*, (3.13)
and that

Vi(Qs = Q (3.14)

We shall denote by ET(0) the projection operator for
the subspace of §, given by

{“/’l'l’5554n Ve(tyy =,V teT}

We define Cy as the subset of C}, for which V(¢) is
strongly continuous w.r.t. ¢ in $,, and we define &,
as the subset of C, for which Q, is the only 7-
invariant vector in $,. Thus &, is the T-ergodic subset
of Cp.

The subset of Cp that satisfies the Kubo~Martin--
Schwinger boundary conditions will be denoted by
Cgus- As shown by Haag et al. (Ref. 1), these con-
ditions may be reformulated as follows. Let f be a
D-class test function on T, and let f, be the associated
8-class function defined by

fi() =£0 dwf(wyexpw(l 4 it), 1eT. (3.15)

Then ¢ € Cgyg if and only if there exists a real positive
quantity 6 such that

j dfy(1Y(B(r AY) = f dt{(r,A)B) f1),

VA BeW feD. (3.16)

The quantity 8 corresponds to the inverse temperature
in cases where ¢ is a Gibbs state of the type formulated
by Haag et al.

The set of all factor states on U will be denoted by
3-' . The sets § N Cr. and F N Cp will be denoted by

Fr and F, respectively, and the convex hull of 3" r
will be denoted by F%. Thus Fp € &, Fr < &,
F§ < Cr, and Cgyg HST c Fp2
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We conclude this section with a definition and three
lemmas.

Definition 3.1: Following Kastler and Robinson,®
we define an M-filter'* as a set of functions h,(x),
where the index /€ T and where (i) A,(x) > 0, (ii)
Jrdxh(x) =1, (i) [pdx|h(x+ y)— h(x)]—>0
as [ — oo for any fixed y € I'. Then, if g(x) is a measur-
able function on I such that [ . dxh,(x)g(x) tends to a
limit g, as /- o0, and if g is the same for all M-
filters, we say that Mg(x) exists and is equal to g.

Lemma 3.1:

(i) If $ € Cr and Y1, 2 € 9 then M(%, Us(X)y3)
exists and = (y,, E O)py).
(i) If ¢ € Cp and Y1, Y2 €9, then

1 t

; Ldu(ipl s Vo(wa) — (v, Eg'(O)%) as — oo.

Proof: Ref. 13, Lemma 1.

Lemma 3.2: If ¢eFg, then U,(ix) — E;(0),
weakly, as A — o0, ¥ x # 0.

Proof: Let ¢ € F¢.. Then ¢ may be expressed as a
direct integral over F$. Thus, denoting the elements
of & by {¢,}, we have

4= ff b du(c), @3.17)

where y is a measure on the index set {«}. Corre-
spondingly,
(5¢9 Qd;s R¢9 U¢(x))

= ff ® du(@)($4,» Qg Ry, Uy (¥). (3.18)
r

Since ¢, € Fp < &, it follows that Q is the only
I-invariant vector in $,_ and, consequently,

E50) = f © du(@E(Q, ). (3.19)

Further, since ¢, is a I-invariant factor state on the
locally commutative algebra U, it follows from a
theorem due to Araki!® that

¢a((ylz-A)B) g ¢a(-A)¢a(B) as Z — 00,
VA, Bell, x#0

Hence, by Eq. (3.17) and Lebesgue’s theorem,

(3.20)

H(71A)B) — f dp(e)$(A)$(B) as A oo,
VA, Bel, x#0 (321
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By Eqgs. (3.8), (3.11), and (3.12), the ths of Eq. (3.21)
equals (U (Ax)R,(A%)Q,, R,(B)Q,) and, by Egs.
(3.18) and (3.19), the rhs of Eq. (3.21) equals

[F dﬂ(“)(Rqsa(A*)Q% s Q%)(Q% s R%(B)Q%)
JIr

= (Ry(A*)Qy , ELOIR,(B)2,).
Hence we may rewrite Eq. (3.21) as

(U (AR A%, Ry(B)Q,)
— (Ry(A%)Qy, E4(0)R4(B)Qy),

as A—> o, VA, Bell, x#0.

Therefor;, because R,(M)€2, is dense in $H, and
because ET(0) is a projection operator, it follows that
Uy(Ax) — E}(0), weakly, as 2 — o0, ¥ x % 0. QED

Lemma 3.3: Let ¢, be a vector state on 2 corre-
sponding to € 9, i.e., $4(4) = (y, Ry(A)y). Then
¢,€CLifpeCp.

Proof: Let ¢ €C;, and let 4 = 4, @ I, (€ Uy).
Then it follows from Eq. (3.10) and our definition of
¢, that

$o(4) = (v, WA W1 @ 5 )y).
Hence, proceeding as in the theorem of Ref. 4, we
find that there exists a density matrix o, in J¢, such
that
¢w(/TA ® Iy) = TYJ%A(GWZA)a v A, Eﬁ/\-

Thus, ¢, is locally normal.

Corollary 1: If $ € Cp and ¢ = ad, + (1 — )y,
with 0 < « < 1 and ¢,, ¢, € C, then ¢,, $, € C;.

Proof: Corresponding to ¢ = ad; + (I — a)ps,
we have
5:74; = 5¢1 ® 354,2’
R, =R, ®R,,,
and
Q= adQ, & (1 — a)3Q, .

Thus ¢,, ¢, are vector states corresponding to Q, ,
Q,, € H4 and, hence, if € C, then ¢, ¢, € C.
QED

Corollary 2: If ¢ € C;, N Cyr (resp €, M Cy) and if
¢ = ad, + (1 — a)p,, where ¢;, ¢, € Cp (resp Cp)
and 0 < « < 1, then ¢;, ¢, € Cp, N Cp (resp Cp N
Cyp).

Proof: This follows immediately from Corollary 1.

QED
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4. REPRESENTATION OF ALL LOCAL
OBSERVABLES

Let QY. denote the set of all closed, densely defined
operators in J¢z . We define Q, to be the subset of QY
affiliated to U,, ie, Q,={0]|0cQ%, BO<
OBV Be Uy}, and we define Q; = [Jaer Qa. Thus
U, (resp Uy) is the set of all bounded elements of @,
(resp @j). It will be assumed that the self-adjoint
elements of Q;, correspond to the local observables of
the system.

It follows from the above definition that @, is
isotonic w.rt. A, ie, (@42 Q)< (A2 A).
Corresponding to each @ € Q;, we define

To={A|AcL,Qeq,}.
Thus, in view of the isotony of Q, w.r.t. A, it follows
that,if AeXyand A" > A, then A e X,.

Let @3 be the set of all closed, densely defined
operators in 3, . Then it follows from Theorem 2.3
that Q, induces a subset @A of (‘?).‘}\ in J~€A, this subset
being defined!® by @, = Q, ® f,. Hence, if A € X,
then @ induces an operator §, (€ @A) in J~€A, where
Q =0A® ).

We extend the spatial and temporal translation

operators, v, and 7,, from U to @, by the prescrip-
tions

7@ = Up(x)QUp(x)7, (4.1)

7.0 =Vp()QVe(t), YvQ0el,. (42)

1t follows from Eq. (4.1) that, since E» commutes with
Ug(x), then y,Q, = Q,,, and thus 9,0; = @,. On
the other hand, Eq. (4.2) does not necessarily imply
that 7,Q; = Q.

The following definition serves to extend the repre-
sentation R, from W to U |JQ, in cases where

$eCp.

Definition 4.1: Let Q€ @y, A€, 0 = 0, ® 1,
and ¢ € C;,. Then we extend Eq. (3.10) from U, to Q,
by defining Ry(Q) = W 0 W1 ® J,.

Note: Since W, is an isometry of %, onto H,

it follows from Theorem 2.3 that R,(Q) is a closed,
densely defined operator in §, .

vQeQ,,
and

The next theorem [specifically parts (ii), (iii), (v),
(vii)] shows that Definition 4.1 provides a consistently
defined *-homomorphism R, of Q; into the closed,
densely defined operators in §,.

Theorem 4.1: Let ¢ € Cp and let @, Q' € Q; . Then:

(D) Ry(Q) = (s, Hy-lim,_, , Ry(Q,), with @, de-
fined as in Sec. 2;
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(il) R4(Q) is independent of the choice of A from
Zy in Ref. 4, Sec. 1;

(iif) Ry (Q*) = (Ry(@N*;

(iv} R(@)*) — Ry (Q%), strongly, on Dgyps) as
A o0

(V) if (Q+ Q)eQy, then Ry Q)+ Ry(Q) <
Ry (Q + 0);

(vi) if QQ' € @, then RU(QIR,(Q") S R, (QQ).

Proof:

(i) Let @, 0, Ox, and J,, correspond to Q, 0:,
Q and 0 2> respectively, of Theorem 2.5 (with &g,
¥,, and 36,\ corresponding to J, #®,, and JG) Since
g eq,, it follows from the definition of Q, that
g*, 0*Q, E;, and Q, € Q, . Since by Theorem 2.1(ii)
@, is a bounded operator (for 4 < o), it follows that
Q. € U, and, correspondingly, that J,, € U, . Hence,
by Theorem 2.5(ii} and Eq. (3.10),

Q,= QM. ® jA
Ry Q) = W, 0, Wit ® 5/\ . 4.4)

Since W, is an isometric transformation from 3~€A onto
$a., it follows from Theorem 2.1(v) that

(s, 5A);1imWAQ~Alwzl = AQHUAWXl-

4.3)
and

(4.5)

Moreover, we may apply Theorem 2.5(iv} to Eq. (4.4)
in the form

(5, Do-lmRyQ;) = [(5, 8- lim (WaQ0, W3] © i,

Hr 0

i.e., by Definition 4.1 and Eq. (4.5),
(8 Dy)-lim R,(Q,) = R(Q).

(i) Since R (Q;) € R,(A), it follows that R,(Q,)
is independent of the choice of A from X, . Hence,
by (i), R4(Q) is likewise independent of this choice.

(iii) Since Q@ = §, ® [, it follows from Theorem
2.4(i) and Definition 4.1 that

= Q: & il\ »
R (0% = W OrW ® Jns
and
(R Q)" = UANIOEEIE

Hence, since W, is isometric, Ry(Q*) = (R4(Q))*.

(iv) Since R, is a *-representation of U, it follows
from Eq. (4.4) that R, ((Q)*) = W (Fa)* Wil ®3,.
Hence, by Theorem 2.5(v),

R,((C)Y) — Ry(Q¥), strongly, on DR‘,;Q.;
as A co.

(v) Assume that Q, Q' and (Q + Q)€ Q. Let
MeZy, AyeXy, and Aye Zy,, .. Then it follows
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from the isotony of Q, w.r.t. Athat A, UA, U Az e
Xy NEy NZphi . Thus, denoting A U /L, U Ay
by A, we find from Theorem 2.4(ii) that

Q=QA®iA! Q'=Q'®im
0+ 0 =(@r+ 0001
Consequently, by Definition 4.1,

Ry(Q) = WO W3 ® Iy,
RYQ) = W\O\WR @3y,

and

and .
Rqs(Q + Q') = WA(QA + QI\)W};} ® 4.

Hence, by Theorem 2.4(iv), R,(Q)+ Ry(Q") <

Ry(Q + 0.
(vi) Similarly, it follows from Theorem 2.4(iii), {v)
and Definition 4.1 that, if 0, Q" and 00’ € Q,, then

Ry(QR4(Q") = Ry(QQ). QED
Definition 4.2:
(i) For ¢ € C;, N CY, we define
Ry(7,0) = Us(x)R,(Q)Us(x)7,
(i) For ¢ € C; N CY, we define
Ry(:Q) = V4 (DR, (DI ()71,

Y QeqQp.

vPed,.

Note: These definitions serve to extend Egs. (3.11)
and (3.13)for R(y, - ), R(ry - ) from Uto U U Q.
Further, these definitions are consistent with Defini-
tion4.1. For,if ¢ €C; N Crand Qe Qy, theny, Q.
It follows, from Eq. (4.1) and the definition of Q, in
Sec. 2, that (y,Q); = y,(Q,). Hence, by Theorem
4.1()) and Eq. (3.11), the value of R,(y,0Q) that
follows from Definition 4.1 is given by

(5, Sorlim Ry((.0))
= (s, 55¢)'ji~'m Rq,('}’mQA)
= (s, ﬁ@)’}im Ug()RHQ)U4(x)™

= U¢(x)R¢(Q}U¢(x)“1, .
in accordance with Definition 4.2(i). Likewise, Defini-
tion 4.2(ii} is consistent with Definition 4.1 in cases
where 7,0 € Q;, these being the only cases where
the question of inconsistency could arise.

Definition 4.3: For ¢ € C, we define
Ko =1{0]0€Q;,Q,€Dp 1}

Thus, it follows from this definition and Eq. (3.12)
that, if €€, N C} and Qe Xy, then y,0eX,.
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Likewise, if $eC, N C) and Qe X,, then Q €

DR¢“':Q) :

Definition 4.4:
(i) For ¢ € C; and Q, Q' € X, we define
G¢(Q*a Ql) = (R¢(Q)Q¢; R¢(QI)Q¢)-
(ii)) For ¢ e C;, N CY and Q, Q' € Xy, we define
GH(Q* Q' | x) = (Ry(r.0) , Ry(Q)2)
= (Ug(x)Rs(Q)2y, Ry(Q")2),
by Eq. (3.12) and Definition 4.2(i).
(iii) For ¢ € G, N C}, and Q, Q' € X, we define
Gg(2% Q' | D) = (Ry(r Q). RYQ)Q)
= (Vs(DR4(2)Q4 , Ry (Q)Q),
by Eq. (3.14) and Definition 4.2(ii).
(iv) For ¢ € C; N Cf and Q*, Q'* € X4, we define
F(Q', 0% | 1) = (R Q™) Ry(7,0*)Qy)
= G{(Q, Q'*| ».
Note: The above definition for G, (resp G, G3)

represents the correlation between Q (resp y.Q, 7.Q)
and Q’ for the state ¢. In cases where Q, Q" € U, then

G4(Q*, 0), G;(Q*, Q' | x), G3(Q*, @|'1) reduce to
$(0*Q), $((y.0*)Q), and $((=,2*)Q), respectively.

Lemma 4.1: If $ € C and Q, Q' €Q,, then:
(i) Q € X, if and only if
$((2)*Q2) [= [ RH(QDQ 7]

is a bounded function of A.
(i) If Q, Q' € Xy, then $((Q2)*Q}) — G4(2*, @),
as A, A’ tend independently to oo, and
IBU2D* NI L IRHD) Q] 1RG22l
(i) If € €Y and Q, Q" € X, then
$((v.00*Q;) — Gy (Q*, @' | x),
uniformly w.r.t. x, as 4, 4’ tend independently to o,

and [$((7,0)*Q < [R(DQll I RG(Q)2.
(iv) If $ € C% and Q, Q' € Xy, then
$((r:Q)*Q;) — G3(Q*, 0'1),
uniformly w.r.t. ¢, as 4, A’ tend independently to oo,
and
[((7.2)*Q:) < IRY(Q)S21l IRH(Q) Q-
Proof: As W, is an isometric transformation from
J, to H,, then
(i) follows from Theorem 2.5(iii} and Definition
4.1,
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(ii) follows from Theorem 2.5(iii), Theorem 4.1(),
Definition 4.1, and Definition 4.4(i),

(iii) follows from Theorem 2.5(jii), Theorem 4.1(i),
Definition 4.1, Definition 4.4(ii), and the unitarity of
Uy(x), and

(iv) follows from Theorem 2.5(iii), Theorem 4.1(i),
Definition 4.1, Definition 4.4(iii), and the unitarity of
Ve(t). QED

Theorem 4.2: If ¢ € C1, N Cyryg and if O, Q', Q%
Q’* € X, then the KMS boundary conditions may be
extended to GT(Q*, 0’| 1) and F3(Q’, Q* | ). Thus,
there is a real positive 6 such that:

(i) GZ(Q*, Q' | s) can be analytically continued into
the strip 0 > Ims > —6 and is continuous on its
boundaries;

(i) FF(Q', Q" |s) can be analytically continued
into the strip & > Im s > 0 and is continuous on its
boundaries;

(i) GT(Q*, Q|+t — i) = FF(Q', Q*|1), VteT.

Proof: Let ¢ € Cgys. Then, since Q,, Q) €U,
Vi, A < oo, it follows from Eq. (3.16) that

f O} (r Q)M ft) = f At (10" Q) filD)
YLV <o, feD (4.6)

Further, it follows from Lemma 4.1(iv) and Lebesgue’s
theorem that, if Q, Q' € X, then

( drg((r,0:)*Q1) fo() — f dtG3(0* Q' | nfo(®
as A, A —o0. (47)
Likewise, it follows from Lemma 4.1(iv), Definition
4.4(iv), and Lebesgue’s theorem that, if 0*, Q'* €
Ju,, then
f @ r QI — [dtFEQ, 0 D4l
as A, A — o0 (4.8)
Hence, by Egs. (4.6)-(4.8),
f dIFE(Q, Q* | Dfit) = f d1GE(Q*, @' | Dfi(e).
VfeD.
This equation is equivalent to the above-defined KMS
boundary conditions for G7 and F¥ (cf. Ref. 1). QED

Definition 4.5: 1f ¢ € C;, N C} and Cg is the space-

correlation function defined by
C.I;(Q*, Ql l X) = G;(Q*’ Q’ ' x) - Gg(Q*’ I)G£(19 Q’)’
V0, 0 €k,
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then:

(i) ¢ is said to be weakly clustering if, for all
Q, Q' e Xy, MCL(Q*, Q' | x) exists and is zero (M
being defined as in Definition 3.1);

(i) ¢ is said to be strongly clustering if, for all
Q, Q'eX, and x#0, Cp(Q* Q' |Ax)>0 as
A— o0,

(ili) ¢ is said to possess weak long-range order
(WLRO) if 3 @, Q' € X, such that MC,(Q*, Q' | x)
exists and is nonzero;

(iv) ¢ is said to possess long-range order (LRO) if
3 0, Q' € X, suchthat, forall x € I'\0, CJ(Q, @' | Ax)
tends, as A — o0, to a nonzero limit whose value is
independent of x.

Theorem 4.3:

(i) The elements of C;, N & are weakly clustering;
(ii) the elements of C; N & are strongly clustering;
(iii) the elements of C;, N (C\ &) possess WLRO;
(iv) the elements of C;, N (FE\F ) possess LRO.

Proof: Let @, Q' € X,. We define

S§Q*, Q) = ([E5(0) — E(Q)IR,(D)Q,, R(Q)Q,).
(4.9)

It follows from Lemma 3.2 and Definitions 4.4 and
4.5 that

MCYQ*, 0’| x) = S}(Q* Q), VéeCLNCr,
(4.10)

and it follows from Lemma 3.1 and Definitions 4.4
and 4.5 that

Cl(Q* Q' | ix) — S5(Q*, O),
Véel,nFe,xel\0. (411)

Further, it follows from the definition of & that
E4(0) — E(Q) = 0 if and only if ¢ €. Thus, by
Eq. 4.9),

’Sg(Q*a Q’) = 0, v ¢ECL ng[“

On the other hand, if ¢eC, N (C\ &), then
E%(0) — E(Q,,) Py, say, is a nonnull projection
operator in $,. Thus, since Ry(3,)Q,[2 Ry(U)Q,]
is dense in $y, it follows that P4R,(J,)€2, is dense in
the proper subspace P39, of H, and, therefore, by
Eq. (49), 30, Q eX, for which S$(0*, Q) [=
(PyR,(Q)Q,, P,R,(Q)Q,)] is nonzero.

In view of the fact that 5. < &, and FI\ IFT <
Cr\8p, it is evident that this result, together with
Eqs. (4.10)-(4.12), constitutes a proof of the theorem.

QED

(4.12)
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Remark: Suppose that

(i) €€, N Cp,
(ii) ¢ is invariant under some group G,
(iii) ¢ = ad, + (1 — a)p,, where ¢,, ¢, € C, and
1>« >0 and where ¢, and ¢, are not invariant
under G.

Then it follows from Theorem 4.3 that ¢ possesses
WLRO (possibly LRO). Thus we have a connection
between symmetry breakdown and (possibly weak)
long-range order. In particular, one may base the
theory of long-range order in a superfluid phase,
proposed by Penrose and Onsager'” and by Yang,'®
on the assumption of gauge symmetry breakdown.

Theorem 4.4: If $ € C;, N Cyp and C is the time-
correlation function defined by CT (Q* Q' ‘t) =
GE(0%, 0|1 — Gy(Q*, DG,(1, 0), 'V 0, Q' €Ky,
then

() if $ €6y,

to
}fdth(Q*,Q']t)—»O as to— o0,
0 (1]

V0.0eX,
and

(i) ¢ €Cp\ &y, then 3 Q, Q' € K, such that
ty ,
to—lfo diCT(Q*, Q' | 1)

tends to a nonzero limit as 7, — oo,

Proof: This is easily established, using Lemma
3.1(ii), by direct analogy with Theorem 4.3(i), (iii).

5. GIBBS STATES

We shall now extend the theory of Gibbs states, as
formulated by Haag et al.,! so as to include the
operators Q.

Thus, following Haag et al., we start by constructing
an increasing sequence {A,,} of subsets of T', such that
U. A, = T 1t follows from the isotony of U, w.r.t.
A that, if Aelg, then 3 n, (< ). We have 4 €
U, , ¥ n> n,. Hence, by Eq. (3.3),

A=ZA,‘®[A N Vn>n0. (5.1)

We associate with each A, a l-parameter group
{(Vi#i(t)} of unitary transformations of J@A and a

density matrix p'® in J€A Correspondingly, we define
a group-of automorphisms {r{™} of U,, and a linear
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functional ¢ on U, by

WA = VROA VPO 0 1, YAel,,,

5.2
and

¢M(A) = Trgea, (p™A4,), Y A€U,,. (53)

We assume that ¢ and 7{ have the following
properties:

(i) p™ commutes with V{#(r) and, thus, ¢ is
stationary w.r.t. 7{"):

$(r " A) = $(A);
(ii) for 4 € Uy, and fixed #, 7™ A converges norm-
wise in 5, as n — o0, to

T4 = Vp()AV(H ™,

where {Vp(t)} is a l-parameter group of unitary
transformations of J¢r, which is independent of A.
(iii) for 4 € U, the sequence ¢'™(4) converges,
as n — 00, to a quantity ¢(4), i.e.,
$"M(A)—> d(4) as n—>c0, YAl (5.4
The group!® {r,} and the functional ¢ can then be
extended from Uy, to U by continuity. We shall refer
to the resultant state ¢ as a Gibbs state, thereby
generalizing somewhat the sense in which this term
is usually employed.?
It follows from the above construction that ¢ € C},

and that (¢, r,) possesses the following properties
(cf. Ref. 1):

(@) if (¢, 7{”) satisfies the KMS boundary
conditions, V n > n,, then so too does (¢, 7,);
(b) ¢™((v{ A)B) — ¢((7.4)B) as n— oo, for fixed ¢,

VA Bel,. (5.5)

It will be assumed in the sequel that ¢ € C; .

We now incorporate Q, into this scheme. For this
purpose we note that, as Q, is isotonic w.r.t. A, it
follows that, if Q €qy, then 3 Ny (< oo) such that
A, eZy, Y n> N, Thus

Q= QA,, ® IAA,.a
Correspondingly, we define
"0 = VRO, IVEO © I, (57)
Let JC};” =Q, N A, where A, is defined as in
Sec. 2. Then it follows from Eq. (5.6) and the com-
mutativity of p™ with ¥{(r) that, if Q € X{, then
7mQ e K. It also follows that, if @, Q' € %§», then
TrJQA”(Qll\"P(”)QX") exists [cf. Eq. (2.6)] and, thus, we
may define

G{(Q@%, Q) = Trg, (Gap 0%

¥ 1> N,. (5.6)

(5.8)

G. L. SEWELL

and

G(n)T(Q* Q l t) _ G(n) ")Q*, Q’) (59)
It is evident from Egs. (5.3), (5.6), and (5.8) that
G™(Q*, Q') reduces to ¢™(Q*Q’) in cases where
0, Q' el;. Also, as V{#(t) commutes with p'®, it
follows from Egs. (5.7) and (5.8) that

GY(#MQ*, 7"Q") = GPN(Q*, 0), VYieT (5.10)
It follows from Eqs. (5.3) and (5.8) and Theorems
2.2(ii) and 2.5(ii) that
¢(n)((Ql)*QA) = G;"’((QA)*’ Q)
—Gy(Q* Q) as A— oo,
VQe Xy (511)

We now define X, to be the subset of N>, J{,‘"’
for which this convergence is uniform w.r.t. n.

Lemma 5.1: o5 = X, .

Proof: Let Q erd,. Then it follows from our
definition of this set that, given € > 0, 3 a finite L(e)
independent of n, such that, for n > N,,

[™((2:)*0,) — ¢ (Q)*ADI < e,
Y>> L. (5.12)
Moreover, it follows from Eq. (5.4) that, if 4 U,
and [¢™(A4)| < €, ¥ 1 > N,, then |¢ (4)] < . Hence,
applying this result to Eq. (5.12), with
= (Q:)*Qu — (Q)*Qs,

we find that

[$((21)*Qa) — HAN* AN KV V' > 4> L(e).
Thus $((Q;)*Q) converges to a finite limit as 4 —>
and, therefore, by Lemma 4.1(i), @ € X,. Hence,
K, < Ky QED

Lemma 5.2: If Q, Q' ef()d,, then 3 some finite n,
such that, for n > ny,

@ GM(Q*, Q) is uniformly bounded w.r.t. n and
(i) IG‘"’T(Q* Q' | )] is uniformly bounded w.r.t.
n and .

Proof:

(i) We shall prove this part of the lemma by showing
that, if @ € X, , then G{"(Q*, @) — G4(0*, 0) (< o,
by Lemma 5.1) as n — o0,

Let Q€ Jz,,,. Then it follows from the definition of
J~C¢ that, given € > 0, 3 a finite L(¢), independent of
n, such that

IGE(Q)*, Q) — G(”’(Q*, Ol <e, Vi> L.

(5.13)
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Further, it follows from Theorem 4.1(i), Definitions
4.3 and 4.4, and Lemma 5.1 that, given ¢ >0, 3 a
finite L,(¢) such that

[G((@D*, Q) — G40* Q) <&, VY Ai> Lye).
(5.1
Finally, since Q; € U, V¥ 4 < o0, then

GYM(Q)*, @) = $((Q)*Q)
and

G¢((Qa)*> Q) = #(2,*Q.)

and, thus, it follows from Eq. (5.4) that, given ¢ > 0
and 4 < o0, 3 a finite N(e, A) such that

leﬁn)((Ql)*9 Q) - G.p((Qz)*s @) <e Vn> N(A).
(5.15)

Hence, defining L,(¢) = | + max (L,(¢), L(¢)) and
N(e) = N(e, Ly(€)), we find from Egs. (5.13)~(5.15)
that

IGS(Q*%, Q) — G4(Q*, Q)| < 3¢, V n > N(e).

Thus, G{V(Q*, Q) — G4(@*, Q) as n— ©, as re-
quired.

(i) Let Q, O 63{>¢ Then it follows from Egs.
(2.6) and (5.8)—(5.10) that

1Gg"*(@* ¢’ | )]
= G(n)(f(n)Q* Q)
< 165°a10% M ORIG @, 0t
= 60", OHGP(@™, 0.
The required result follows immediately from this
inequality, together with part (i) of this lemma. QED

Lemma 5.3: 1f Q, Q' ejﬁd,, then
GETQD*, 0 | D — GT(Q*, Q' | 1),

uniformly w.r.t. n and ¢, as 4, A’ tend independently
to .

Proof: Let O, Q'€ X,. Then, by Theorem 2.5(ii)
and Egs. (2.9) and (5.8)-(5.10),

IGET((Q)* Oy | 1) — GYT(Q*, Q' | )]
= (G Q¥ 03) — GP((HMQ)*, @)
< [GPEMQ*, rmo)p
x [GU(Q™, Q) — G(Q)*, gt
+ 1657, PG (™%, 77Q)
_ G(n)(T(")(QA)* (n)Q )]é
= [G{(@* OPIGL (0™, 0) — G (@), gt
+ [G7(@* 0MHIGL Q% Q) — G (@)*, eIt
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Thus, by definition of X, the required result follows
immediately from this inequality, together with
Lemma 5.2(i). QED

Theorem 5.1: 1 Q, Q' € 3~Q¢, then:

(i) Gy(Q*, Q') — G4(Q*, @) as n — 0;
(i) GT(Q*, Q' | ) —~ G5(Q*, Q' | 1) as n— oo,
for fixed 1.

Thus, the theorem states that G, and G are thermo-
dynamical limits of the corresponding quantmes Gy
and G{7, for finite systems.

Proof: Since (i) is a special case of (ii), correspond-
ing to ¢ = 0, it suffices for us to prove (ii). For this
purpose we note that

1G5(@% Q' | — 6@ ¢'| 1)
<IGF@* Q' | ) — GI(@* Qx| I
+1G3U@)*% 2 | ) — GT(QD*, Q5 | 1
+1GT(@% 03 | B — GET(Q% @ | o).
(5.16)

Since Q;, Q; €, it follows from Lemma 4.1(iv)
that, given € > 0,3 K, and K, independent of ¢, such
that

IGS(Q%, Q' | — GI(QY* Qi | DI < e,
Yi>K, X >K. (517)

Further, since Q,, 0, € U;, V4,1 < oo, it follows
that

GFUQ* Q) | B = $(7.0)*C})
GETUQD*Y, 0y | 1) = $™(#™(0)*Q}).

Hence, it follows from Eq. (5.4) that, given € > 0,3 a
finite N(e, 4, 1', #) such that

IGETUQDY, Q3| ) — GTWQ)* Q1 | Dl < e,
V>N A, 0. (5.18)

Finally, it follows from Lemma 5.3 that, given
€ > 0, 3 finite L, and L, independent of n and ¢,
such that

IGETUQD*, Q4 | D — GIVT(Q%, Q| Bl < e,
YA>L, A >L. (519)

and

We now define

M, = max (K, L), M/ = max (K., L),
and

N(e, ) = N(e, M. + 1, M, + 1, 1).
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Thus, it follows from Eqgs. (5.16)—(5.19) that

IGT(Q*, Q' | ) — GF(Q* Q' | Nl < 3,
Vv n> N t),

which proves the theorem. QED

The next theorem provides a representation in $,
(more precisely on Q,) of local equations of motion

for elements of 3, subject to the following assump-
tion: The density matrix p™ (for any n > N,, say)
may be expressed in the form

0

(n) _
Pn —Ecanm"

r=1

>0, Sc,=1, (520)

where {E,,} is the set of 1-dimensional projectors
corresponding to an orthonormal set of eigenvectors
{wnr} of H™ the generator of {V(¢)}.

It is evident that this assumption is satisfied in the
case where the p™ are grand canonical density
matrices.

Theorem 5.2: If the assumption is valid, and if Q
and S are two elements of X, such that

i[H(n)! Q~An]—- = §An on {Wm-}r V>N, (521)
then

(W, H¢)- %Rd,('rtQ)Qd, = Ry(r8)Q,. (5.22)

Proof: Assume the above assumption and Eq. (5.21).
Then, if €,, is the eigenvalue of H™ for y,,, it follows
that

[Vy‘l)(t)]—lz/)nr = exp (— i€, )Yy, -
Consequently, by Eq. (5.21),

4 VPO PO
= VEOS VRO .. (5.23)

Let 4 € U;,. Then it follows from Egs. (5.7)-(5.9)
and (5.20) that

GT(Q* 4|

= 21 cm‘(V(F"‘)(t)QA,.[V‘Ig‘l)(t)]—lwnr’ ‘:fA,.y)nr) (524)
and
GMI(S*, A1)

=2 W (VEOSMIVEOI o, An,¥ar)- (5.29)
r=1

G. L. SEWELL

The sums in these last two equations converge uni-
formly w.r.t. ¢; for, since {y,,} are eigenvectors of H™,

2 el VRGNV O Y D)

S ( Zew 1000l®) ( Zow 1npurt)
and both of these latter factors approach zero as
N — o, since @, A4eX,. Hence, it follows from
Egs. (5.23)-(5.25) that, in view of the uniformity

w.r.t. ¢ of the convergence of the sums in Eqgs. (5.24)
and (5.25),

4
dt
Hence, using Eq. (5.9), we obtain

GT(Q*, A| 1) = G(S*, 4| 1).

¢
GLT(Q*, A | f) — GY(Q*, A) =J;duG;")T(S*, Alu).

In view of Lemma 5.2(ii), Theorem 5.1, and Lebesgue’s
theorem, it follows from this last equation that

GI(Q* A1) — GyQ* A) = f tdqu(S*, A|u),
i.e., by Definition 4.4, 0
(Ry(rQ)Qy, Ry(A)Q4) — (RYD)Qy, Ry(A)Q2y)
= L tdu(R,,,(qu)qu, R, (A)Q,). (5.26)

The derivation of this formula is valid for all 4 € U .
Hence, since R,(U;)€2, is dense in 4 and since

IR (e8Il = [ Ry(S)Ql

[by Eq. (3.14) and Definition 4.2(ii)] and is thus
uniformly bounded, it follows that Eq. (5.26) may be
extended by continuity to the form

(Ry(1,0)Qy, ¥) — (Ry (D)2, )
t
=J;du(R¢(ruS)Q¢, V), YyeH,.
Hence,

d
d_t Ry(m D)2y, ) = (Ry(7:5)Qy, y), YV pEDH,,

which proves the theorem. QED

Corollary: Let ¢ = ag; + (1 — a)d;, where 0 <
« < 1and ¢,, $,€Cyp, ie., (by Lemma 3.3, Corol-
lary 2) ¢, , ¢, € C, N Cy. Then, if ¢, @, and S satisfy
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the assumptions of Theorem 5.2, this theorem is also
applicable to ¢, and ¢,, i.c.,
d .
W= E R¢’(TtQ)Q¢j = R¢’(Tts)g¢j s fOI‘ J= 1, 2.
(5.27)

Proof: Corresponding to ¢ = ad; + (1 — a)d,,
we have

Do = D¢, @ Dg,»
Q, = «iQ, @ (1 — 0)iQ,,,
Ry =Ry ®R,,,

Vo(t) = Vi (1) @ Vi, (2).

Let P, be the projection operator from $, to Hy, -
Then, for A < o, 7,0, € I and thus

P1R¢(TtQ}.)Q¢ = “%R:»l("'th)Qm-

Hence, by Theorem 4.1(i), Definition 4.2(ii), and Eq.
(3.14),

PR, (1,0)Qy = o} R, (1,0)Q,,.
Likewise,

PiRy(1,5)Q, = aR, (7.5)Q,, .

The required result for ¢, follows immediately from
these last two equations and Theorem 5.2. Similarly,
we obtain the required result for ¢,. QED

Remark: This theorem and corollary are of signifi-
cance, for example, in the theory of broken sym-
metries. For suppose that the assumptions of the
corollary are satisfied and that

(i) Eq. (5.21) [and, correspondingly, Egs. (5.22)
and (5.27)] represents a local conservation law and

(ii) the symmetry associated with the corresponding
global conservation law is broken in the states ¢;.

Then the representation of the local conservation law,
as given by Eq. (5.27), may be used to derive®
Goldstone’s theorem for the states ¢; .

6. CONCLUSION

Our principal results are:

(1) If ¢ € C;, then R, may be extended from U to
Uy Qg, in such a way that R,(Q;) is a *-homomor-
phism of Q, into the closed, densely defined operators
in $, [Theorem 4.1(iii), (v), (vD)];

(1) if $ e C, N Cyus and Q, O*, Q', Q'* e X,
then the KMS boundary conditions may be extended
to G3(Q*, Q' | 1) and F7(Q’, @* | ?) (Theorem 3.2);
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(II1) if € €, N Crand Q, Q' € Ky, then the clus-
tering version long-range ordering of G;(Q*, Q| x)
are given by Theorem 4.3;

av) if ¢eC, NCyp and Q, Q' €Xy, then the
ergodic average of G (Q*, Q' | #) is given by Theorem
4.4,

(V) if ¢ is a locally normal Gibbs state and if

0,0 EJE,,,, then G4(Q*, @), GI(Q*, Q' | 1) are ex-
pressible as thermodynamical limits of corresponding
correlation functions for finite systems (Theorem 5.1);

(VD) if ¢ is a locally normal Gibbs state and if

Q and S are elements of J~Q¢ such that S is the time
derivative of Q, in the sense of Eq. (5.21), then the
equation of motion for v,Q may be represented on a
domain of $, that includes €, (Theorem 5.2).

Finally, as noted in the remarks following Theorem
4.3 and the Corollary to Theorem 5.2, these latter
theorems may be used to obtain significant general
properties of states with broken symmetries.
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Short Proof of a Conjecture by Dyson
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Dyson made a mathematical conjecture in his work on the distribution of energy levels in complex
systems. A proof is given, which is much shorter than two that have been published before.

Let G(a) denote the constant term in the expansion
of

X \%
F(x;a)=H( ——1) s Li=1,2,-,n,
i*j X;

where a,, a,," -, a, are nonnegative integers and
where F(x;a) is expanded in positive and negative
powers of x;, x,,°*, x,. Dyson! conjectured that
G(a) = M(a), where M(a) is the multinomial coeffi-
cient (a; + - -+ + a,)!/(a,! - - - a,"). This was proved
by Gunson? and by Wilson.? A much shorter proof
is given here.

By applying Lagrange’s interpolation formula (see,
for example, Kopal?) to the function of x that is
identically equal to 1 and then putting x = 0, we
see that

By multiplying F(x; a) by this function we see that, if
a;#0,j=1,---, n, then
) aj—l )

F(x;a)= Y F(x;a,,a5,"""
J

a; — lsaj+15“"an),

so that

G(a)=ZG(a1,-~,a,-_1,a,~ —l,a,, ", a,).
3

M
If a; = 0, then x; occurs only to negative powers in

F(x; a) so that G(a) is then equal to the constant term
in

FQxp, 0, x50, Xyp1s """ s Xps
al, ) ajfl’ aj+15 T, an)’
that is,
G(a)=G(als'.’9aj—1’aj+15”.,an)9 ifaj=0-
(2)
Also, of course,
G(0) =1 (3)

Equations (1)-(3) clearly uniquely define G(a)
recursively. Moreover, they are satisfied by putting
G(a) = M(a). Therefore G(a) = M(a), as conjectured
by Dyson.
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2 J. Gunson, J. Math. Phys. 3, 752 (1962).

3 K. G. Wilson, J. Math. Phys. 3, 1040 (1962).

4 Z.Kopal, Numerical Analysis(Chapman and Hall, London,1955),
p. 21.
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18 C. N. Yang, Rev. Mod. Phys. 34, 694 (1962).

19 As has been pointed out to the author, it might be desirable to
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to note that our subsequent theory of Gibbs states will still hold if
we replace assumption (i) by the following weaker postulate:
3 a l-parameter group {V4(f)} of unitary transformations of £,
such that )

V¢(t)Q¢ = Q¢, VYiteT,
and

P (BrymA) — (R¢(B*)Q¢, Va(ORp(A2y) as n— o0,
VA, Bell,, teT.
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In this case, the subsequent theory can be carried through provided
that, for K€ i U Qy, one always replaces Rg(r,K) by

(Re(K)); = Vy(OIR$(K) V(D).

20 The term *‘Gibbs state” is usually reserved for a state ¢, con-
structed according to the above procedure, in cases where the p'™
are grand canonical density matrices corresponding to the regions A,,.

21 Cf. D. Kastler, D. W. Robinson, and A. Swieca, Commun.
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the framework of local field theory, on the basis of an a priori
assumption that the relevant local conservation laws could be
represented on a domain of the GNS space that includes the
cyclical vector.
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Dyson made a mathematical conjecture in his work on the distribution of energy levels in complex
systems. A proof is given, which is much shorter than two that have been published before.

Let G(a) denote the constant term in the expansion
of

X \%
F(x;a)=H( ——1) s Li=1,2,-,n,
i*j X;

where a,, a,," -, a, are nonnegative integers and
where F(x;a) is expanded in positive and negative
powers of x;, x,,°*, x,. Dyson! conjectured that
G(a) = M(a), where M(a) is the multinomial coeffi-
cient (a; + - -+ + a,)!/(a,! - - - a,"). This was proved
by Gunson? and by Wilson.? A much shorter proof
is given here.

By applying Lagrange’s interpolation formula (see,
for example, Kopal?) to the function of x that is
identically equal to 1 and then putting x = 0, we
see that

By multiplying F(x; a) by this function we see that, if
a;#0,j=1,---, n, then
) aj—l )

F(x;a)= Y F(x;a,,a5,"""
J

a; — lsaj+15“"an),

so that

G(a)=ZG(a1,-~,a,-_1,a,~ —l,a,, ", a,).
3

M
If a; = 0, then x; occurs only to negative powers in

F(x; a) so that G(a) is then equal to the constant term
in

FQxp, 0, x50, Xyp1s """ s Xps
al, ) ajfl’ aj+15 T, an)’
that is,
G(a)=G(als'.’9aj—1’aj+15”.,an)9 ifaj=0-
(2)
Also, of course,
G(0) =1 (3)

Equations (1)-(3) clearly uniquely define G(a)
recursively. Moreover, they are satisfied by putting
G(a) = M(a). Therefore G(a) = M(a), as conjectured
by Dyson.

! F. J. Dyson, J. Math. Phys. 3, 140, 157, 166 (1962).

2 J. Gunson, J. Math. Phys. 3, 752 (1962).

3 K. G. Wilson, J. Math. Phys. 3, 1040 (1962).

4 Z.Kopal, Numerical Analysis(Chapman and Hall, London,1955),
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Degeneracy of the SU(3) Direct Product and the Symmetric
Representations of SU(6) > SU(3) ® SU(2)
M. RESNIKOFF*
Department of Physics, State University of New York at Buffalo 14214
(Received 14 August 1969)

The relation between a state of U(n) associated with an m-rowed Young diagram, m < n, and a state of
U(m) associated with an m-rowed Young diagram provides the basis for the symmetric state of U(mn) =
U(m) ® U(n). As an application, the state vectors associated with the irreducible representations of
SU(6) restricted to the subgroup SU(3) ® SU(2) are explicitly constructed for the symmetric repre-
sentation, and generalized to the case of a 2-rowed Young diagram. Expressions are given for the degen-
eracy of an SU(3) ® SU(2) state in SU(6), and the completeness of the obtained set of states is discussed.
The direct product of symmetric SU(6) > SU(3) ® SU(2) states implies a direct product of SU(3) states;
the operator which breaks the degeneracy of the “2-rowed” SU(6) = SU(3) ® SU(2) state is shown to
be Moshinsky’s operator X which breaks the degeneracy of the SU(3) direct product.

1. INTRODUCTION

The restriction of U(mn) to the product of subgroups
U(m) ® U(n), written U(mn) | [U(m) ® U(n)], has not
been extensively studied in the literature. The case
U(4) @ U(2) ® U(2) has been investigated,! but this
may be considered special because U(4) > 0(4) ~
0(3) ® O(3) is essentially the same problem and the
restriction of U(n) to O(n) is known.? Hagen and
Macfarlane® have studied the concept of plurality in
the reduction of SU(mn) with respect to the subgroup
SU@m) ® SU(n), and have tabulated the SU(3) ®
SU(2) subgroups for specific low-dimensional repre-
sentations of SU(6) useful in elementary particle
calculations, by means of the Weyl character formula.
We shall use their results in constructing the general
2-rowed state vector.

In the mathematician’s side of the ledger, Robinson*
discusses the problem of SU(mn) | [SU(m) ® SU(n)]
as the reduction of the symmetric outer product of
SU(m), SU(n) representations. However, no implicit
or explicit branching rules appear in his book; indeed,
Robinson takes note of the dearth of mathematical
literature on the subject.’

It is the purpose of this paper to examine the prob-
lem SU(6) | [SU(3) ® SU(2)] in detail, for a general
2-rowed Young diagram, and relate the results to the
SU(3) direct product. The technique employed may
be generalized, with all its attendant complexity, to
the general 5-rowed Young diagram.

There is one essential idea which will allow con-
struction of the symmetric SU(6) > SU(3) ® SU(2)
states from the SU(3) states and provide the basis for
much of the following analysis. The states |; a)
associated with an irreducible representation of U(n)
can be constructed of polynomials of the C, vectors
z;=(zt,-++,2z}), i=1,-+-,m, for an m-row

diagram of U(n). In terms of the vectors z,, the
generators of U(n) may be written®

m a
C*t=3 7 5
=1 0z

By contracting over the upper indices, the operators
C,; may be constructed:

wf=1,,n (L)

—, Lj=1,-,m (1.2)
The operators C;; and generators C** satisfy the com-
mutation relations of the unitary group. They also
commute; hence, the operators C,; may be used to
construct the invariant space labeled by the Young
diagram. Moshinsky® has proved that, if a state |4, «)
satisfies the conditions

Ciilz’a>=hill5m>9 i=1)"'9m
(no summation), (1.3a)
Cijlha)y=0, i<}j, (1.3b)

this state is associated with an irreducible representa-
tion of U(n). The symbol A represents the partition
A=y, -, 4,,0,---,0), where 1, are the row
overhangs, A, = h, — h,_;, A, = h,,; the symbol «
denotes the row labels.

Though the conditions (1.3) are sufficient to label
the invariant spaces, they are not necessary. It is only
necessary that the Casimir operators

C? = CR¥Chta. .. Cob1 . p =] -« m (1.4)

(unless otherwise stated, the summation convention
is always implied) on |4, o) be a constant

C? i, a) = 0”4, o),
where w? = f(4).

(1.5)
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This is what Schur’s lemma requires. So, whereas it
is true that if conditions (1.3) are satisfied, then Eq.
(1.5) is satisfied, the converse is not, in general, true.
This provides us with the freedom to use the operators
C,; as the generators of U(m), and construct the
symmetric representations of U(mn) > U(n) ® U(m).

This idea, in different form, has previously appeared
in the literature. Several authors’~?® have considered
upper and lower Gel’fand patterns to describe states
of the symmetric representations of U(n?), restricted to
the subgroup U(n); ® U(n),. The generators of
U(n), , correspond to the upper, lower indices of Eqgs.
(1.1) and (1.2), respectively. Brody, Moshinsky, and
Renero!! have used this decomposition to derive
recursion formula for SU(3) coupling coefficients.
In addition to what we believe is a rather transparent
construction of symmetric SU(mn) states in terms
of a full use of upper, lower indices, we will go on to
the more complicated SU(mn) states associated with
the 2-rowed Young diagram.

The construction of the symmetric states and
generators for SU(mn) | [SU(m) ® SU(n)] are dis-
cussed in Sec. 2. For the case SU(6) > SU(3) ® SU(2),
we explicitly prove that this state is associated with
the irreducible representations of SU(3) and SU(2).
In Sec. 3, we use the results of Hagen and Mac-
farlane® to construct the fundamental states,!?
products of which yield the highest weight SU(6) =
SU(3) ® SU(2) state vector associated with a general
2-rowed Young diagram. Formulas are given for the
degeneracy of an SU(3) ® SU(2) multiplet in a 2-
rowed SU(6) representation, and completeness is
discussed. In Sec. 4, an operator y is constructed
which breaks this degeneracy. We also denote a brief
discussion to the coupling coefficients of the direct
product of SU(6) = SU(3) ® SU(2) symmetric states.

2. SYMMETRIC STATES OF
U(mn) > U(m) ® Un)

The state vector |4, «) associated with an irreducible
representation of U(n) has been constructed by
Moshinsky,® using conditions (1.3). It has the general
form

A0, Bar) = |4, )
=2 C, (@A) - (A1),
fis
‘ 2.1

where A#y are the 2 x 2 antisymmetric forms,
2hzy — zyzl = AMy, A% are the 3 x 3 ant.isymmetric
forms, and C,  are constants. Each factor in Eq. 2.1
is a product of factors

n

()" = [T (=)"™* with 21 Ju=144,
“:

ol |
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and similarly for the other products, suitably ordered,
with 3%:  f, = 4, N, being the total number of the
ith antisymmetric forms. We introduce, in (2.1), the
notation |4; aff,,); the symbols o, § will both repre-
sent row labels, f;, being the maximum weight state.
The reason for this notation will be clear shortly.

We note - that condition (1.3b) on the general
polynomial of C,, vectors z, requires the antisymmetric
forms with lower indices appropriately ordered.
That is, we first have terms z, (suppressing upper
indices), then antisymmetric forms A;, with vectors
Z,, Z,, then vectors z,, z,, z, in the terms A ,;, and
so on,

The maximum weight state «,; may be obtained
from Eq. (2.1) by requiring

CP A ap, Bapp =0, a<B.
The general solution of Eq. (2.2) is

125 0000, Bard = Co(z)™(AD)* - - (A1), (23)
where C, is the normalization. We note that (2.2)
orders the upper indices, as condition (1.3b) ordered
the lower indices. The maximum weights «,, are
functions of the partition numbers 4,, the state vector
(2.3) is an eigenvector of the Casimir operators C?, and
(1.4), with eigenvalue w?, a function of the partition
A For p =1, 2, 3, the explicit expressions for w? in
terms of A have been calculated.!® Since the Casimir
operators C? commute with the generators C##, the
eigenvalues w” hold, of course, for the general state
(2.1). It is clear that there can only be m independent
Casimir operators C? for an m-rowed Young diagram
since there are only m independent numbers 4,.

We may define, in analogous fashion, the Casimir
operators C,,:

(2.2)

C.. - -C

izi3

c,=C p=1-",m (24)

(summation convention implied). Using (1.3), we have
that

iyt ipi1 ?

CylAsaprs Bar) = w, 1A 251, Ban)s (2.5)

where w,, (# w?) are also functions of the partition A.
Though the maximum weight state vector (2.3) is
symmetrical in the upper, lower indices, the Casimir
operators C?, C, differ as functions of zi, hence the
numbers w?, w, are not equal. However, C? may be
written as an explicit function of the operator C,,
p=1,---,m, or conversely, and w? may be written
as a function of the w,, p = 1, - - - , m. The invariant
space with respect to the upper indices is the same
as the invariant space with respect to the lower indices,
and this is represented in the maximum weight state
vector (2.3) with the same partition A.
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The Casimir operators C?, C,, and the operators C,;
mutually commute. We may operate to an arbitrary
weight state!* § with the operators C,;,

12 aar, B) = 2 dy (2 (A - S(Apn Y (2.6)
9ii

similar to the state vector (2.1). Because of the mutual
commutativity of the operators, this state satisfies Egs.
(1.5) and (2.5), and is associated with an irreducible
representation labeled by A. It satisfies condition
(2.2), so it remains a highest weight state a, in the
upper indices. We see then that (2.6) is a polynomial
of the C,, vectors zf = (zi,---,z%), i=1,"-,n,
C,; are the generators, and (2.6) is the state vector of
U(m).

Finally, it is possible to lower (2.6) from the maxi-
mum weight state a,, of U(n) to weight «. Since
C,;, C*f commute, the weight 8 is unchanged under
this operation. We thus obtain a state vector of weights
a, B in U(n) of m rows, U(m), respectively, in the
invariant space labeled by A.

The state vector of weight «, f is also the symmetric
state vector of U(mn), labeled by the 1-rowed Young
diagram. To see this more clearly, redefine the
vectors z7, as in Louck,?

i—1
(i )n+a=zn’ a=l,...’n’

2.7

The state vector (2.6), (2.3), or (2.1) may be written
in terms of the variables z*. The one Casimir operator,
the trace operator

=z i=1,,m,

=1, mn.

Tr= 2
0z*

acting on the general U(m) ® U(n) state vector,

(2.8a)
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yields the eigenvalue

w=2+24+- - +mi,.
All Casimir operators in the mn variables z* are
functions of this one number w. This is the symmetric
representation of U(mn).

We illustrate the previous remarks with the sym-
metric state vector and generators of SU(6) >
SU(3) ® SU(2), and explicitly show that the state
vector is associated with irreducible representations of
SU(3) and SU(2). The generators of SU(3) may be
written!s

I,=3(C" = C®), Y =§C"+ C? — 2C%),

I, = c® I = C21, cr Cal’ Cza’ Caz’ (2.92)
where C*# is given by Eq. (1.1) with m = 2. The
explicit SU(3) state vector is then
141255 o, Bap)
= N(4, )(—1)*

(2.8b)

(4 — 9)! p!

! BYALL A A2
X % (k)(lz —g—-k'[p—(— k)]!(zl) (A,
(2.9b)
where
() = (@R
and

(AR = (ARDHAD AR,
with row label « = (y, I, 1),
Y=—iQh+ )+ (@+9q, B=I0+1),
L=4le+p—9—r, I=32+p—9),
(2.9¢)

and r=0,---,2I,0<p<4, 0<Lqg< 4. Here,
N(A, @) is the normalization

m+ D!+ p—qg+ 1!

N, o) = (

The generators of SU(2) may be written

‘]0 = %(Cll - C22)9 J+ = Clg, J_ = C21,

)} ((21 —-r) !)i
P = +p+ D +rm—g+ D —p)) \ rt@2Dt )’

(2.10)

where C; is given by Eq. (1.2) with n = 3. We note that J, on the SU(3) state vector (2.9b) is zero, and J,
on (2.9b) is $4,, the highest weight. We may operate on (2.9b) with (J_)?,

r'(As — @) pl (A, — p)!s!

4403 ef) = N(—=1)*3,

where

K==k =kl —q— k) (r—k — k) (A — p — k) ky! ko kg

X (zD)7(29) (A", (2.11a)

(let)h—s = (Z})I)—(T—k)—kl(z§ r—k—kz(Z?)h—w-ka’

(28)° = (2" (2" (2D)",
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and s =k, + k, + k;. The normalization N is
N = NQ, &)[(} — )!/(A)! s!)2. From the form of
the state vector (2.11), we see that the row label o,
(2.9¢), remains the same. However,

Jo=®h—s=m 0<s< 2. (211b)

Finally, we may see that the state vector (2.11a) is
associated with the irreducible representations of
SU(3), SU(2), respectively. Define the unitary
transformations 7, 7V

(2.12a)
(2.12b)

L ——
T,z =upzl, i,i'=1,2,
TV:z)* = U*%2%, a0’ =1,2,3,

where U;;, U%? are the SU(2), SU(3) transforma-
tions, respectively. It is shown in Appendix A that

T, |30 B) = DEB(W) 14; 0, B,

where j = 4, and —j < # < j. It may also be shown
that

(2.13a)

TU M” ®, ﬁ) = “:Di’a(U) M'; 0(,’ /3>1

where o' = ()', I', I;), employing the SU(3) repre-
sentation matrices of this author.15-16
We may relabel the coordinates, as in Eq. (2.7),

(2.13b)

2=z z

2 3
1 1=2z
6
=1z z2=125 zZX=z% (2.14)

The state (2.11a) is then associated with the symmetric
representation of SU(6), with maximum weight
h = A, + 22,. The relabeled generators'” of SU(3)
in the restriction of SU(6) to SU(3) ® SU(2) are

IO = %(Cll + C44 — C22 —_— C55)’
C13 + C46’ C31 + C64’
I, =Cl24 5, I_=C%+C%, (2.152)
C23 + C56’ C32 + C65’

Y — %(Cll + C22 + C44 + C55 _— 2C33 —_ 2C66);
and the relabeled generators of SU(2) are

Jy = H(CM + C2 4 C%B — C14 — (55 — C86),
J.=CH 4 C»% 4 C%, J = C"+ C2+4 C%,
(2.15b)

where C#¥is given by (1.1), with m = 1. The operator
C;, [(1.2) with n = 6] is the trace operator, with
eigenvalue h. The generators of SU(6) > SU(3) ®
SU(2) for an m < 5 rowed Young diagram have the
form (2.15), with m < 5 in Eq. (1.1); and the opera-
tors C;; haven = 6,and i, j=1,-+-,m.

M. RESNIKOFF

3. POLYNOMIAL SU(6) = SUB3) ® SU(2)
STATE VECTOR

In this section, we construct the polynomial state
vector of highest weight in SU(3), SU(2). The method
of fundamental states, detailed in Ref. 1, allows one
to construct the general polynomial state vector of
highest weight from a knowledge of the low-dimen-
sional representations. In the case U(4) > U(Q) ®
U(2), the branching rules provided this information.
Since there are no general branching rules for the
case SU(6) > SU(3) ® SU(2), we use the results of
Hagen and Macfarlane,® particularly their Table I.18

Write the fundamental states S; as S; = (4,4
vy, i), where A4, are the overhang partition
numbers of a 2-rowed SU(6) Young diagram, v,
are the overhang partition numbers of an SU(3)
Young diagram, and u = 2j is the l-rowed SU(2)
Young diagram. The states S; are of highest weight in
SU(3) and SU(2). In terms of the generators (2.15),
the highest weight states of SU(3), SU(2) are

Iy= @, Y=301+2%), Jo=j=4iu (1)

Using an extension of Cartan’s theorem on highest

weights,'® we have

(1112; NV, /")(}“i}'é’ 'Vi?’é s :u’)
= (4 + Z{,Az + }“é; v+ v, v+ vé,‘u + u), (3-2)

since the weights are linear forms. A state is called
“fundamental” if it cannot be obtained from a product
of other fundamental states [using (3.2)]. We begin
with the lowest-dimensional representations of SU(6),
as given in Hagen and Macfarlane,® and obtain the
fundamental states S;, i=1,---,13, using (3.2).
The results are listed in Table I.

TasLe I. Fundamental states, S; = (4,4,;
vi¥s, i), where A;, v;, u are the overhangs of
the 2-rowed SU(6), of the SU(3), and of the

SU(2) Young diagrams, respectively.

S, = (10; 10, 1) S; = (02;02,0)
S, = (01;01, 2) Sy = (02;10,2)
Ss = (01;20,0) S, = (21; 10, 0)
S = (20;01,0) S = (12;01,1)
Ss = (11;00, 1) §11 = (03; 00, 0)
Se=(11;11,1) S12 = (03;11,2)

S = (22;11,0)

Products of the fundamental state vectors S, yield
the state vector

13
P'ni = H (Sk)"k’ ny Z 0. (33)
k=1
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TasLe II. Explicit polynomial fundamental states, where AY = zizi — zizi;
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iz; lower indices have been suppressed.

SB p— AMAZE + AIZAIG — A13A15

Sy =z, S;=A12 S;=A" § =71z%— z%z*

S5 = ZGA12 + 24A28 —_— ZSAIS’ SS = zl(A15 —_ A24) — 224A12

S7 = (A24)2 + (A15)2 — 2A12A45 i 2A14A25’

5‘9 = (Zl)2A55 + (24)2A23 + zlz:‘!Adﬁ —_ Z4ZSA13 + 2426A12 — ZIZ2A46

Sl() = Z4A23A24 + 25A13A15 —_ (ZSAIG + ZlA56)A12 + (Z2A4G + Z4A2[})A12 —_— (Z5A14A23 + Z4A13A25 + zaAl?Adﬁ)
Sll —_ AlZAIGASG + A23A34A45 —_ A13A15A56 —_ A12A26A46 — A23A24A46 — A13A35A45

+ AIGA‘“A:!S + 2A13A25A46 — 2A16A23A45 —_ A15A26A34
S12 o A12A15A16 —_— A13A15A15 + 2A13A14A25 — A13A15A24 + A14A15A23

—_ 2A12A12A46 — A12A16A24 — A14A23A24

SIS = (21)2A15A56 + (24)2A23A24 + ZZZA(AMAZS + A12A46) — 2128A24A24 + (21)2A85A45 + (25)2A18A14
—_ (21)2A25A46 —_ 2225A14A16 — 22124A12A56 + ZIZGAMA% — (24)2A12A35 — Z2ZSA14A45 —_ 22425A14A23

+ 2124A23A45

Using (3.2) and Table I, we see that the state vector
P, is of highest weight

Ay =ny + 2ny + ns + ng + 2ng + 19 + 2043,
Ay = ny + ny + n5 + ng + 2n, + 2n3 4+ ny

4+ 2n49 + 31y, + 3ng0 + 215, (3.4a)
v, = n; + 2ny + ng + ng + 1y + 1y + ny3,
vy = ny + Hy + ng + 2n; + nyy + nye + 1y, (3.4b)
2 =p =n + 2ny + ng + ng + 2ng + nyy + 2ny,.

The explicit polynomials S, may be obtained
using (3.1) and the fact that S; is of highest weight.
Thus, we have

(C13 + C46, C12 + C45’ C23 _l_ C56’ C14 + C25 + C36)
xS, =0 i=1--,13 (3.5

The explicit polynomials S; are listed in Table II.

Five conditions are imposed on the 13 integers n,
by Eq. (3.4), leaving eight integers independent.
However, products of polynomials S; are dependent
on other products, providing further conditions on
the integers n,. There is only one independent integer
n;, as we now show.

First, it is clear there should only be one independent
integer n,. In the restriction of SU(6) to [SU(3) ®
SU(2)] for a 2-rowed Young diagram, there exists six

independent Casimir operators, two in SU(6), two in
SU(3), one in the subgroup SU(2) contained in SU(3),
and one in the product SU(2) subgroup. In addi-
tion, there exists five independent linear operators in
this rank-five group. This provides a total of eleven
operators on the twelve coordinates z#,i=1,2,
u=1,-+,6, leaving one independent exponent.
On the other hand, products of polynomials S,
are dependent on other products. The explicit relations
between products are listed in Table III. These
relations imply conditions on the integers n;, since
whenever particular products occur, they may be
re-expressed in terms of others. The conditions are

g, Higs Mg, Mg = 0, 1. (3.62)
If both of the sets of integers [n;, n;] are nonzero,
the term must be re-expressed as

[(ny, ns, ng, ng, My, Nig), By,),

[(ny, 15, ng, ng, nyy), ny3l,

(3.6b)

[n4, ngl, [na, ngl, [ng, nyl.

Finally, if all three of the integers n, , n;, 1, arenonzero
or if n; > 2, ny; #0, the product must be re-
expressed.

Imposing these 20 conditions on the polynomial
P, (3.3), we may classify the polynomial state

TasLE III. Relations of products of fundamental states.

(56)2 = (S12S; — 485,855,
(S10)? = (85)28; + 45,5511
S:1512 = SeSs + 25,5555
S§5812 = — (8810 + 25.5.511)
SeS12 = 25,83510 + 51575
81813 = 885 — 28538,5;
85813 = SpS10 + 251581
SeS13 = 51575 + 2538510
S48 = $(S5:8s — S1510)
S28s = — (5585 + Slsll))

(Sp) = 57(39)2 — 4(82)%8:S1;

(S13)* = S,(Sy)* — 4(54)253511

$9S12 = _Sssssm + S1S6S11

S10812 = "(555755 + 28:86511)

S1a812 = —45,5:5:511 + 5:5:8, — 25,(S55)%S;

S10515 = 855759 — 2845651,
SsS13 = 8385810 + S1S6S11

SeS10 = — (52815 + S4512)
(Sl)zsll = Ssss - 53(35)2

8$18:87 = — 8,515 + SaS12
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vector into six cases:
(1) ng=1, ny, n,, nyg =0,

exponents: mngn,, nyNg, Hyhy, Hallyy;
2) nmo=1,ng,n,, =0,

eXponents: myngh, , Nyitg, Nyhy, Nghiy;
(3) ma=1,n,n5,n6, 05,01, n3=0,

eXponents: nyg, Hattghaly, ; 37
Mg =1, ny, ng, ng, ng, Ny, N1y =0,

exponents: nyng , Hahghalty,;

4

(5) ng, ny, nyz, ny3 =0,
exponents: mykgh, , Hallg, Hylg, Hallyy;

(6)

Mg, Myg, Nyp, Nyg = 0,
eXponents: n Ny, My, NyNg, AN, .

For cases (1), (2), (5), the imposition of the conditions
that n,, ng % 0, ny, ny # 0, and n,, ng, n, # 0 be
eliminated reduces the number of independent
integers to six. If the term n, > 2, n;; # 0 is present,
the number of independent integers is five. Using the
five conditions (3.4), we see that cases (1), (2), (5)
have, at most, one independent integer. In cases (3),
(4), the imposition of conditions n,, ng # 0 or n,,
ny % 0, and (3.4), implies no independent integer n,.
These two cases are nondegenerate. Equations (3.4) to-
gether with the conditions (3.6) provide the branching
rules for SU(6) | [SU(3) ® SU(2)], that is, which rep-
resentations (v,%,, #) can occur, with degeneracy
g5 v1ve, ).
To show that this prescription gives a complete set
of states, it is necessary to show that
N, = Z g(AAy; vivy, WN,,," N,
Vil
=3 g(hds; vy, W + D(v2 + 1)

X (0 + 7 + (u + 1), (3.82)
where the dimension of the 2-rowed SU(6) repre-
sentation N, , is

Nz = @U5Y700 + DA + Dy + 4, + 2)
X (A + 2)(4, + 4 + 3)(4; + 3)
X (A + Ao + (A2 + (4 + 43 + 5).
(3.8b)

We then substitute Eqs. (3.4b) into (3.8a), and sum
the integers »;, subject to the conditions (3.6). This
has been carried out for special cases, up to the case
My=3,0,=6,N,, =168, 168and 4, =5,4, =5,
N e = 206, 388. These representations are rather
large, so the completeness js assumed to hold for
general 4, 4,.

The method of constructing the highest weight
polynomial state vector, outlined in this section, may
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be generalized to the case of a 5-rowed SU(6) repre-
sentation. It is straightforward to construct the
fundamental states S;, but the difficulty arises in
determining the dependence relations of Table III.

4. DIRECT PRODUCT OF SU(6)
SYMMETRIC STATES

The general highest-weight polynomial state vector,
associated with the 2-rowed representation, may be
written

[A1Ae; vypas) = 3 A, (T)P,,, (4.1)
where 7 is a parameter which labels the g-degenerate
states and A, (7) are arbitrary coefficients. The
polynomials P, are not orthogonal with respect to
the inner product; however, the states (4.1) may be
diagonalized with respect to an operator y which
breaks the degeneracy. The method of construction
of such operators y is the same for U(n) | O(n),?
U4) | [U(2) ® U(2)],! and the present case, and so we
will discuss the problem in qualitative terms.

As shown in Ref. 6, the degeneracy in the direct
product of SU(3) representations SU(3), x SU(3),,
(¥172) ® (vsv,), may be broken by means of an
operator y. If we label the state vectors with the
operators C,;, ij =1, 2 [Eq. (1.2) with »n = 3] for
the first state vector in the direct product and i, j =
3, 4 for the second, then we may form the operators
C,, pw=1,++-,4, which operate on the direct-
product state vector. The Casimir operator for the
direct-product state vector

Co=Cpuu,Crpuy» tape=1,-,4, (4.2a)
may be written®
Cy = C2(3)1 + Cy(3), + Cy(R), (4.2b)

where C,(3), is the quadratic Casimir operator for
space ““1,” Cy(3), for space “2,”” and C,(R), a quad-
ratic operator which commutes with the operators
C,,. The cubic operator Cg may be expressed as a
sum of operators Cg(3);, C3(3), [and also C,(3),,
C5(3).] plus two additional operators constructed of
C,, that commute with the C;(3);, Ca(3); operators
and the generators C*¥. The direct-product state
vector may be diagonalized with respect to one of
these operators, Moshinsky’s operator® .

Alternatively, it has been shown by Hecht® that
the operator y on the direct-product state may be
expressed in terms of a mixed product of generators
acting on spaces *‘1,”” *“2”":

2 = (CPQ)C*(1) + C*=(1)CP*(1))C*(2),
whpu=1,23 (4.3)
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where CP#(1), C##(2) are the generators on the spaces
“1,” “2,” respectively, and afiy =1, 2, 3.

We consider now the operator y which breaks the
degeneracy of SU(3) ® SU(2) multiplets in SU(6).
For the symmetric representation of SU(6), the
SU(3) ® SU(2) multiplets are nondegenerate. We
may construct, as in (4.2a), the SU(6) quadratic
Casimir operator

C? = CHChan (4.4)

which takes the form of (4.2b), a quadratic SU(3)
plus a quadratic SU(2) Casimir operator, and a
quadratic operator C?(R) constructed of the remaining
SU(6) generators. The operator C%(R) commutes with
the SU(3), SU(2) quadratic Casimir operators, but,
similar to (4.2b), is already diagonal with respect
to Eq. (4.1). The cubic SU(6) Casimir operator C®on
the symmetric representation reduces to a sum of
Casimir operators C®, C? on SU(3), C? on SU(2),
plus operators C3*(R), C*(R), all diagonal on the
symmetric state vector.

If the state vector (4.1) is associated with a 2-rowed
Young diagram, the cubic Casimir operators break up
as before, but C3(R) is now in two parts C3(R), , C3(R),
(on the symmetric representation, to within the
Casimir operators, these operators are the same).
Either operator C3(R),, i =1, 2, may be used to
diagonalize (4.1) and determine the coefficients
A,,(7). This operator may be constructed (modulo
Casimir operators) as the cubic operator contracted on
the U(2) lower indices C;; (before relabeling).

Alternatively, in terms of the SU(6) generators, we
may see that the operator y has the form (4.3). The
SU(6) generators, according to (1.1) with m = 2,
may be written

C¥ =C*1)+ C¥2), a,f=1,-"-,6, (4.5
where C*(1) [C**(2)] is constructed of C, vectors
z}(z3). The cubic Casimir operator may be written
C = C%(1) + C*(2) + 3CH#4(1)CH(1)C3(2)

+ 3CH(1)CHR(2)CHH1(2).  (4.6)
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The last two terms have the form of X, Eq. (4.3),
up to Casimir operators.

If we consider the 2-rowed SU(6) = SU(3) ® SU(2)
state vector as the direct product of SU(6) symmetric
states, SU(6), x SU(6),, with generators C*(i), af =
l,---,6 and i = 1,2 for the two spaces, then the
generators have the form (4.5), and our operator y
is exactly Moshinsky’s operator X (modulo Casimir
operators).

Given the orthonormal state vector (4.1), it is
a straightforward matter to calculate the coupling
coefficients for the nondegenerate direct product

(1190’. v 50) X ()‘2909"' ,0)

= z (}‘39 Mg, 0, 90) (47)
of SU(6) > SU(3) ® SU(2) representations. We out-
line the steps. According to Bargmann?®? (or Ref. 15),

it is necessary to construct an orthonormal polynomial
h, invariant under SU(6) transformations U,

T = h.

Then, h may be written

A A )
h — { 1 2 :-hus} M , o ﬂ )
z “1}31 o‘2I5'2 o‘31337' S

X |4y, aofls) |Astts, 2afly),, (4.8)

where { } is the 31 coupling coefficient, which may
be obtained explicitly by taking the inner product
(see Appendix B) of 4 with the 3-state vectors on the
right of (4.8). The problem, then, is to find an invariant
h. We state the result,

h=A (22" )z - 2)"[(z, X zy) 534)]"3
kylky! ky!

, (49

where A is the normalization calculated in Appendix
B. Finally, it is necessary to take the inner product of
h, (4.9), with a product of the state vectors |4,a;8,) x
[42258:) [Eq. (2.11a)] and {A3us; o, f3), [Eq. (4.1)],
to obtain the 34 coupling coefficient.

APPENDIX A: SU(2) IRREDUCIBLE REPRESENTATION

The explicit polynomial state vector for the symmetric SU(6) > SU(3) ® SU(2) representation is given by
(2.11a). The SU(2) transformation T, , defined in (2.12a), may be written

an

z/* = u,z%, where u = ( a”). (AD
. dzy Qg
We wish to prove
T. |4 ) = Djy(u) |3 af’), (2.13a)
1A — ! D! (A, — D)! 5!
T, M,OC13>= N(_l)qzr.(}sz D' pl (4 P)S(A,I,; “PZ:m‘Sf.',vx‘- (A2)

@, K

v k’(lg—q—k)’
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where
P®

Ak

M. RESNIKOFF

= (a1) " H(@12)"(021)° " (@22) (21" T (22) " (2D (25 (2D (D)

Sg,-‘:c,- = E [ay! (oy — kg — a)! ey — ap)! (ks — k1 + a)! ap! (2 — ky — ap)! (kg — a2)! (ko — k2 + az)!]—l

ai
k1.k2

X [(M—al—az)!(aa“‘s+k1+k2+al+a2)!(K3—al+a2)!(5_k1“‘k2“K3"a1—'az)!]—1

andoy=p—(r—k),oe=r—k,a3=»4

1

— P, K1+ Ky + K3 =

@ + v = 5. By use of the binomial relation

(a+ b+ o)

gs!(a —) b=+

the coefficient S%> becomes (let »" = 5" — u’)

albl(a+ )b+

(A, — s)!s'!

St

K T

w0y — k)t sl (o — 1e)! k3! (a3 — K3)!

pUE =l s~ (5" = @]t (h — s =)

If we insert this result into (A2) and compare with (2.12a), we have (2.13a).

APPENDIX B: NORMALIZATION OF
INVARIANT 4

The inner product of 4 may be calculated from the
generating function
O = > hritriiey
ki
= exp {r1(2s ' Z) + 7o(z1 " Z)

+ 73(z1 X zp) '534} (B1)
(@, @) =3 (h, b TT 75 (B2)
= f duay €xp (A4), (B3a)

where
A =1(zy" Z3) + 7o(21 " Z5) + 73(z1 X 25) "Dy
+ 712y - zg) + 72, z5) + 7oz X z2) A34

(B3b)
and
dugy = exp (—z8 - 28) T dxi dyt,
i.a,p
a=1,--+,4 f=1,---,6. (B3c)

The exponent 4 may be written in the form
A=a; 23+ ay 23+ by "Dy + by Aau
using the results of Ref. 15, integrated to give

fd,“m €Xp {[al * 3y — (ay " by)(ay - 2)]/(1 — by - bz)}
(1 —b;- bz)
(B4)
where
ay = T{Zy + 7321, dy = TeZp + TaZ1,
by = 713(z; X z5), by = 74(z1 X zy),
f By 1 (B)"
(cb,cb)—fdum b b
1(n+r+4)
= ————— [ (B)™(by - by) duy,,
3R (B b du

(B3)

where
_ (rizg + m321) (7125 + 7520)

1 — Fira(zy, X 25) (21 X 22).

To calculate the integral in (B5), we form a generating
function, as in (B1),

N ULLALD

and take the inner product of ¥ with respect to z,,
expand out again, form a generator, and take the
inner product with respect to z,. The result is

(@', @) = 3 (h, b) TT (r,.7)",
where " "
~=(h,h)
— A+ ps+ (A3 +ps + D! (ps + D!
g (A, — pa)! (e — pg)! (g + 4)1 41517
(B6)

This is the normalization A in Eq. (4.9).
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An eikonal approximation for nonlinear equations is derived from an expansion in powers of space
and time derivatives. For the special case of one dependent variable, the method is equivalent to an
averaging method proposed by Whitham and derived by Luke. A general solution for each order of
the expansion is obtained and discontinuous sotutions are discussed.

1. INTRODUCTION

Whitham!2 has proposed an averaging method for
treating nonlinear equations. It is based upon the
existence of periodic wavetrain solutions, for which
the rapid oscillations are averaged out to give equa-
tions for the relatively slow and smooth variation of
the wave vectors and frequency. In the first instance,
these equations were obtained by averaging conserva-
tion laws, but later it was shown that the theory
could be expressed more simply in terms of an
averaged Lagrangian.?

The derivation of the method has been considered
by Luke,® who used an expansion procedure which
had been applied to ordinary differential equations
by Kuzmak* and which amounts to an extension of
the eikonal approximation to nonlinear equations.*
This work is of interest not only for the development
of the theory of nonlinear equations, but also because
the eikonal approximation arises frequently when
there is a change of level of approximation or of
physical understanding.

However, it is clear that a further study is required
since part of Luke’s derivation® referred to one
particular differential equation only and, in a more
general case, was restricted to second-order equa-
tions in one dependent variable, and it was found that
Whitham’s approach was “by no means evident from
the above expansion method,” but required a studied
rearrangement of the equations.

The purpose of this paper is to give a more general

discussion of the expansion procedure and to make
certain extensions of the method, most particularly to
include the important case of several coupled fields.

Two derivations will be given. In Sec. 2, the special
case of one dependent variable will be considered, and
it will be shown that, if one works with the conserva-
tion laws, both of Whitham’s formulations®2 follow
very simply. The content of this section is essentially
the same as Luke’s derivation,® but it is made clear that
it is Hamilton’s principle which permits the use of an
averaged Lagrangian approach.? It is also shown that
there is an alternative to the averaged Lagrange
equations, which may be easier to use in practice.

In Sec. 3, the procedure will be extended to cover
the case of coupled fields. This is accomplished by
introducing several phase variables, and it allows us to
consider problems in which there are ‘“pseudo-
frequencies” -5 and to calculate the scattering of waves
in the eikonal approximation. The approach used in
Sec. 3 is slightly different from that of Sec. 2. There
are circumstances in which Lagrange’s equations and
the conservation laws are not equivalent, When the
former are more fundamental, the derivation of Sec.
3 should be used; otherwise, the approach of Sec. 2 is
necessary.

In Sec. 4, the higher-order equations are discussed in
detail and, for one dependent variable, a general solu-
tion is found. Section 5 contains a discussion of dis-
continuous solutions.

No applications will be considered in this paper,
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1. INTRODUCTION

Whitham!2 has proposed an averaging method for
treating nonlinear equations. It is based upon the
existence of periodic wavetrain solutions, for which
the rapid oscillations are averaged out to give equa-
tions for the relatively slow and smooth variation of
the wave vectors and frequency. In the first instance,
these equations were obtained by averaging conserva-
tion laws, but later it was shown that the theory
could be expressed more simply in terms of an
averaged Lagrangian.?

The derivation of the method has been considered
by Luke,® who used an expansion procedure which
had been applied to ordinary differential equations
by Kuzmak* and which amounts to an extension of
the eikonal approximation to nonlinear equations.*
This work is of interest not only for the development
of the theory of nonlinear equations, but also because
the eikonal approximation arises frequently when
there is a change of level of approximation or of
physical understanding.

However, it is clear that a further study is required
since part of Luke’s derivation® referred to one
particular differential equation only and, in a more
general case, was restricted to second-order equa-
tions in one dependent variable, and it was found that
Whitham’s approach was “by no means evident from
the above expansion method,” but required a studied
rearrangement of the equations.

The purpose of this paper is to give a more general

discussion of the expansion procedure and to make
certain extensions of the method, most particularly to
include the important case of several coupled fields.

Two derivations will be given. In Sec. 2, the special
case of one dependent variable will be considered, and
it will be shown that, if one works with the conserva-
tion laws, both of Whitham’s formulations®2 follow
very simply. The content of this section is essentially
the same as Luke’s derivation,® but it is made clear that
it is Hamilton’s principle which permits the use of an
averaged Lagrangian approach.? It is also shown that
there is an alternative to the averaged Lagrange
equations, which may be easier to use in practice.

In Sec. 3, the procedure will be extended to cover
the case of coupled fields. This is accomplished by
introducing several phase variables, and it allows us to
consider problems in which there are ‘“pseudo-
frequencies” -5 and to calculate the scattering of waves
in the eikonal approximation. The approach used in
Sec. 3 is slightly different from that of Sec. 2. There
are circumstances in which Lagrange’s equations and
the conservation laws are not equivalent, When the
former are more fundamental, the derivation of Sec.
3 should be used; otherwise, the approach of Sec. 2 is
necessary.

In Sec. 4, the higher-order equations are discussed in
detail and, for one dependent variable, a general solu-
tion is found. Section 5 contains a discussion of dis-
continuous solutions.

No applications will be considered in this paper,
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and the reader will find that reference to Whitham’s
work®% will make the argument more readily
understandable.

2. THE EXPANSION IN LOWEST ORDER
It is assumed that the equations under consideration
are Lagrange’s equations for the functions v,:

2L i
Ox; (a(au,/ ox,) o,
Here, r=1,2,-+-,m, and L is the Lagrangian
density

2.1)

L= L(v,, a_u, , x,-). 2.2)
0x;

The summation convention is assumed for the sub-

scripts i, which run over the values 0, 1, 2,--+, N.

Usually, we have in mind N = 3, with x, equal to the

time ¢ and (x;, x;, xg) representing three space

coordinates.

The Lagrangian density given in Eq. (2.2) is suffi-
ciently general for most applications. The use of
several unknown functions v, allows us to consider
systems of coupled equations and also equations
which are of more than second order, provided it is
possible to define a higher derivative of a function
v, as a new function v, and still write the equations in
Lagrangian form.

If L does not depend explicitly upon x,, Egs. (2.1)
frequently have periodic wavetrain solutions of the
form

v, = u(0), (2.3)
with

6 = kx,. 2.4
The k,; are constants, and the entire dependence of
u, upon the x; is contained in the phase function 6.
When x, is the time, (—k,) is the frequency and, in
three space dimensions, (k;, k2, k3) is the wave vector.

Substitution of Eqgs. (2.3) and (2.4) into Eq. (2.1)
gives

3( oL AL
9 iy 2.5
ae(a(aus/ae)) o (2.5)
where
0
I = L(u‘:, k, %;‘) (2.6)

Equations (2.5) are m ordinary differential equa-
tions for the functions u%(6), and they are Lagrange’s
equations for a dynamical system with generalized
coordinates #? and Lagrangian L°, with 6 playing the
role of the time. Although special solutions of Egs.
(2.1) may be found in this way, the solutions of Egs.
(2.5) generally are multiply periodic and the eikonal

V. J. EMERY

approximation requires the introduction of several
phase variables. For this reason, to clarify the dis-
cussion and to make more direct contact with the
work of Whitham!-? and Luke,? the special case of one
unknown function (m = 1), and hence one phase
variable, will be considered in this section, and the
subscript will be omitted from u,. The more general
discussion will then be given in Sec. 3. Also, until
later in this section, it will be assumed that there are
no x; which do not occur in 6.

The eikonal approximation consists in seeking more
general solutions in which the k; and the constants
of motion occurring in ¥°(6) are slowly varying func-
tions of the x;. Such solutions may arise if the wave
is propagating through a nonuniform medium, which
varies slowly in space and time. In this case, L
depends explicitly upon x;. For a uniform medium,
the slow variation of the k;, may be generated by
boundary conditions, or it may correspond to the
asymptotic condition of a more complicated solution,
when waves of different k; have become dispersed
from one another. In this case, the approximation
will not be uniformly valid for a given system, but will
describe particular states of motion which may
exist.+2

When the k; depend upon the x;, Eq. (2.4) must be
replaced by

6 =f k; dx;, 2.7
P
where the integral is taken along some path P.
Usually, it is required that
ok; 0ok;
— —— =0, foralli,j, 2.8
ox; 0x; / (28)
in order that
2 2
d°u ou 2.9)

Ox,0x; 0x,0x,
be satisfied.

Then, provided the k; are single valued, it follows
from Stokes’ theorem that, apart from a constant, 6
is independent of the path P. This is not necessarily
true in general. In geometrical optics,® for example,
in the case of a point source and a plane mirror, the
vector is 2-valued, one corresponding to rays from
the source, the other to rays from the image. When
a ray is reflected at the mirror, the wave vector jumps
from one branch to the other. Thus, at each point, 6
depends upon the path followed by the ray, even
though Eq. (2.8) is satisfied. In this case, the path
dependence of 6 is one way of building the boundary
conditions into the eikonal approximation.

Alternatively, it may be that dv/dx, are the basic
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physical quantities and Eq. (2.9) is not satisfied. Then
u may be introduced as a path-dependent variable,
Eq. (2.8) need not be true, and 6 is path dependent.
As an example, which is discussed in Sec. 5, dv/0x,
may be the components of the velocity of a fluid, and
Eq. (2.9) breaks down in a region where the flow is not
irrotational. For the present, it is assumed that Eq.
(2.9) is required.

The object now is to find differential equations for
the variation of the k; with the x;. The requirement
that this variation be slow suggests that an expansion
be made in powers of derivatives with respect to the x;.

For any solution v(x;) = u(f, x,),

o _ g u ou
Ox, ‘90 ox,
Then, if
u=>yu" (2.10)
n=0
where u" is of nth order in derivatives of #u° with

respect to x; with 6 fixed,

% = k Yy + z ( i
axi n=0
with terms of the same order collected together.

In this method of phrasing the eikonal approxima-
tion, the k; are of order zero and the derivatives are
of higher order. It should be noticed that this is
different from the usual approach in geometrical
optics,® where it is assumed that the derivatives are of
order zero but the k; are large, and an expansion is
made in powers of k7. For the electromagnetic field,
the two methods yield the same result, but if the
equations are not homogeneous in derivatives, or if
they contain u, this is not so. The second approach
is inappropriate for the present problem, since in
lowest order, it does not give the equation for the
periodic wave train.

Now, if the Lagrangian is expanded as

n+l
Ou +%‘;), (2.11)

1

L=31, (2.12)

n=0

the successive approximations to Eqs. (2.1) may be
obtained from Egs. (2.10)-(2.12). In lowest order,
Eq. (2.5) is obtained, as expected. By choice of con-
stants of integration, the period may be assigned
arbitrarily, and it will be set equal to unity. In prin-
ciple, the period could be allowed to depend upon x;,
but this merely complicates the calculation, and it
adds nothing since it can be absorbed into the k.

The equations for the variation of the k; and the
corrections may be found from the higher-order
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approximations to Eq. (2.1). However, it turns out
that this requires quite cumbersome manipulations,®
which can be avoided if the expansion is applied to the
energy-momentum tensor.” Both of Whitham’s formu-
lations'? follow rather easily, and the relationship
between them becomes clear. In addition, there is a
considerable simplification of the discussion of the
corrections,

Two derivations will be given, one in the remainder
of this section, the other in Sec. 3.

The energy-momentum tensor? is defined as

ou 0L
T, =06,L -~ ————— 2.13
™ 9x, 8(dufox,) (2.13)
and, from Eqs. (2.1) and (2.9), it satisfies
oT;; oL
=i - (=), 2.14
ox; (ax,.)u 214)

The essential simplification in using Eqs. (2.14) instead
of Egs. (2.1) is that there are no explicit derivatives
with respect to u in Eqs. (2.13) and (2.14). It may also
happen that it is essential to use Eq. (2.14). For some
systems, there is no Lagrangian, yet the equations
may be written in the form of Eq. (2.14), with an
appropriate change in the right-hand side.
Now, if the expansion of T, is

o
—_— n
T;’i - z Tij:
n=0

0
T:')J‘ = 6;':'19 - ki(gé_) s
ak.’f u°

where L9 is given by Eq. (2.6), and the expansion of
Eq. (2.14) is

(2.15)
then

(2.16)

k,— =0, 2.17
' 39 (2.17)
oT/, oTr* ort

T (T L ()
06 0x; Jy 0%; Ju ks (218)
forn=1,2,--

Equation (2.17) could have been obtained alterna-
tively from Eq. (2.5) and, by using Eq. (2.16) and
assuming k; # 0, it gives the “energy equation” of
Eq. (2.5),

k, .aio — 1% = E_a_“_‘_)_.__aio__ —I°
" ok, < 06 (0u®/d)
= E(x). (2.19)

The requirement that the period be unity gives a
relation between E(x,) and the k;, and the boundary
conditions relate the other integration constants to k,.
A useful way of finding these relationships in practice?
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is to use a particular case of Hamilton’s principle for
Egs. (2.5), which states that

1
L= Ef asr (2.20)
0
is stationary with respect to variations of u. Trial
functions u, with period unity, are substituted into
Eq. (2.20) and £ is minimized with respect to param-
eters in u. In particular, if E is chosen as a parameter,
oL
— =0
0E
gives the dispersion relation between k; and E, and if
k, are replaced by 06/0x,, this is the eikonal differen-
tial equation.®
Turning now to the first-order equations, Egs.
(2.18) for n = 1 may be integrated with respect to 0
to find

k,[T7(8) — Tiy(0)]

_fde( 61(0)) +f dG’(aL?) . 222

Now T and L are periodic in 6 and, unless

L do’ (87;;(0 ))0’ L a6’ (gf) RCES

27

(2.21)

the right-hand side of Eq. (2.22) increases without
bound as 6 increases. Since T}, depends upon u',
ou'/00, and x; derivatives of u, this would imply that
at least one of the u! would be unbounded for large 6,
and the approximation would break down. Then Eq.
(2.23) has to be satisfied to remove these secular terms.

Since 6’ is held fixed in differentiation with respect
to x;, Eq. (2.23) may be rewritten

e =G,y e

where -+ +) 1mp11es averaging over 0 as in Eq. (2.20).
These are the required equations for the k;, and they
are one form of the averaged conservation laws
introduced by Whitham.!

Now Hamilton’s principle allows us to rewrite
(T7;) and Eqs. (2.24) in an alternative form. It follows
from Egs. (2.5) that € is stationary with respect to
variations of «?, so that

(58 -Go-=

and, averaging Eq. (2.16) over a perlod and using
Eq. (2.25), we have

(T%) = 8,8 —

(2.25)

ey

e (2.26)
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Using Hamilton’s principle again, we see that Eq.

(2.24) becomes
oL
—T; .
dx, Ty = (ax )k

On comparing Egs. (2.26) and (2.27) with Eqgs. (2.13)
and (2.14), it can be seen that (T7) is the energy-
momentum tensor and Eqs. (2.27) are the conserva-
tion laws of a system, for which the Lagrangian is £
and k; are the derivatives of the field. That is, the
Lagrangian £, which determines the x; variation, is
the average of the Lagrangian L° which determines
the 6 variation.

The averaged Lagrangian equations may now be
obtained by substituting Eq. (2.26) into Eq. (2.27) to

find
B %) (2 )
ok;\ox; 0x; 0x; 0

Then, from Eq. (2.8), provided k; # 0, we have

9 o
Ox; 6k

which is the Lagrange equation corresponding to
Egs. (2.26) and (2.27), since 6 does not appear
explicitly in £.

Alternatively, Eq. (2.28) could be multiplied by
0L/0k, and summed over 7 to obtain zero on the left-
hand side. Then, provided k,(9£/0k;) # 0, Eq. (2.29)
follows.

Equations (2.8) and (2.29) are an alternative set of
equations for the k;, and constitute the second
method proposed by Whitham.? For linear equa-
tions, 2% Eq. (2.29) becomes the transport equation
of geometrical optics.® It can be seen from this
derivation that the basic reason why the averaged
Lagrangian may be used to find the variation of k; is
that the initial solutions u? are extremals of L.

The procedure, then, is to find particular periodic
solutions of Egs. (2.5) and to calculate £ to find the
explicit form of Eq. (2.29). However, it should be
noticed that, in practice, it is often simpler to use Eq.
(2.25) to rewrite Eq. (2.29) as

0

a2/ (@_I;) No
ax, \\ok, .2/

since differentiation of «° (which may be a complicated
function of k;) is thereby avoided. The main advantage
of using the averaged Lagrangian equation, instead of
the averaged conservation laws, is that the number
of equations which are peculiar to the system under
consideration is reduced from N + 1 [Egs. (2.27)] to
one [Eq. (2.29)]. Equations (2.8) are quite general.

(2.27)

(2.28)

=0, (2.29)

(2.30)
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This advantage is preserved if Eq. (2.30) is used
instead of Eq. (2.29), and, often, the calculations are
simplified.

An immediate extension of the method may be
obtained by assuming that i =0, 1, 2,---, M, and
that the variables x, for i > N do not occur in 6,
Slow variation with respect to these variables is not
assumed and, in the expansion, by writing summations
explicitly, Egs. (2.17) and (2.18) become, for i < N,

N a TD M a T?,

k, 2T =0, 2.31
z g—\+1 axj ( )
ary (T
k -
2[5 ()]
M oarr gt

0Ty _ 2.32
F=N+1 axj ( ax: )u ky ( )

Equations (2.31) and (2.32) may be integrated over x;
for j > N and, provided T7; vanishes on the bounda-
ries, Egs. (2.17) and (2.18) are obtained, with T}, and
L" replaced by their integrals over x; for j > N.

The rest of the argument proceeds as before, except
that £ has been averaged over x;, for j > N, as well
as over 6. This the procedure used by Whitham® in
considering water waves.

3. SEVERAL PHASE VARIABLES

In general, when there are m coupled fields u,, the
solutions of Eqs. (2.5) are multiply periodic and
describe the motion of many wavetrains. Then,
clearly, it is too restrictive to assume that each wave
train has the same wave vector k, or that, if the
wave vectors were the same initially, they would vary
in the same way in space and time. In these circum-
stances, the procedure has to be modified, and it is
necessary to introduce several phase variables 0,.
As a simple example, if the Lagrangian describes m
uncoupled fields, each wavetrain has its own wave
vector and requires its own phase variable.

The manner of introducing several phases will
depend upon the problem, in general. Here, we
describe the procedure for a special case, which,
however, occurs frequently in practice. The solution
of Egs. (2.5) may be expressed in terms of angle
variables w, = v,0 4 4, and action variables J; as

L]
uy = ud(w,, Jp),

and «? is periodic in the w,.
Then it frequently happens that the many-phase
function

“g == ug("’aﬂa » JS)
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is a solution of Eqs. (2.1), even when the wave vectors

k= P G.1)
ox;

depend upon «. This is the situation which we con-
sider. A special case occurs when all variables but one
are cyclic. Then the solutions are periodic in one
phase and linear in the remainder. This problem may
also be solved with the aid of only one phase variable,
and this appears to be the most general case in which
this is true.® The recurrence of a smaller number of
cyclic variables may make it possible to reduce the
number of phases, but more than one will be required.
The k7 for the cyclic variables correspond to
Whitham’s*2 pseudo-wave-vectors.

The constants J, which occurred in the angle vari-
ables have been absorbed into the phases 6,. The
required generalization of the procedure of Sec. 2 is
to find equations for the x; variation of the m quan-
tities J; as well as of the k2.

One set of relations is obtained by setting the
periods in 6, equal to unity as in Sec. 2, which requires

V; = V‘.,-(k:, Jﬂ) = 27T.

For cyclic variables, the corresponding constants J,
may be absorbed into the k*. The other required
equations are the generalizations of Eq. (2.29), and
the remainder of this section is concerned with
deriving them.

In cases where the @, cannot be introduced in this
way, more explicit methods, such as perturbation
theory, must be used, and a similar accounting of the
2n integration constants has to be made.

For any solution v,(x;} = u,(8,, x,),

a*;v, == k* ?_f‘j + _a..l.‘f
dx, 00, dx,
where the summation convention is used for «.

If the k2 are constant, the Lagrangian is

, (3.2)

ou
= L{u}, k{—- .
(-4 5) (3.3)
and Lagrange’s equations (2.1) become
0 or or
Nz ==, 3.4
aea(a(aug/aoa)) ou? (34

which is the generalization of Eq. (2.5). The uniform
solutions, upon which the eikonal approximation is
based, are then the special solutions of Eq. (3.4),
which satisfy the requirements set out above,

Now it is possible to introduce the energy-
momentum tensor and to obtain the averaged con-
servation equations exactly as in Sec. 2. However,
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the averaged Lagrange equations for each « separately
do not follow immediately. For this reason, a slightly
different method is used.

Let

My =o,L—30 oL
v 00, 0(0u,[06,)
This quantity is essentially the energy-momentum
tensor for the variables 0,. The equations for M,
have the same structural advantages as the conserva-
tion equations, and they lead to the average Lagrange
equations for each «. Also, we find that there is no
need to take particular care of the explicit dependence
of L upon x,.

From Eq. (3.2), Lagrange’s equations (2.1) become

(3.5

d JdL d oL oL
I % Nyl ) =% 66
(axi o(0u,| ax,-)),, + 20, (a(au,/ ax,-)) ou, (36)
Also, using Eq. (3.2), we have
oL oL
—_— =k, 3.7
9(0u,[06,) 9(0u,[0x,) (37

oy _y oLt
(ak: . 0(0u,ox;) 86,
With the aid of these three equations, 9M,,/06, may
be calculated directly from Eq. (3.5) and put into the

form
e~ [a5d
36,  Lox,\oky, l,‘

No approximation has been made so far, but if M,
is expanded as

(3.8)

(3.9)

M, = z M7, (3.10)
then the lowest two orders of Eq. (3.9) are
M2,
—= =0, 3.11
2, 3.11)
! d (ol
W] o
006, ox;\ok3/,, 1q
where
N oud o1’
My = 8,00 — S+ (3.13)

< 30, ()30,

Equation (3.11) could be obtained from Eqs. (3.4) and
(3.13) directly.

For the moment, we assume that the u, are periodic
in every 6,. Then, when Eq. (3.12) is integrated over
the 6, the requirement that there be no secular terms
in u! for each 6, leads to the condition

i/(ﬁlz") N o

3.14
ax, \\9ks (314
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for each «, just as in Sec. 2. Here, the average is over
a complete period of each 6;. Further, if £ is the
average Lagrangian

1
£ =f de, db, - - - db, L, (3.15)
]
then Hamilton’s principle shows once again that the
requirement of keeping u, fixed when differentiating
with respect to k¢ may be dropped in Eq. (3.14). It
may be rewritten as

d ot

—= =9

=0. 3.16
Ox; 0x% (3.16)

These are the Lagrange equations for the functions
8,, with the Lagrangian £ not explicitly dependent
upon 6. The conservation equations (2.27) follow
immediately with the aid of Eq. (2.8).

Equations (3.16) are the appropriate generalization
of Eqgs. (2.29) and, in fact, the derivation is simpler
than that given in Sec. 2. However, it is instructive to
compare the two methods, and, furthermore, it is
seen in Sec. 5 that there are circumstances in which
the conservation laws (2.14) are more fundamental
than Lagrange’s equations; then the method of Sec. 2
should be followed.

So far, it has been assumed that the original
solution was periodic in the variables 8,, 6,, -, 0,,.
Suppose now that there is an additional variable
6,1, such that ? is linear in 6,,,, and that »{ does not
appear in L°, which is then independent of 6, ; . Then,
as above, the requirement of no secular terms in
6,,--,0, gives

M)y o o
89p+1 ax,- ak‘:

instead of Eq. (3.16). Now the right-hand side of Eq.
(3.17) is independent of 0,_,,, so it has to be zero if
there are no secular terms in 6,,, occurring in
M. . Thus Eq. (3.16) is satisfied without integra-
tion over 6,,, and the equation holds for « = p + 1
also. The k?*1 are the pseudofrequencies which were
considered by Whitham®*$ in applications to water
waves.

In Egs. (3.16), the different wave vectors are
coupled together, and this equation represents an
eikonal approximation for the scattering of waves.

(3.17)

4. HIGHER ORDERS

In this section, higher orders of the expansion are
considered. In each order, coupled equations for the
u? are obtained. Therefore, we restrict ourselves to the
case of one dependent variable, for which an explicit
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solution may be found. This illustrates the procedure
to be followed in the more general case. It is possible
to work with T;; or M,, and obtain the same result,
but we use the latter, since the derivation is rather
simpler algebraically.

It is assumed that there is just one unknown
function u and one phase variable 6. Then, instead of
M, of Sec. 3, we work with

du OL
=L—-= , 44
M 00 9(0u/06) “4)
which satisfies
ER I
00 ox;\0k;/,
as a special case of Eq. (3.9).
Now, if
M=3m “3)
n=0
and L is expanded according to Eq. (2.12), then
n n~1
oM =i(8L ), 4.4)
00 ox;\ ok, /,
so that
o g (oL !
M"(0) — M"(0) = | db’'| — . (45
© © J; [axg‘( ok, )Ja’ “

Now M" depends upon u", ou"/d8, and the mth
derivatives of "™ and du""™/00 with respect to x;
and, in order to rewrite Eq. (4.5) as an equation for
u™, M" will be rewritten

9 w0
M) = [un 2 + 24
® (“ a0+ 20 a@uwjan)

)M“(e) + u"(0),
(4.6)

where, by definition, u™(6) is the part of M™ which
does not contain u" or u"(8).

Then, from Eqgs. (4.1) and (4.6), using Egs. (2.5),
we have

i ] 270
M?* -y =u"(-a—~————~—aL _ow_ L )

26 3(2u’(36) 06 0u°a(3u"/8)
_awas_an
6 96 3(3u’/00)?
*I° o' ou" o’
= yn 25 _TLE) a7
8(3;4“{66)2(“ 26° a0 ae) “7)

If this expression is substituted into Eq. (4.5), the
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resulting equation may be integrated at once to give
ou’

wO) = wi(0) = ~ =

Sl [l (£ 05)), + wo-wo)]
(55 o] 4
ou

° ¢
= — — F"6),
Y )

(4.9)

say.

2II'his is an explicit solution for u*(6), since the
right-hand side depends upon u™ for m < n and
M™(0), which is an integration constant.

Now, if u™ for m < n are periodic with unit period,
it follows from Egs. (4.5), (4.8), and (4.9) that u" will
have secular terms in 8§ unless

1 n—1
Joola o)), =0
(] ax,- ak, s
FY(1) =0. (4.1D

Then, from Eqs. (4.9) and (4.11), «*(6) is periodic
with unit period and, since this is true of 4*(9), it
follows by induction that it is true of all u"(f), and
Eqgs. (4.10) and (4.11) are satisfied for all n.

Equation (4.10) determines »*1(0), and Eq. (4.11)
is a condition for M*(0). Thus, the solution is com-~
pletely specified. Luke® used a different method to
find »"(6) for a particular Lagrangian, and it can be
shown that the general solution given by Eq. (4.8)
applied to that special case can be transformed into
Luke’s solution.

The accuracy of the lowest-order approximation
could be estimated by means of the expansion, but
each individual case must be considered separately,
since the assumption of slow variation is expected to

be good only for particular times or boundary
conditions.

(4.10)

and

5. DISCONTINUOUS SOLUTIONS

The solutions of Eq. (2.29) may become many-
valued or singular if the medium has a discontinuity
or if, for example, the group velocity decreases along
the direction of propagation, so that a given segment
of the wave tends to catch up with the wave ahead of
it. When this happens, the theory is strictly invalid,
but it may still be possible to make use of it by
introducing discontinuous solutions.® However, a
difficulty arises in that there are different sets of con-
ditions which might be used to determine the dis-
continuities. Whitham! suggested a particular choice
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[Eq. (5.3) below]. In this section, the problem will
be reconsidered, since the derivations given above
suggest different possibilities.

From Eqs. (2.8) and (2.29), it is straightforward to
derive? expressions for changes across a surface of
discontinuity S, and they are, respectively,

kn; = [k;ln;,

|i—a£:|n,- =0,
ok;

where the n; are the space and time direction cosines
of the normal to S and [v] is the change in a function
v across S.

For continuous solutions, Egs. (2.8) and (2.29) are
equivalent to Egs. (2.27), but the discontinuity con-
ditions

(5.1

(5.2)

[(Tz(‘,j>]nj =0 (5.3)

which come from Egs. (2.27) are not equivalent to
Egs. (5.1) and (5.2); thus, a choice has to be made.

In the linear case,® Eq. (5.1) is satisfied and leads to
Snell’s law, but it is difficult to give meaning to Egs.
(5.2) and (5.3) since the solution becomes 2-valued as
both a reflected and a transmitted wave appear.

For nonlinear problems, Whitham! has suggested
that a shock wave might appear and that Eqs. (5.3)
rather than (5.1) and (5.2) should give the discontinuity
across the shock. The reason for this choice was that
the approximation breaks down because of the rapid
changes, but the conservation equations (2.14) still
hold across the shock.

However, according to the discussion of Sec. 4,
Egs. (2.8) and (2.29) do not become invalid when
there are rapid changes. What happens is that the
higher corrections u™ become important and Egs.
(2.27) are no longer good approximations to the
original conservation equations (2.14). Thus, from
this point of view, the breakdown of the eikonal
approximation favors Eqs. (5.1) and (5.2).

Furthermore, if the mathematical problem posed
is to find solutions of Lagrange’s equations (2.1), then
the conservation laws (2.14) can be derived from Egs.
(2.1) only if Eq. (2.9) is satisfied and u is continuous.
It is therefore inconsistent to start with Egs. (2.14),
then, for discontinuous solutions, derive Eq. (5.3)
and find that Eqgs. (5.1) and (5.2), which come from
Egs. (2.1) and (2.9), are invalid.

However, in any application, we wish to know
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which discontinuity conditions are most closely
realized experimentally, and, for this purpose, it is
usually possible to decide on physical grounds that
one set of equations is more fundamental.

As an example, we consider the case of water waves,
for which it turns out that Eq. (5.3) are appropriate.
The starting point is the set of conservation equations
for energy and momentum which may be written'® in
the form of Eqs. (2.14). If the flow is irrotational, it is
possible to introduce a velocity potential ¢ and
Lagrangian density* L and so to derive Egs. (2.1)
from (2.14). But Eqgs. (2.1) cannot be derived if ¢ is
discontinuous or if the flow is rotational so that ¢ is
a path-dependent variable and does not satisfy Eq.
(2.9). Therefore, one would expect that Eq. (5.3) are
the appropriate shock conditions and then, since Egs.
(5.1) are not satisfied, vorticity is developed within
the shock. In this example, the choice of Eq. (5.3)
is the same as that made by Whitham!; but it was
based upon a physical argument and not upon the
validity of the eikonal approximation, and it seems
possible that Eqs. (5.1) and (5.2) may be appropriate
in other cases.

* Work performed under the auspices of U.S. Atomic Energy
Commission.
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We have made a systematic analysis of the quantum theory of the infinite-component fields that
transform under the combined representations of SL(2, C) (Majorana) ® Dirac. A complete set of solu-
tions of the wave equation includes solutions with timelike and spacelike momenta. We have explicitly
calculated the mass spectra for the timelike and spacelike cases. Our method makes use of the decom-
position of the product representation into reducible representations of the “‘little” groups SU(2) and
SU(1, 1). Finally, the quantization of the generalized fields is presented.

1. INTRODUCTION

Recent investigations of the infinite-component
field equations and their algebraic formalisms have
added a lot to our understanding of strong-interaction
dynamics.'™* Models based on these equations have
many interesting consequences of direct experimental
interest. Attempts have been made to obtain solutions
for the algebra of local current densities.> Unlike the
case of the finite-component field equations, one is able
to treat here infinitely many mass and spin states
satisfying the same wave equation. Quantum systems
described by such equations, indeed, possess “in-
ternal structure.”” ® However, the theory is plagued with
so-called “diseases.”” These speculative and malign
pathologies are rather irrelevant! The existence of the
redundant or unphysical spacelike solutions finds its
way in describing an entirely new kind of phenomena
of radiation involving “faster-than-light particles.””¢
A systematic formulation of quantum field theory
compatible with the substitution law and with the
right spin-statistics relations has also been furnished.!

The concept of infinite-component field equations is
not of recent origin. In the thirties, Majorana dis-
covered a type of wave equation describing both the
infinite-component spinor and tensor fields.” These
field equations possess both discrete and continuous
solutions (the lightlike solutions can be treated as a
limiting case of the spacelike solutions). Detailed
analyses of the quantum theory of these Majorana
fields have been done elsewhere.l'*> We just want to
make a passing remark that these field equations have
solutions for masses which are quite unrealistic in
hadron physics: The masses vary inversely as the spin.
Subsequently, attempts have been made to avert this
situation. We will analyze an interesting field equation
first proposed by Abers, Grodsky, and Norton and
subsequently studied by others in the context of
obtaining solutions for the current algebra at infinite
momentum.>® We confine ourselves to formulating a

systematic quantization scheme for this generalized
field equation.

The contents of the paper are arranged as follows.
In Sec. 2, we describe the field equation. The fields
transform as infinite-component column vectors under
the product representation of SL(2, C) (Majorana) ®
D (Dirac). The algebraic properties of SL(2, C) ® D
representations under various subgroups of interest
are discussed in Sec. 3. We classify the field equation
under each “little group’” and then have summarized
the corresponding mass—spin spectra in Sec. 4. In
Sec. 5, we display the complete set of solutions of the
field equation. Finally, we have furnished the quanti-
zation scheme for these infinite-component generalized
fields.

2. THE WAVE EQUATION

Let

£ = f )i, — mg — I, T, (2.1)

be the Lagrangian for a theory of a set {y,,(x)} of
fields. The generators of the Poincaré transformations
are

P, Jy=1%0,+T1,+1%, (2.2)
where I',, and }o,, generate the infinite-dimensional
representation and finite-dimensional (nonunitary)
Dirac representation of SL(2, C), respectively; I'% is

the orbital part of J,, which is given by
Iy, = i(x,0" — x,0").

In the rest system, J,, provides us the total angular
momentum of the quantum system.

The fields {y,,(x)} are labeled by two indices: The
Greek index o and the Latin index » characterize the
infinite-dimensional Majorana representation and
the finite-dimensional (nonunitary) Dirac representa-
tion, respectively. Thus, the transformation property

1901



1902 KISHOR C.

of the fields {y,,(x)} is given by

YoulX) = You(¥) = U V(A p,[AH(x — a)].
2.3)

The equation of motion follows from the given
Lagrangian (2.1)

(iy, 0" — M)y(x) = 0, 24

where M is now a Lorentz-invariant mass matrix given
by

M = my + tmyo, . (2.5)

Note that M is now a matrix and no longer a constant
and, hence, does not commute with y,. However, it
commutes with p,, a condition necessary to describe
free-particle motion. In the limit m; = 0, the wave
equation (2.4) reduces to the ordinary Dirac equation.
We come to this point in detail in Sec. 4.

3. PROPERTIES OF THE SL(2, C) (MAJORANA) ®
DIRAC REPRESENTATIONS

In this section, we first briefly recapitulate the mathe-
matical properties of the two Majorana representa-
tions, the Dirac representation, and then display in
detail the representation of the product space namely
X = Kgris.00 ® Xp under various subgroups of
interest.

A. The Majorana Representations

The generators of the homogeneous Lorentz group
T',, satisfy the commutation relations

[Fuv’ Fpﬂ] = i(gvPP[ta - gudFVp + gvanu - gpana)’
3.1
where
u, v, p,0=0,1,2,3,

8= —8x=1 k=123,

=0, u#v»

To obtain the Majorana representations, we introduce,
as usual, the operators @, and af, « =1, 2, which

a ?

satisfy the Bose commutation relations
la,, ag] = [az, a}3] =0,
la,, a5l =68y, «,f=1,2. (3.2)

Explicitly, we can express the generators I',, in terms
of a, and a] as
Ly = en2e = tepato,

;o= A; = ${ato,Cat — aCo,a), 3.3)
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where C = ig,, the o, are the usual Pauli matrices. The
Casimir operators of the Lorentz group C, and C; are
given by

Co= 4T, T =22~ A®
= fa"a(tata + 1) — [$a*a(data + 1) + §]
= -} (3.4a)
and
C,=3}PT, I, =Z-A=0. (3.4b)

Thus we find that (j,, ») or, equivalently, (—j,, —%)
label the unitary irreducible representations of SL(2, C)
as

Co=j§+1’2_1=—i‘,

C, = —ijy =0. 3.5

From (3.5), we find that the solutions for joand » are
Jo=1%, v=0, (3.6a)

Jo=10, »=4. (3.6b)

Equations (3.6a) and (3.6b) characterize the principal-
series and supplementary-series representations of
SL(2, C), respectively. In (3.6a), the ranges of X are
given by

Z = %9%9%5.".’
and, from (3.6b), the values of Z are

Z2=0,1,2,"".
In either case,
X=j+k, k=0,1,2,3,---,
Zy= -5, =X +1, -+, +Z.
Thus, we have obtained the Majorana representations

for the infinite-component Fermi fields and Bose
fields.

B. The Dirac Representation

The generators of the Dirac representation satisfy
the commutation relation

[%auv H %apr] = %i[gvpo-ﬂr - gllfavp

+ 8viOpu — gpuo'vr]' (3‘7)
To obtain the representation of D, we look for the
ranges of j, and », which characterize the proper
Lorentz group. The representation is finite if? (i) j, and
v are simultaneously half-integral or integral, and (ii)
|| > |jo]. The ranges of spin values are given by

J=Jot+n
=1jol =+ I — 1.

The finite-component Dirac fields belong to the
coupled representation (if parity is admitted) (3, ») +
(—1%,%), » = +4 (reall).



QUANTUM THEORY OF THE GENERALIZED WAVE EQUATIONS. I

C. The Properties of SL(2, C) (Majorana) ® D

Representations?
Define
Sy =30, +T,,. (3.8)
Then
Juv = Suv + F:v . (3'9)
We consider the case
Ty, 30,1 = 0. (3.10)

The generators S, satisfy the commutation relation
[Syy» S,o
= i(gva;m - g,vaP + gmsp,, - gpusva)' (311)

To obtain the representations of G = SL(2, C) ® D,
we proceed as follows. Let us define

J=2+4+16, K=A+it=A+ }ia, (3.12)
where we have identified
Ly = €,
Pio = Ai’
10, = de;04, (3.13)
and
%0’,'():%7'5:%1.@,-, i:j’k= 1’2) 3'
Further,
[, 2,] = i€; 2y,
(2 A] = el
and (3.14)
[A;, Ai] = _ieijkzk'
Also,
“.iaj + aja,i = 28ij’
al=0¢2=1 (nosummation over i),
and

(37, 37;] = —ieu(Bor), [37i, 0] = e u(3mp).

(3.15)
The two Casimir operators Q, and Q, are given by
Qo= —K?
and
0, =J-K (3.16)
Now,

Qo= I — K? = (Z + $0)* — (A + }ia?
or,
Qo= (B =AY+ 1+ (6-Z—ia-A)
=—%+%+(c-Z—ia-N)
(For Majorana representations, C, = Z? — A2 =
—3, while for Dirac representations, C, = %.) Thus,

(G—3PH=(c-Z—ia-N). 3.17
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Squaring both sides of (3.17), we solve for Qy:
(Qo—1*=1-20,,
or
(Q+DH—DH=0
That is,
Qo= —1 (3.18a)
or
Q=+t (3.18b)
Similarly,
0, =J-K=(Z+ 10)(A + }io)
= —4iys(Qo + 1) (3.19

In obtaining (3.19), we have made use of the property
C,=Z:A =0. Thus, from (3.18) and (3.19) we
obtain

0, =0, for Qy=—%, (3.20a)

Q1 = —34iys, Q=1 (3.20b)

It then follows that, since D is nonunitary, the two
representations (3.20) characterizing G are also non-
unitary and also reducible. Since each J2 = (2 + 40)?
value appears twice in the generalized fields, these two
nonunitary representations (3.20) exhaust the total
reduction.

for

1. Reduction of G with Respect to SU(1, 1)

The SU(1, 1) subgroup of G may be taken to be
generated by the elements J3, K, and K,. They obey
the commutation rules

Vs, Ki] = iKs,
[13, K]l = —ikK,,
[Ky, Kp] = —iJs.
Note that J; = 23 + 305, Ky, = A, + i1, and K, =
A, + 47,. The quadratic Casimir operator of SU(1, 1)
is given by
Q=Ji—Ki - K}
= (T3 + 109" — (A, + }iw)* — (A, + i)
=3 -Al—-AD+ i+ (0325 — 1A — 13Ay)
= C+ § + (0:Z; — 1Ay — 7Ay), (3.22)
where C = X2 — A2 — A2 is the quadratic Casimir
operator of SU(1, 1) © SL(2, C). Thus, we have
(Q—C—3} =023 — 1Ay — 1A, (3.23)

Squaring both sides of (3.23), and after a little alge-
braic manipulation, we obtain

@—-C—3P?=2C-0+ 4
Solving for C, we have

C=Q@+hH+@+ P!

(3.21)

(3.24)
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or, solving for Q,
0=(C+d+€C+HL (3.24")

Using @ =J(J + 1) and € = Z(X + 1), we obtain
from Eq. (3.24) two sets of values for J, namely,

j(l)=i+%, i'—%y

Jo = %3 -3_3 (3.25)

Thus, we find that, for each value of Q, there are two
values of C, i.e., Eq. (3.24). Since the Dirac representa-
tion is nonunitary, SU(1, 1) < SL(2, C) multiplied by
the Dirac spinor is a reducible nonunitary representa-
tion and reduces precisely to the above forms (3.25).
This could have been formally checked from the fact
that each value of (j)2 = (Z + 16)? appears twice in
the generalized fields. To find the possible states, we
recall some of the properties of the unitary irreducible
representation of SU(1, 1). They fall into three classes:

Class (i) The continuous nonexceptional class:

@ 1< —C< o, Z=0£l1,£2, -,
or
®i<-C<ow, Xg= 4L £%, -

Class (ii) Continuous exceptional class:

O<—e<%9 23=Os:t1,:{:2’."~
Class (iii) Discrete class:
(3=k(k—1), k=%’1a%52"..’

Ss=k k41,0, for D,
Yo=—k,—k—-1,---,—00, for D,(C".

We will see in the next section that, for the (mass)? to be
— ve (spacelike solution), the only values of J admitted
are given by combining Dirac representation with the
class (i) representation.

2. Some Properties of the Continuous Nonexceptional
Nonunitary Representations of SU(1, 1) < G

We know that each UIR of SL(2, C) characterized
by (m, p) contains each UIR of SU(1, 1) of the con-
tinuous nonexceptional class twice. Correspondingly,
the representation space JE(SL(2, C)) decomposes into
x,(SU1, 1)) + ¥X_,(SU(1, 1)). Thus, on restricting
SL(2,C)® D to SU(1,1), we obtain two sets of
reducible representations defined by (3.25), and each
reducible set, furthermore, contains two irreducible
parts. We have to note here that the representations
characterized by J® and J in (3.25) are equivalent.

Thus, we have obtained all the possible irreducible
representations when we restrict the group SL(2, C) ®
D with respect to its subgroup SU(I, 1).
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4. CLASSIFICATION OF THE PLANE-WAVE
SOLUTIONS AND THE MASS SPECTRA

Let us consider the field equation (2.4), that is,
[iy, 0" — my — 3myo, I y(x) = 0.
In the momentum representation,

1
(2m)°

p(x) = f d*pe=""*y(p),

and so we can rewrite Eq. (2.4) as

(yup* — my — §myo, I*)w(p) = 0. (4.1)

Depending on whether p, is timelike, spacelike, or
lightlike (i.e., p* —p2> 0, p2—p2 <0, or p*—
pi = 0), we have, in general, three classes of solutions
for Eq. (4.1). We discuss these solutions and their
corresponding mass spectra below.

Class I: Timelike Case (Slower-than-Light Particles)
Let us rewrite Eq. (4.1) as

(E—oa-p—BM)y(p)=0
or
Hy(p) = Ey(p) = (a-p + fM)p(p), (4.2)

where H is the Hamiltonian of the system. In general,
the spinors p(p) can be labeled by the eigenvalues of
B, 03, 2%, and X, or, alternatively, by |5, J, AZ), where
B, J, 4, and X are the eigenvalues of f, the total spin
J2 = (Z + }0)?, J;, and Z?, respectively. That is,
y)(P) NW(P; 29 23) ® X(P9 G).
Thus, solving for the eigenvalues of H in Eq. (4.2),
we obtain the masses m . In the rest system,
M = BM = fmy + $m,fo, I
= fmy, + mpP(c - — 7. A). 4.3)
Note that, for A to be self-adjoint, we choose j3, fio,
and fv to be Hermitian, and for the Majorana repre-
sentations, Z and A are also Hermitian. Since § does
not commute with A, the states |8, J, 4, £) are not
the eigenstates of AG. Nonetheless, the mass matrix
can be written as (for a detailed derivation of AL, see
the Appendix)
my — m(J + )
imy [J(J + D]

—im [J(J + D]E )
—[my + my(J — 1)
(4.4)
Diagonalizing the above matrix, we obtain
my=m(J + %)
& [(mg — mp)? + mi(J + 3° — 4mi}t (4.5)



QUANTUM THEORY OF THE GENERALIZED WAVE EQUATIONS. I

or
(mp)* = 2m)J + 3 + (my — my)* — }m}
£ 2my(J + Hl(m, — m,)* — i‘m%
+ miJ + HHt (4.6)
Thus, we find from expression (4.5) that there are two
values of m for each value of J. A detailed discussion

of this mass matrix will be presented at the end of this
section.

Class 1I: Spacelike Solutions (Faster-than-Light
Particles)

Let us choose the frame
= (s sinh {; 0,0, A cosh {), m > 0.
Then, in the rest-system ({ = 0), we obtain, from Eq.
4.1,
(h — ysM)y(0, &) =0
or

(0, &) = ysMyp(0, &). 4.7

. (i(mo ~ my) + imy(C + B%
m =

—im [(C + Dt + 4]

[For a detailed derivation of (4.9), see the Appendix.]
Diagonalizing the above matrix, we obtain

iy = i{my(C + )}

£ [mC + P + (my — m)* — imi]H). (4.10)
Using C = (2 + 1), we obtain
—2miE + B — [(my — m))* —
F 2my(E + Plmy — my)’ — imi
+ m¥E + O (4.11)
Writing £ = —4 + i», we find, from Eq. (4.11),

() = imi]

(m, )= 2m1” — {(my, — m1)2 - %m%]
+ Zmﬂ’{m%”z — [(mg — my)* — %mf]}%
4.11")

For the mass 1 to be purely imaginary, we obfain the
following ranges of »:

(Mg —m) —im < mh* < o
or

(my/my ~ 1) — } < 7* < 0.
That is,

[(nofm, — 1 =3 <v <0 (4120
or

~0 < < —[(myfm; — 1)* — 1. (4.12b)
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Thus, the mass operator is given by
ﬁ:l = m0y3 + ml‘J/a(& . ﬁ — 'E . A), (4.8)
where
G.-Z = (o 23 - “'1A1 - TzAz),
T. [\ w= (1303 — 015, ~ 0,%,),
and

o = (03, 715 T2), T = (73, 01, 03),
= (23,1\1,1\2), A= (Aa, Zp 22)-

The spinors (0, &) are labeled by the quantum num-
bers &, which, in general represent y,, J, Js, and 3,
where J, J,, and £ are the elgenvalues of (J)2 =
(Z + 10)%, J,, and (21)2 = (X2~ AZ), respec-
tively. Rewriting (4.8) as

= (my ~ myy; + mys[3 +6-2) — (F+ A~ D],

(4.89
we obtain
im [(C + P — 3]
] ) . (4.9)
—i(my — my) + im(C + i)*
Class I1I: Lightlike Solutions
Let us choose the frame
P =(p;0,0,p). (4.13)

The little group which leaves this configuration in-
variant is generated by J;, K; — J;, and K, + J,.
These generators satisfy the commutation relations of
the E(2) algebra, namely,

Vs, E)] = iE,, U, Ey) = —iEy, [E;,E]=0,
(4.14)
&= (£, Ey), Js,
Ey =K+ Jp = (A + §7) + (5, + 40y), (4.15)
Ey =K, —J; = (A; + 37) — (£, + }0y)

and where the invariant Casimir operator is given by

62 = E? 4 EI. (4.16)

Let us consider the wave equation
= [a«p + myy, + myp(e« T — v A)ly.
Substituting (4.13) in the above equation, we have
P — %p =mgyy + myg(c-E —v-A). (4.17)

Multiplying Eq. (4.17) from the left by 1 + o5, we
then have

= my(l + ag)ys + my(l + ax)y(e - Z — - A)
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or

0 = my(ye + 75) + my(yo + ya)(@ - Z — T+ A).
(4.18)

Multiplying (4.18) by y, — y; from the left throughout,
we obtain
0=2my+2m@ -2 —7-4A);
that is,
m0+m1(°‘z-T‘A)=0

—MeYe = ( 0

or
—my=m(J + §) +m[(J + 3+ 3]t (4.202)
and
my =my(J + 1) — m[(J + D + §]E. (4.20b)

Equations (4.20) are simultaneously true if and only
if my = 0 and m; = 0. Thus, there are no lightlike
solutions of our wave equation.

Some Further Discussions on the Mass Spectra
A. Timelike Case
From Eq. (4.5), we have

(m; —my(J + DI
= (my — my)* — imi + mi(J + 3)°,
m‘Z, —2mmy(J + %) — [(m, — ml)z - imﬂ =0,
{m% — [(mg — m))" — {mi}}® = dmim3(J + §)°.
* (4.21)
Let y = m?% and x = (J + 3)% Then, we have, from

421),
dmiyx

{y —[(my - m;)* — imf]}2 =L

or
y2 = 2yl(my — my)® — dmi] + [(my — m,)* — {mi)?
= 4miyx. (4.22)
Equation (4.22) is the equation of a hyperbola.
(i) If my = 0, we obtain, from (4.22),
y2—2miy+ mg=0 or (y—my’=0,
ie.,
y=mi or my= Fm,.
This gives the equation of a straight line parallel to the
x axis (pure Dirac case).
(ii) Rewriting Eq. (4.22),
¥y — 2l(my — my)* — imi] — dmix}
= [im] — (m, — m)*’,

KISHOR C. TRIPATHY

or

Myyy = —mye(6 - — ©- A), (4.19)

We can proceed exactly as in the previous cases, and
obtain the mass matrix as

-m( + 3

—im[J(J + D]t )
im, [J(J + D} '

—m(J —})

Diagonalizing the right-hand side, we have

—Mgyy = (

mi(J + B + [V + )+ §1B 0

m{J+H =7+ + %1*})’

we obtain for the equations of the asymptotes as
¥y = 2[(my — my)* — imi] — 4mix} = 0;
that is,
=0, (4.23a)
Yo = 4mix + 2[(my — my)* — }mi]. (4.23b)

Equations (4.23) define the boundary of the timelike
curve.

(iii) We have, for x — o0, (a) y = 0, (b) y — 4m?x.
That is, one branch of the mass curve monotonically
rises to infinity and the other branch goes to zero.
Thus, there is no discrete lowest mass; the mass
spectrum has only an accumulation point.

B. Spacelike Case

The interpretation of the mass spectrum can be
carried out in a completely analogous fashion to that
of our previous case by studying the variation of
(my)? vs v°. We take (m7)? along the negative ordinate
and »* along the negative abscissa. We discuss in this
section some of the distinct features.

(i) If m; = 0, from Eq. (4.11), we get

(mg)! = —(m3)* = m;
or
my = +m.

This corresponds to the familiar Dirac case, the particle
having constant mass m, (4+m, is interpreted as the
rest mass of the particle and —m, as the rest mass of
the antiparticle).

(ii) If my = 0, we have the mass spectrum arising
purely from the symmetry-breaking term 4m,o,,I'*",
namely,

(m3) = —2mi(E + }* — im}
FomlE + DIE + 3 + 31

(m,)? = 2m¥* — Im? £ 2mi(»* — D (4.24)
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Equation (4.24) admits solutions of the wave equation
only in the range

<1< oo, (4.25)

that is,
Jigr< oo, (4.26a)
- <r< -/} (4.26b)

(iii) The case of my = 0 and m, = 0 does not admit
any solution of the wave equation (cf. the lightlike
solution).

(iv) Finally, the mass spectrum (4.11) is degenerate
in ». This is evident from the fact that we get the same
mass spectrum for each of the ranges (4.12a) and
(4.12b).

5. CONSTRUCTION OF THE BASIS VECTORS,
THE NORMALIZATION, AND THE COMPLETE-
NESS OF THE SOLUTIONS OF THE FIELD
EQUATION

1. Timelike Case

We have noted earlier that, in the representation
space g = Kgra.0) @ ¥p, the fields transform as
double-indexed infinite-component column vectors;
i.e., we label each field component by the total spin J,
the spin production J;, and X. Then, in an arbitrary
frame, the spinor wavefunctions are given by

Yp,JJ;,%)
= XD(G’ P) ® V)(P’ 2, 23)
= z C(%’ z; G, 2'3 l JJ3)XD(G’ p)W(P: 2’ 23)’ (51)

where C(3,%; 0,2, [ J,Jg) is the usual Wigner co-
efficient, and x,(o, p) and v(p, X, Z;) represent the
Dirac spinor and the Majorana spinor wavefunctions,
respectively. xp(o,p) and 9(p, T, X;) are obtained
from their rest states by applying the Lorentz boosters:
ie.,

‘{’P(P, J, Jasz‘) = eic'KW(J, J:h}:‘)
= ei:(;w%«)w( 7,05, 5)
=>C}.2; 0,2 l JJ3)

X (%A p(E, S, (5.2)
where

L= ﬁ arc tanh (p/E ;)
and

E; = @p* + m)h (5.3)

We have to note further here that, for each value of J,
there are two values for the masses; thus, we introduce
an additional index ¢ to distinguish the two branches

1907

of the mass spectrum. We have

e%ft"XD(O')
= (cosh 3¢ ~ $a - § sinh )y p(0)

" .
- [(E‘;ZJmJ) - [2mJ(E°: JI: mJ)]*]x"(O)

=EJ+mJ—-a-p

%o(0). 5.4)
2m(E; + m)}
Again,
TP(I% 23 23) = eic.Alp(zazB)
= V(B)Ees. (5.5)

Because of the unitarity of V, the spinors (5.5) are
orthonormalized for all p, that is,

(v(p, 2, 2), p(p, 2, Xp) = 62}:'52323' .

Without any loss of generality, we can choose the
framep = e,p. Then (5.5)assumes a very familiar form:

V(BES = 5,5, VE(D), (5.7

5.6)

where
VesAl) = Oz.(cosh )™+ (sinh 30
X FZy—Z,1 -2 —Z%,,1 +3Z +%;

—sinh® §0)
and

Bs5-

_ 1 T =% + DIE + It 58)
- 2')!( IE -2, + DI'E + 23)) T
(For X' > X, replace {— —{.) To obtain the ex-
pression for the arbitrary Lorentz transformation, we
can make a spatial rotation on the state vectors and
compute the corresponding matrix elements V(B,).

Thus, we obtain, from Egs. (5.2), (5.4), (5.7), and
(5.8),

WS(P’ J, JB:Z)
= z C(%szl; Gazil‘]‘]:ﬂ

'3y
x ( E; 4 my; — aapé) 27.(0) ‘32,,23'
R2mE; + my)]
X [Bgz(cosh 30)FF(sinh ${)FF
X F(Z; — 3,1 =% — %, 1 +3 +3'; —sinh 30)],
(5.9

where & = 4 denotes the upper or lower branch of
the mass spectrum (for X < X', replace { — —{ and
Ze 2'). In terms of the Jacobi polynomials, the
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expression (5.9) can be rewritten as

‘/’S(Pa J9 J3’2)
=Y C(},X; O‘,Zél J, J3)

Xy

(Ej + my; — ogp)
x (0)05,5,
ey + mot O
y ((E —[ZD!IE + 1231)!)*
(S +1ZD!E = (%D!

(—tanh 30 5 5o I’( 1 )

ST e 8 plEoE2ln , (5.10

(cosh g o (o) G0
where
Pif‘”’(x) — 51; zo<n ':' OC) (: i' f)(x — 1" (x + 1)°,
or

’PS(P, J’ J:hz)
= > C}250,%]J, 7y

pg '
(Ej + my — agp)y,(0)
623 3’
X ( RmAE; + m)lt ) g
y ((Z —IZDIE + »Ean!)*
@+ [ZD!HE — 2!

% (2m )25~ p) pE-Ein) mgy
(Ey + MJ)EI~2+2|£3'+1 iml E; '
(5.11)

B. Spacelike Case

We label the spinor wavefunctions as J,Js, and 3.
Then, in an arbitrary frame, we have

WS(pa js Jss i)
= 1o(P. 0, 8) © 9(p. %, Zs, §) )
= Z C},2; 0,2, [ J, Ja)x.(p, E)u(p, £, Zy). (5.12)
As usual, we assume p = pe,. Then,
ve(p, J, J5, £) = &557,(0, 8) © p(2, Zs, )
= 3 €3, 5 0,54 |, J[eh 1,00, )]

x [eXhap(E, Ly, 8)], (5.13)
where
{ = arctanh (Ej/p), and (E7)®=p®— m},
(5.14)

m? = 2mi® — [(me — my)* — }mj]
+ 2m1"’{mf”2 — {(my, — m1)2 - I]fmf]}%
m*((mg — my)* — fmi] < v° < 0. (5.15)
Furthermore, we have
eHrey (0)
= (cosh 4{ — o sinh ${)x,(0)
= {[(p + m3) + GEF)2m3(p + m3)]F}1,(0) (5.16)
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and

et Mp(Z, Eg) = V3 3(Ddsgsy» (5.17)
where the V5 3.({) are those given by Bargmann. Ex-
plicitly, they can be written as in (5.8). [We have to
just replace X, X' — X, %’ in (5.8).] Thus, we obtain
the expression for spinor wavefunctions as

ve(p. J, J5, D)
= z C(%,E’; 032:;"]’]3)

z,zy

(p+ mj 4+ Ej
X 0
( (2m3(p + mj)])‘r )x ( 1
N (@ —1231)!(? —IEa)!)
E+I1ZDIE — 15!

(p + myF—Seeizl+1

pE-Lain) (mi)
-1Z5] '
p

(5.18)

As usual & = -+ denotes the two branches of the mass
spectrum for each value of J + } or ».

To summarize our results in this section, we ex-
plicitly constructed spinor wavefunctions for the
timelike and spacelike solutions of our wave equation.
The spinors are orthonormalized as

(we(p, I, o), we(ps J's J3)) = (Eg/m )0 ,50055088 s
(5.19)

('PS(P, ja Js)’ 'Ps'(P, j’7 ']:;))
= (E5/m3)07,5,,0(v — ¥)gg > (5.20)

(note that these spinors have been normalized in the
continuum), and

(?l’s(P, J, Js)’ #’a'(P, '79 Js)) = 0.

Further, we should note that each of the orthonormal
conditions are separately satisfied by the +ve and
—ve energy spinor wavefunctions. As usual, § = +
denotes the upper and lower branches of the mass
spectra.

Then, the completeness relation for any eigenvector
 in the reducible representation space of

(5.21)

SL(2,C) ® D(X =3 j dé{a, &})
may be written as e
v(p) = 2 (@) Yp)v(p)
+ [ astaor voIwo. 622
where o represents the total spin and takes discrete

values, and where & represents the continuous spin of
the system.
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6. QUANTIZATION OF THE INFINITE-COM-
PONENT GENERALIZED FIELDS

As shown in Sec. 2, the generalized field equation

(i@ — MY¥(x) =0, M = my+ 3myo,,T* (6.1)
follows from the Lagrangian density
£ = P(x)(—iy,0* + M¥(x),
with
F(x) =¥ )y, (6.2)
The equation conjugate to (5.1) is given by
[i2,¥y, + $M] = 0. (6.3)
Thus, we define a conserved density
Ju(x) = F(x)y,¥(x). 6.4
The momentum conjugate to ¥ is given by
my =25 = iy, (6.5)
0Yq

Then, the Hamiltonian density J is obtained from
(6.1) and (6.3) as
X=n¥ -t
=¥(x)(—ia: V + pM)¥(x)

- lJf+(x)( )‘P’(x)

We can obtain the expressions for the energy-
momentum 4-vector and the generalized angular-
momentum tensor in the standard manner from the
conservation principle, namely,

(6.6)

P=: f BTy (—i)V:, (6.7)
H= :f.’!ﬁ(x) dx:
- :fdax‘l”(—ia- V 4+ MY, 6.8)

Iy = :J‘dax‘IH[I‘Mv + 30, + i(x,0, — x,0)]¥":.

6.9)
For the space components of J,,, in particular, we
have

J=(J23a J31, le)
- :fd‘*x%[—ir xV 4+ 2 +3e]¥:. (6.10)

The double dots on both sides of the above ex-
pressions denote, as usual, that the normal-ordered
products are obtained by moving all destruction
operators to the right. From (5.4), we obtain an addi-
tional conserved quantity, the charge Q,

0=": f PPV (x): . 6.11)
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To establish the second quantized theory for the
generalized fields, we make use of the relations ob-
tained in Sec. 5. We define the general solution of Eq.
(6.1) as
Fe(x)
d’p ) ¥
= (exp {—i[p - x — (@* + m5)*]
77 (277)%( { J }
x u(p, J, J3, 8)b(p, J, J3, &)
+ exp {ifp - x — (0" + my)1)
X D(p’ J J3, 8)d+(P9 J Ja, E;))

_ N
f J( ( )(exp{l[l) x — (p* — m})*1]}
X u(pa ’V, J3! g)b(pa ’V, Jaa 8)
+ exp {—i[p-x — (p — mD)r}
X U(P9 v, J3 3 8)d+(p, v, J35 8))- (6.12)

Similarly, the adjoint field ¥*(x) is given by
¥ (x)
T s (jwl))%( )(exp ip-x =7 + mJ)%t]}
x ut(p, J, J3, &)b™(p, J, J5, 6)
+ exp {—ilp - x — (0° + mp)h])
x vt(p, J, J3, 6)d(p, J Js, &)

d3p "
f f ( )(exp{![p x — (p* — mH)*]}
x u+(p9 ’V, J3 ) 8)b+(p’ ’V, JS’ 8)
+ exp {—i[p-x — (p* — m)i1]}
x v (p, v, J3, 8)d(p, v, J3, ), (6.13)
with
E; = p% = (p* + mi}
and
(E)* = @ + mb)
or

E} = (p* — m)).
We then postulate the canonical anticommutation
relations between b,, b, d,, and d} as

[b(p, J, J5, &), b (0, J', J5, &),

= 0(p — P')aaa'aJJ'éJaJa' >
[d(p, J, J5, &), d"(p', J', I3, &),

= 6(p — P)0¢e07507,, 5
[b(p, 7, J5, &), 7', ¥', J5, &),

= 0°(p — P)0es:0(» — ¥')3;,7,
[d(p, v, J5, &), d*(p, v, I3, &)

= 0°(p — P)0ge:0(v — ¥)d7,7, 5

(6.14)
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and all other commutators vanish. From the relations
(6.14) and the completeness relation (5.22), we obtain
the local commutation relations for the generalized
fields as

Y1, ), ¥h(1, X)), = 8%(x — x)8,5. (6.15)

As observed by some authors, since the “spectral
conditions’” are no more true for generalized infinite
component fields, we have constructed a local field
Y¥(x), which annihilates the vacuum.2 We have to note
further that, contrary to earlier observations, our
fields constructed in the above fashion are local. This
arises from the fact that our mass spectra is no longer
bounded from below: We just have an accumulation
point at the minima.

Another interesting feature is the expression for the
charge Q. We can, after a little manipulation, derive
the charge operator as

.Q =fd3x 3 b

= z d3p :[b+(p’ J’ JS’ g)b(P, J: JS’ 8)
J.J3

+ d*(p, J, Iy, 8)d(p, 1, J5, O)I:

+3 [ f &p :[b*(p, v, Iy, E)b(p, v, Jy, E)
Js3

+ d¥(p, v, Jy, O)d(p, %, g, B)]:.

Better still, we can express @ in terms of particle
number operators. Define

(6.16)

Ni(p, «,J3, 8) = b¥(p, «, J5, &)b(p, a, J;, 8),

N—(P’ ayJ:i’ 8) = d+(P: a’ JS’ 8)d(P’ “’ J3’ 8)’ (6'17)

where o denotes either J or ». Then
Q=3 [F0N..,95, 8 = N, 15, 8)
T

+3 (@ f &pIN,(p, 7, I3, §) — N_(p, %, Iy, ©)]
' (6.18)

N, and N_ are interpreted as number operators for
+ve energy particles and antiparticles, respectively.
Note further that, in the case m; = 0, the fields only
contain the timelike parts and, correspondingly, the
charge O has the first terms in the rhs of Eq. (6.18).
We would like to bring out some salient features of
our fields. In the general solution of (6.1), the fields
¥(x) contain both the +ve and —ve frequency solu-
tions which in turn are associated with annihilation
and creation operators for particles and antiparticles,
respectively. We have explicitly displayed the -ve
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frequency solutions in Sec. 5. To obtain the —ve
frequency solutions, we just have to replace ¥'(x) by
7s¥(x). Thus, the fields y(x) explicitly contain both
W(x) and y;¥(x) parts. This is very similar to the
familiar pure Dirac fields. In either case, we note, the
§ principle is automatically satisfied.!® Contrary to
the pure Dirac fields or the generalized Dirac fields of
our present discussion, the Majorana fields ¥ (x)
contain only the annihilation operators. Hence, it
necessitates the introduction of the conjugate fields
with the creation operators. However, the quantized
fields so constructed do not possess any symmetry
between the +wve and —ve frequency solutions. To
redress this difficulty, one demands rather that (i)
¥(x) and W-(x) to be treated on the same footing,
and (ii) the action is invariant under the interchange of
¥(x) and V¥+(x), where ¥ = ¢"7J9. By constructing
the fields in the above manner, one then restores the
usual spin-statistics relation. (For a detailed discus-
sion, see Refs. | and 10.)

We make no secret of the fact that we have been
able to formulate the second quantized theory of the
infinite-component Fermi fields in accordance with the
substitution principle and satisfying the usual spin—
statistics relations. The pathologies diagnosed by
earlier work® have been redressed in our present
discussion. Further, we note that an identical pro-
cedure can be carried out for the quantization of the
infinite-component Bose fields.

7. CONCLUSIONS

To conclude our discussions, we constructed quan-
tum theory of the infinite-component generalized
fields satisfying local commutativity. Since the fields
explicitly contain particle and antiparticle solutions,
the conventional TCP invariance is also preserved!
Like other infinite-component field theories, our field
equation possesses timelike and spacelike solutions.
The former gives rise to discrete-spin spectra and the
latter to continuous-spin spectra for the masses. The
continuous-spin spectrum, which is rather a peculiar

. characteristic of infinite-component field theories

satisfying linear covariant field equations, gives rise to
an entirely new kind of radiation involving spacelike
particles.!1® The special features of this phenomenon
have been discussed by Sudarshan, and the possible
implications have been also discussed from the point
of view of finite-component field theories.®

Another feature of the mass spectrum is that, for
each value of the “spin,”” there are two values for the
masses. One is an ascending branch and the other
asymptotically goes to zero. In fact, the former one is
rather attractive for hadron spectra. To be more



QUANTUM THEORY OF THE GENERALIZED WAVE EQUATIONS. 1

optimistic, the two branches of the discrete spectra can
be interpreted as the mass spectrum of the “electron’
and the “muon’’ by cleverly adjusting the parameters
my and m, .

Finally, we believe that such a formulation of the
field equation has some added advantage over the
pure Majorana wave equation. Some more interesting
cases of field equations and a systematic study of their
solutions and quantization schemes will be reported
elsewhere.
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APPENDIX A
1. Timelike Case
We wish to derive the expression for the mass
matrix (4.4), i.e.,
my — m(J + B
( im, [J(J + 1)}t

—im[J(J + DI )
—my — my(J — §)]

Let us consider the mass operator (4.3):
Mo = mgy, + My - & — - Q).

We have seen that the basis vectors can be labeled by
the eigenvalues of y,, 03, Z2%, and X, or, alternatively,
by |8,J, A, &), where 8, J, and A are the eigenvalues of
Y0, the total spin J2 = (Z 4 }0)%, and J; = (Y05 + Z,),
respectively. We note further that, since y, does not
commute with M, these do not furnish the eigenstates
of mass. To write down the mass matrix, we find that,
since for a unitary representation A behaves like a
vector under X, the t + A term in the mass matrix will
contribute to the off-diagonal matrix elements, where-
as ¢ -Z will contribute for the diagonal ones. We
have, J = Z + }o. Squaring both sides, we get

P=JJ+1DN)=Z+3+0.2
or
6 E=JU+D)~ZCE+1)—3 (A
For £ = J + }, we have
O'-Z:—-(J—}-%),
while, for X =J — §,

c-Z=J-4}
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Now,
(- M A= —(a-A)a-A)
=—-A’—0¢-Z
= —A(J2— 22— )
=@ -A) - Pt i=—J
=-J(J+ 1) (A2)
Thus,

o™ m(J —3) —im[J(J + D}
B ( im U+ D —my — my(J — %))'
2, Spacelike Case

In this case, the basic vectors are labeled by y,, J, 2,
and i, where v, J, 4, and S are the eigenvalues of y;,
J=E+10), Jy=(Z+10) and C= (82—
A2 — A= e, respectively.

Defining
Js = Z3 + o3,
Ky = Ay + 47y,
Ky = Ay + iy,

we find the following expression for the second-order
Casimir operator:
Q=Js— Ki—K;
=(Zs + 405)* — (A + §m)* — (Ap + §7)°
=EZ-Al-A)+o-2+}
—C+31+5-5 (A3)

where

o= (03, 71, T2), T = (74, 0y, 0),

£=(Z5ALA), A=(A,, 3,5

Note that, under Z and 6, A and 7 respectively trans-
form like vectors. Furthermore, we have
62 =% A) = (658, — 1A, — 1Ay
— (1A — 01, — 02 2,)
=(@:-Z—1-N0),
as it should.
From (A3), we have

Q@-C-p=¢6.2 (A%)
Squaring both sides of (A4) and simplifying, we obtain
@-C—pr=20-0+1%
or, solving for Q,
Q=(€C+Hh+(EC+ht
Furthermore, from (A3), we have
6-Z=Q0-C-—%

(A35)
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Substituting for Q, we obtain
6-ZT=—-1+@C+pt

or
(3 +6-8)=+(C+ ht (A6)
Again,
G AE-D) = +32-AY-5-Z
=(-1-0—-(Q—-C—9, (A

since

—_— 3 =
= i=

22_A2
= (X3 — A — A) — (A5 - I - Z)).

Co

m =

—im[(€ + DE + ]
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Equation (A7) may be written as

G- DE-AD) = -0,
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(4 + 7T M- -F- D=} - GF-DEH
i1+0
[(C+ DY+ 4P
(A8)
Note further that 4 + & - £ contributes to the diagonal
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The convolution approximation introduced by Jackson and Feenberg for the 3-particle distribution
function is extended to the n-particle distribution function g, . It is shown that the generalized convolution
form satisfies the limiting and the recursion relations connecting g, and g, ;.

I. INTRODUCTION

An important problem in the quantum mechanical
and statistical consideration of many-particle systems
is the approximation of the n-particle correlation
function g, by lower-order ones, usually the pair
distribution function g,. Many years ago, Kirkwood!

introduced in the theory of classical fluid the super-
position approximation for the 3-particle distribution
function. The idea of superposition has been widely
accepted and its extension to the n-particle distribu-
tion function has also been used.?2 An alternate
approximation for the 3-particle distribution function,
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The convolution approximation introduced by Jackson and Feenberg for the 3-particle distribution
function is extended to the n-particle distribution function g, . It is shown that the generalized convolution
form satisfies the limiting and the recursion relations connecting g, and g, ;.

I. INTRODUCTION

An important problem in the quantum mechanical
and statistical consideration of many-particle systems
is the approximation of the n-particle correlation
function g, by lower-order ones, usually the pair
distribution function g,. Many years ago, Kirkwood!

introduced in the theory of classical fluid the super-
position approximation for the 3-particle distribution
function. The idea of superposition has been widely
accepted and its extension to the n-particle distribu-
tion function has also been used.?2 An alternate
approximation for the 3-particle distribution function,
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the convolution form, was proposed by Jackson and
Feenberg® in the correlated basis function (CBF)
approach to the theory of quantum fluids. The con-
volution form has proven to be more convenient to
use in the evaluation of matrix elements occurring in
the CBF formalism. In the evaluation of the excitation
spectrum of He 11, for example, the convolution form
largely reduces the amount of numerical works while
yielding results comparable to those obtained using
the superposition approximation.® Similar simplifica-
tions have also been observed in its application to the
theory of fermion liquids.4-3 In the further perturbative
treatments in the CBF formalism, convolution forms
of higher-distribution functions are also needed. Thus
Lee® has obtained and used the convolution form of
g4 to compute the second-order correction to the
excitation spectrum of He 11. More recently, calcula-
tions have been carried out for liquid *He and *He-*He
mixtures with partial contributions from g; and g,
included.” It would then be of practical as well as
theoretical interests to extend the previous results on
the convolution approximation. Lee® used intuitive
reasonings to generate the convolution form of g,.
However, we find it very difficult to go further
beyond in the absence of precise statement of general-
ization. It is the purpose of the present paper to make
the rule precise and generalize the convolution
approximation to the n-particle distribution function.

II. PRELIMINARIES

Consider a system of N identical particles confined
in a volume €. The thermodynamic limit N — <o,
Q — oo will be taken, if necessary, with the density
N[Q = p kept constant. We define as usual® the »-
particle distribution function

gn(l'urz, s,

r,)
N! fW(r1’r2,”',rN)drn+1”.drN

>

= P
— '
(N —mn)! fW(rl,rz,"',rN)drl"'drN
(v

with W(r;,r,, -, r,) a function symmetric in the
coordinates ry, Fy, - - -, 1, . Explicitly, we have

T rN)/kT],

for a classical system,

W=exp[—V(;, Ty, "

= |p(r, 1y, - - -, Ty)]?, for a quantal system.

Here V is the total potential energy and ¢ the wave-
function describing the system. Physically,
Q- n(rls te

» )
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is the probability density function for n (& N)
particles to situate at ry, ry, - -, I,,.

Some implications now follow as consequences of
the definition. It is clear that g, (r;, -, r,) is non-
negative, symmetric in its # coordinates, and vanishes
for strongly interacting systems when two particle
coordinates coincide. The definition (1) also implies
the recursion relation

PJ‘gn+1(r1’ R rn+l) drn+1 = (N - n)gn(rl’ T, rn)
o . 2)
and hence the normalization condition
N!
"l gty ) dry o dry, = ———— . (3
P, i, G O

Furthermore, taking a particle to infinity is equivalent
to removing one particle from the system. As a conse-
quence, we expect the limiting condition

hm gn+1(rl s
Tnt1™ 0

C)

to hold. Any approximate form for the n-particle
distribution function should be tested against these
necessary conditions.

For a uniform system, we expect g, to be a constant.
Normalization then requires

T rn+l) = gn(rls T, rn)

gi(m =1L (5)

We also expect the pair distribution function g, to
depend on the distance rj, = |r; — 1y only. We
define the f function as

Sr2=f(rp) = gz(rm) - L (6)

The normalization condition (3) then implies the
following conditions on f:

gﬁﬂwdr=-—L ™
flo) =0. ®)

In the following discussions, f is assumed to satisfy
both (7) and (8).

The Kirkwood superposition approximation! g
for the 3-particle distribution function is

gi{SS)(rl s To5 T3) = g5(r12)8a(r22)8a(1a1)- )]

This approximate form satisfies most of the necessary
conditions on g, except the recursion and the normal-
ization relations (2) and (3). In fact, explicit evaluations
using (7) yield the results

P f 857(r1, Ty, 13) drg = go(ry,) (N -2+ Pfﬁsﬁa dra)
(10)
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and
Pafg:(‘)s)(rl » T2, l'3) dl'l dl'g dl'a

= N(N—1D(N—=2)— N+ paffmfgafm dry dr, dr .
(11)

The remainder term in (10) is deceptively small and,
as it turns out, proves to be of primary importance
in applications.® The generalized superposition form
for the n-particle distribution function,

H<

1<i<j=n

gils)(rl PE rn) = g2(rij)a (12)
also fails to meet the requirements (2) and (3).

An alternate approximation of gy which exactly
satisfies the recursion and the normalization relations

is the convolution form?®
8;0)(1'1 T, T3) =1+ fis + fos + far + fiofos + fasfan
+foufu + p fm&m dr,. (13)

It is easy to see that gi® is symmetric in the particle
coordinates and satisfies the recursion and the limiting
conditions (2) and (4). However, it fails in the other
tests. Namely, g is not necessarily nonnegative and
the approximation is poor for strongly interacting
systems when the particle coordinates are close. But
these are not critical objections in view of its conven-
ience in applications. In fact, it is not known in actual
calculations which approximation using g’ or g{® is
more accurate.® With nothing better available, the
convolution form remains a useful approximation in
evaluating integrals involving nonsingular operators.
Lee® has extended the convolution form to g, and
obtained the explicit expression of Lgf‘c’ which yields
£ upon integrating over one particle coordinate. In
the next section we shall generalize further to the -
particle distribution function. The resulting form is a
generalization of the known expressions of g{® and
2.9 and satisfies both the recursion and the limiting
relations (2) and (4).

III. CONVOLUTION APPROXIMATION FOR g,

It is convenient to introduce a diagrammatic
representation which will facilitate our discussions.
We first give some definitions in the language of linear
graphs.®

A linear graph is a collection of points with lines
joining certain pairs of points. Examples of linear
graphs are given in Fig. 1. A graph is said to be dis-
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(a) {(b) (c)
F1G. 1. Examples of linear graphs.

connected if it is possible to separate the points of the
graph into two or more groups such that there is no
line joining a point of one group with a point of the
other. Otherwise the graph is said to be connected.
Thus, Fig. 1(a) is disconnected and Figs. 1(b), 1(c)
are connected. A line successively joining a set of
points is called a path. If the final and the initial points
of a path coincide, we speak of a cycle. For instance,
points 2, 3, and 4 in Fig. 1(c) form a cycle. A Cayley
tree is a connected linear graph containing no cycles.
Figure 1(b) is an example of a Cayley tree. An isolated
(unconnected) point is also a Cayley tree. The number
of lines incident at each point is called the degree of
the point. Therefore, the degree of the black point in
Fig. 1(b) is three, and the degrees of all other points in
the same graph are all one. If a point of the graph is
given a numerical label, 1,2, -, we call this point
a root point and speak of a rooted graph. In the
following, all root points will be denoted by open
circles or open points, and all unlabeled points by
black circles or black points, as shown in Fig. 1.

A diagrammatic representation for mathematical
expressions is now in order. A factor f; is represented
by a line joining two points with labels i and j. The
point 7 is a black one if the coordinate r, appears as the
integration variable under an integral sign; otherwise
it is an open point. In other words, a black point
represents a factor p | dr, with the label & deleted from
the graph. All isolated open points are taken to repre-
sent a numerical factor of 1. Thus, the graphs of Fig.
1 represent the following expressions:

Seafaas for Fig. 1(a),
Pffufufu dr,, for Fig. 1(b),
Srafaofesfars for Fig. 1(c).

As another example, the convolution approximation
gi® for the 3-particle distribution function given. by
(13) has the diagrammatic representation of Fig. 2.
In these notations, we now define the convolution
approximation g!® for the n-particle distribution
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! 1 ) :
Ll A A A
2 3 2 3 2 3 2 3
FiG. 2. Diagrammatic representation of the convolution approxi-
mation g{® given by Eq. (13).

function as

-, r,) = the collection of all distinct
graphs of rooted Cayley trees
(connected and disconnected)
with each graph consisting of »
root points, labeled 1,---,#,
and any number of unlabeled
points provided that the degree
of each unlabeled point is at
least three. (14)

Clearly, g!© is symmetric in the coordinates r,,

gy, 1y,

Iy, - ,r,. Wenow show that g!? satisfies the limiting
relation
hm g(,fll(l'l, Y rn+1) = g(nC)(rl, T rn) (15)
Tpt1 >0

and the recursion relation

Pfgiz(i}{l(rl I l'n+1) drn+1 = (N - n)g(nc,(rla e ,l'n).
(16)

It is convenient to classify the graphs of g{°} | according

to the connectivity of the root point with the label
n + 1 [the (n + 1)th root point]. We write

gizc«:l(rnl'z, to arn+l) =G, + G_z + G+ Gy, (17

where

G, = the collection of graphs of gi’} in which the
(n + 1)th root point is isolated,

G, = the collection of graphs of g{%, in which the
(n + )th root point is connected to precisely
one open point,

G; = the collection of graphs of g{’) in which the
(n + I)th root point is connected to precisely
one black point,

G, = the remaining graphs of ¢!} in which the degree

of the (n 4+ 1)th root point is at least two.

First we note that G, contains precisely the graphs of
g (ry, - - -, r,) with the addition of isolated (n + 1)th
root points. Since all isolated root points represent
the same numerical factor 1, we then recognize the
identity

Gl = gfnc)(rl: Tt rn)' (18)
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Now, G,, G,, and G, contain all graphs in which the
(n + Dth root point is connected. It follows then from
(8) that all graphs of G, Gs, and G, vanish on taking
the limit r,; — co. Only G, survives on the left-hand
side of (15) and this completes the proof of the
limiting relation.

To prove the recursion relation (16), we note that
the integration over an isolated point simply yields a
numerical factor p f dr = N. Hence from (18) we have

pJGI dr,.1 = Ngiory, -, 1,). (19)
Next, since G, contains all rooted Cayley trees in
which the (n + I)th root point is connected to pre-
cisely one root point, one may generate a// graphs of
G, by joining in graphs of G, the (n + 1)th root
point to one of the n other root points. In fact, by
joining to the n other root points in succession, n
different graphs of G, are generated from a given
graph of G,. However, because of (7), these n graphs
are all equivalent upon integrating over dr,,,. It
follows then, using (7),

prz dl'n+1 = _nGI

= _ngfnC)(rl’ T rn)* (20)
We remark that we have, in the above, used the fact
that G,, or g, contains the collection of all rooted
Cayley trees with » root points so that all graphs of G,
are generated from G,. Finally, we note that there
exists a one-to-one correspondence between the graphs
of G; and G,. For each graph G of G;, we may
generate a graph G’ of G, by first removing the
(n 4+ Dth root point in G and then converting the
black point originally connected to this (n 4+ 1)th
point into a root point with the label n + 1. Since
the degree of the original black point is at least three,
the degree of the new root point will be at least two
and the resulting graph will certainly be contained in
G,. Conversely, for each graph of G,, a unique graph
of G; can be generated by the reversing process. An
example of this correspondence is shown in Fig. 3.
Now the integration over p | dr,,; simply changes the
(n 4+ 1th root point into a black point in G’ and

F1G. 3. An example
of the one-to-one
correspondence be-
tween graphs Ge G,
and G'eG,. Al
labels of the root
points have been de-
leted in G and G’
except the label n 4 1.
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9, I+ I + A + A
o—0
gl = [grophs of ¢@ ] +
3 —o

(©)
95 [grophs of g(c’] +

+/U+7E°+
DaGEad

removes the (n 4+ 1)th root point in G, the following
relation between G and G’ then follows from (7):

PfG dr'n+1 = _prI drn+l

pf(c + G)dr,,, = 0.

- X
Sl
e

or

The one-to-one correspondence of the graphs of Gy
and G, then ensures

p f (Gy + G dr,y = 0. @1
The recursion relation (16) now follows as a result on
combining (19)-(21).

IV. CONCLUSION

We have shown that the convolution approximation
of the n-particle distribution function given by (14)
satisfies the limiting relation (15) and the recursion
relation (16). The explicit expressions of g{!, g{*, and
g8 are collected in Fig. 4 in a more compact graphical
notation in which only the topologically distinct
graphs are shown with all labels and isolated points
deleted.'® For example, all the (}) terms of the form
f;; are represented by a single graph. Thus the 4
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« N+ N
+ >_4,_4,

Fi1G. 4. A compact dia-
grammatic representation of
g%, gi®, and g{%. Only the
topologically distinct graphs
are included with all the
labels and isolated points

+ deleted.

graphs of g{® represent a total of 8 terms, the 10
graphs of gi© represent 58 terms and the 24 graphs of
gL represent a total of 617 terms. In this simplified

notation, the expression (14) for g!@ can be rewritten
as

-,r,) = the collection of all distinct
graphs of connected and discon-
nected Cayley trees excluding
isolated points and consisting
of n or less open points and
any number of black points,
provided that the degree of each
black point is at least three.

C
g(,,)(l'h ¥o,°
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The method used by Naimark to obtain symmetrical spinors and their transformation law from finite-
dimensional representations of the group SL(2, C) is extended to infinite-dimensional representations.
As an infinite-dimensional representation, we use the principal series of representations realized by means
of the special unitary group SU,. As a result another form of the principal series of representations of
SL(2, C) is obtained which describes the transformation law of an infinite set of numbers under the group
transformation in a way which is very similar, but as a generalization, to the way spinors appear in the

finite-dimensional case.

Two component spinors® are associated with finite-
dimensional representations of the group SL(2, C)
when realized in the space of polynomials. SL(2, C)
is the group of all 2 x 2 complex matrices with de-
terminant unity, and it is the covering group of the
restricted Lorentz group describing homogeneous
Lorentz transformations which are orthochroneous
and proper.? Spinors appear (up to factorial terms)
as the coefficients of the polynomials of the space
in which the representation is realized. Their trans-
formation law then provides another form for the
representation.?

However, the group SL(2, C) has also infinite-
dimensional representations the most notable of which
is the principal series of representations.>* In this
paper, we define an infinite set of numbers which can be
associated with the principal series of representations
in a way which is very similar, but as a generalization,
to the way spinors appear in describing the finite-
dimensional representations. The transformation law
of these numbers, at the same time, defines another
form of the principal series of representations of
SL(2, C). Just as in the spinor case, these numbers
become functions of space-time when applied in
physics.

The principal series of representations of SL(2, C)
is an irreducible unitary representation, which can be
realized in several ways according to the space of
realization. For our purpose, we employ that partic-
ular realization of it by means of the special unitary
group SU,.

We denote by L2*(SU,) the set of all functions ¢ (),
where u € SU,, which are measurable and satisfy the
conditions

Plyu) = e"(u), (1)
[1perau < e, @
where y € SU, is given by
—4ip
y = (e . eg_w). 3

L%(SU,) provides a Hilbert space®® where the scalar
product is defined by

(b1 $o) = f () Fout) du. @)

The principal series of representations is then given by
the formula?

Vb)) = [o(ug)/a(u)lp(ug),
— (81 &
& (gn g 22)

is an element of the group SL(2, C) and «(g) is a
function given by

®)

where

p—28—2

a(g) = g3 1gal’ (6)

Here p is a real number and 2s is an integer.$

Consider now all possible systems of numbers ¢/,
where n = —j, —j+1,---,j and j=|s|, |s] + 1,
|st + 2, -+, with the condition

S+ 3 g < . @

J=[s n=—j
The aggregate of all such systems ¢’ forms a Hilbert
space, which we denote by /2°, where the scalar prod-
uct is defined by

P

i=|s

j -
2 dava,

n=—3

I(?-j +1) ®)
for any two vectors ¢/, and y*, of /2:. With each vector
¢, € 1%, we associate the function

=3+ 3 HTIW, O

n=—

where T%(u) is the matrix element 77 (u) of the irre-
ducible representation of SU,. Since?

T i(yu) = €T J(u),

the function given by Eq. (9) belongs to the space
L%(SU,). On the other hand, every function in
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L#(SU,) can be written in the form (9), since the T (u)
provide a complete orthogonal set.>? The two spaces
L?(SU,) and /¥ are, in fact, isometric where the
transition from one space to the other can be made by
means of the generalized Fourier transform

b1 = f )T () du.

Similarly to spinors, which appear as coefficients in
the polynomials of the space of representation, we
see that the numbers ¢/ appear as coefficients in the
expansion given by Eq. (9) of the functions ¢(u) of
the space L*(SU,). By means of the mapping (10), the
operator V, of the representation (5) may also be
regarded as an operator in the space /2°, whose explicit
expression we find below. This expression also defines
another form of the principal series of representations.

Applying the operator ¥, to the function ¢(u) as
given by Eq. (9), we obtain

(10

Vw =3+ D3 688 1ug)

11
«(ug) (an

or
V) =2 H+ D243 +1)

x 3 Ving: s pTaw), (12)
where "

a(ug) T Xug)T i(u) du.

13
«(ug) )

Vi g s, p) =
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Accordingly, we obtain

Vidw) =2 (25 + 1) X 67T 3w), (14)
where, using Eq. (12), we have
) J .
- =f2| @+ 2 Viwlgss, p)gn.  (15)

Thus, the operator ¥, of the principal series of
representations of SL(2, C) in the space /2* is the
linear transformation determined by Eq. (15) de-
scribing the law of transformation of the quantities
7, where j=|s|, |s| + 1, [s| + 2,---and n = —j,

n?

—j+1,--+,j. Here, V¥ (g;s, p) are functions of
g € SL(2, C)and of p and s, where p is a real number
and 2s is an integer.
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theory of general relativity, see R. Penrose, Ann. Phys. (N.Y.) 10,
171 (1960).
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Spin and Statistics, and All That (Benjamin, New York, 1964).

8 M. A. Naimark, Linear Representations of the Lorentz Group
(Pergamon, New York, 1964).

4 1. M. Gel’'fand, M. I. Graev, and N. Ya. Vilenkin, Generalized
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(Academic, New York and London, 1966).

5 M. Carmeli, J. Math. Phys. 10, 569 (1969).

8 Applications of the principal series of representations of the
group SL(2, C) to massless particles were recently given by Y.
Frishman and C. Itzykson, Phys. Rev. 180, 1556 (1969).

7 The functions 77(u) satisfy the orthogonality relation

o &I g
f Tz.(ll)T,"'(M) du = ?]-I—l- .
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Differential conditions which guarantee the Lorentz invariance of instantaneous action-at-a-distance
relativistic dynamics have been given by Currie and by Hill. The present paper obtains the general
solution of these conditions for the special case of two particles in one dimension. The resulting equations
of motion are integrated to obtain the world lines. World-line invariance is explicitly demonstrated.
The equations of motion are cast into Hamiltonian form with the transformations of the inhomogeneous
Lorentz group canonical. The Hamiltonian formulation is made unique up to canonical transformation
for those forces which fall off faster than the inverse square of the interparticle separation by the demand

of asymptotic reduction to free particle form. The spec;

ial case of the inverse-square-law forces of electro-

dynamics is considered; the constant of the motion associated with Lorentz invariance is found to have
an interaction piece which survives asymptotically as in the relativistic mechanics of Van Dam and
Wigner. The Poisson bracket [x,, x;] between the physical coordinates also has an interaction piece

which survives asymptotically for electrodynamics.

L. INTRODUCTION
The relativity of simultaneity has as one conse-
quence the fact that the differential statements of
Lorentz invariance’™® of instantaneous interaction
relativistic mechanics are nonlinear. The nonlinearity

renders their integration difficult. This is in contrast
to the corresponding statements of ‘“manifest co-
variant” theories which are linear and can be readily
integrated to obtain the specification of an arbitrary
dynamics by arbitrary 4-vector functions of 4-vectors.
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of motion are integrated to obtain the world lines. World-line invariance is explicitly demonstrated.
The equations of motion are cast into Hamiltonian form with the transformations of the inhomogeneous
Lorentz group canonical. The Hamiltonian formulation is made unique up to canonical transformation
for those forces which fall off faster than the inverse square of the interparticle separation by the demand

of asymptotic reduction to free particle form. The spec;

ial case of the inverse-square-law forces of electro-

dynamics is considered; the constant of the motion associated with Lorentz invariance is found to have
an interaction piece which survives asymptotically as in the relativistic mechanics of Van Dam and
Wigner. The Poisson bracket [x,, x;] between the physical coordinates also has an interaction piece

which survives asymptotically for electrodynamics.

L. INTRODUCTION
The relativity of simultaneity has as one conse-
quence the fact that the differential statements of
Lorentz invariance’™® of instantaneous interaction
relativistic mechanics are nonlinear. The nonlinearity

renders their integration difficult. This is in contrast
to the corresponding statements of ‘“manifest co-
variant” theories which are linear and can be readily
integrated to obtain the specification of an arbitrary
dynamics by arbitrary 4-vector functions of 4-vectors.
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The present paper obtains the general solutions of
the nonlinear Lorentz invariance conditions of
instantaneous interaction relativistic dynamics for
the special case of two particles in one dimension, thus
making it possible to investigate an arbitrary 1-
dimensional 2-particle dynamics in the instantaneous
interaction format.

In Sec. II the differential statements of Lorentz
invariance are integrated to obtain equations of
motion. Section III is devoted to the integration of
these equations of motion. Constants of the motion
H, P, and K whose transformation properties are
identical with the transformation properties of the
generators of the inhomogeneous Lorentz group are
found. These constants are not uniquely determined.
The particle world lines are obtained and world-line
invariance is explicitly demonstrated. In Sec. IV a
Hamiltonian formulation of the dynamics is obtained
for each of the possible choices of H, P, and K found
in Sec. IIL. In Sec. V the constants H, P, K, and the
Hamiltonian formulation are made unique (up to
canonical transformation) by the demand of asymp-
totic reduction to free particle form. Section VI is
devoted to examples, including electrodynamics.

The equations solved in Sec. II are derived in Ref. 1
and in Sec. III of Ref. 3. The work of Secs. III-VI is
based on the paper “Canonical Formulation of Rela-
tivistic Mechanics,” ¢ hereafter referred to as CF;
it is recommended that the reader of the present
paper be familiar with CF.

II. INTEGRATION OF THE DIFFERENTIAL
STATEMENTS OF LORENTZ INVARIANCE
The differential statements of the Lorentz invariance
of a 1-dimensional 2-particle instantaneous action-at-
a-distance theory—® are

£e,=0 (1a)
and
£,e; = 0, (1b)
where
0 2
£, = —Xp0 5;‘12 + (1 - o) ’a;:
10+ mell = DA =D (2a)
and *
—_ 0 i 2 0
£ = —X390y — + [1 — xp9e,(1 — 071)°}J(1 — ) —
0%, 3 ov,
— 2y L
+A—)z-. @)

Here x5 = x;(¢t) — x,(t) is the (instantaneous) inter-
particle separation, and »; and v, are the particle

1919
velocities. The equations of motion are
a = (1 — oD, 3
and
ay = (1 = o)’e,, @

where g, and a, are the particle accelerations.

We begin by remarking that, if e, were known, the
differential operator £, would be known and Eq. (1a)
could be solved by the usual method of characteristics.5
Even with ¢, unknown, the characteristics of (1a) still
exist and can be used as one set of coordinate lines
in a system of “natural” coordinates for the system
(1). The characteristics of Eq. (1b) can be used as a
second set of coordinate lines in such a system of
“natural” coordinates if £, and £, are not propor-
tional (this exceptional case is considered in Appendix
A). Thus we introduce a transformation from the
coordinates x5, v;, v, to new coordinates s,, s,, {
in such a way that

0%19
'a_ = —X1302@1> (5a)
$1
0
‘ail—z = —X12V1 P32, (5b)
Sa
avl 2
‘a‘ =1 — v)e1, (6a)
51
0
a_vl = [1 - x1281(1 - Uf)%](l - Uf)(Pz’ (6b)
Sa
0
f = [1 + x;;e,(1 — vg)i](l — )¢, (Ta)
1
0
a—v2 =1 — v})g;. (7b)
Sg

By comparing Egs. (5), (6), and (7) with Eq. (2),
we see that

0
£, = 'Pl_l a_ (8a)
St
and
2 0
£ = @3 Pt (8b)
S2

Thus the system (1) becomes, in the new coordinates,
the system
Oer _

0Os, ’ (%)
Oe,

—=0.

0s, %)

We note that Eqs. (5a), (6a), and (7a), with some
choice for ¢, (usually ¢, = 1), is just the equivalent
system which is written down when the usual method
of characteristics® is applied to (1a).
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The introduction of equations for two sets of charac-
teristics, with coordinates s, and s, along the charac-
teristic lines, is not necessarily consistent, because each
of the pairs (5), (6), and (7) must satisfy an integra-
bility condition. The as yet unknown function ¢, and
1, are integrating factors introduced to make possible
the satisfaction of these integrability conditions,
which are

0
— (X120199), (10a)

X1V, =
(X120291) 2s,

?s,

3_52- [a- 171)(]71]

= 5‘:— ([l = xe(1 — DL — oD}, (10D)

9 (1 4+ xped — DA — Dy}
s,

= 211~ gl (100

0s,
By carrying out the differentiation and introducing
the derivatives from (5), (6), (7), and (9), the integra-
bility conditions (10) can be reduced to
99 a%

1
x12(1’2 S T h

3S2 351 + (Ul Ug)%%) =0, (113)
d d
- vl)(il ~ [t = xuer(t — D22

2 l
— xe(1 — oD, + vg)%%) =0, (11b)

d d
(- vz)(n 1+ xpen(l — ol 202 02
ds, 0Os;

— Xppes(1 — Ug)é(vl + Uz)%%) =0. (llo)

Equations (11) comprise a homogeneous system of
linear equations for the three unknowns 0¢,/0s,,
0,/0s,, and @,p,. The determinant of this system
vanishes identically. Analysis of the system (11), with
the assumptions x;, # 0,0, # 0,0, # 0, 1 — 22 £ 0,
and 1 — v? # 0, shows that, unless both

= x7H(1 — L — (0,/0))] (12a)
and
ey = —xii(1 — o)1 — (uafo)]  (12b)
hold, necessarily
9 _ 9% _ (4, 4 vypug. (13)

Os, Os,

If Eq. (12) holds, £, = (v,/v,)L, and our method fails
(see Appendix A). We discard this case and note that
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the first equality of Eq. (13) implies that

3

g ==L, (14a)
s,
2

oo =%, (14b)
ds,

for some ¢. Reinserting this in Eq. (13), we see that ¢
is determined by

%y 09 dg
= 15
05,054 (bt as1 sy (15)
The use of (14) in (6a) and (7b) produces
ov, 0
1= 2222 16
(1 =) 25, s, (16a)
1 0v, _Jyp
-t F=-L. 16b
( vp) 35, a5, (16b)
Integration of (16) produces
v; = tanh (p + yy), (17a)
= tanh (¢ + y,), (17b)

where %, and y, are functions of integration and
satisfy

azpl av)z
=== 18
Os,  0s, (15
The use of (17) in (15) produces
2
¢ o9 O
= [tanh tanh 4 L
2505, [tanh (¢ + ;) + tanh (¢ + ;)] 2. 75,
(19)

Before proceeding to integrate (19), we argue that,
for a nontrivial dynamics, 0y,/0s, # 0 and Oy,/0s, #
0. The time-development operator D for the dynami-
cal system is

d

DE—+§:(U~—a—+a-—a—). (20)
ot S\ ' ox, " ov;
Define X by
X = 306 + xp). (21)
The use of (2), (3), (4), and (21) in (20) yields
=2t i+ o) G - ). @)

ot
The use of (8) and (14) in (22) yields

0 0
D=E+Jz‘(01+vz)'87(

@72 ETE o
+’°“[<as1 3s,  \3sy) 0s) (23)
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It follows immediately from (23) that ¢ and { are
constants of the motion. The results (17) and (18) now
yield

a0\t 0
a, = Dy, = _xlzl(éf‘)) sech® (¢ + w1 ‘51;{)_1 ,» (24a)
2 2
-1
a, = Du, = xl'zl(-a—(p) sech® (¢ + wp) 6_1/)? (24b)
0s, 0s,

Hence, for a nontrivial dynamics, 0y,/0s, # 0 and
Oy,/0s, # 0. Thus we can take & and 7 as new
variables where

§ = exp (—2yy), (25a)
7 = exp (—2y,). (25b)
If we also introduce
D = exp.(2p), (26)
Eq. (19) takes the somewhat simpler form
9’0 - ( 1 1 )Q@QCI_) @7)
oton \ @+ & @4 9/0E Oy

We now proceed to integrate (27) by showing that
it is equivalent to the following system:

aff =0, (28a)
% _
8£ +e 0¢ o (28b)
o, 9 _
o +7 37) (28¢)

To demonstrate the equivalence, suppose « and f are
given, satisfying Eqs. (28b) and (28c). Then we
define @ by (28a); by using (28a) to eliminate « from
(28b) and (28c), we obtain

1 00

__1 = —— 29
(In 8) FYET (29a)
and
0 1 od
s | = - — 2=
an(nﬁ) 1 70n (29b)

Equations (29a) and (29b) are compatible if and only if

0 [ 1 afl):l 0 [ 1 3<D]
nl® + E0E ] OELD + oy
The relation (30) is easily shown (for & # %) to be
equivalent to (27). Conversely, suppose @ is any
solution of (27). Then the integrability condition (30)
for the system (29) is satisfied and § is determined to
within a multiplicative constant. If (28a) is now used
to define «, we can eliminate @ from (29) to obtain
(28b) and (28c).
We now proceed to integrate (28b) and (28c). Their

(30)
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compatibility requires
il 30) = (75
73
which implies
0*8
—— =0. 31
20m (31)
Hence
p=L2r.0+ 2 e (32
85 1) 677 g n’ LS

where f and g are arbitrary functions of the two
indicated variables. Insertion of (32) into (28) now
gives

Ot 221
35 = 2 (33a)
Oa o%g
— = —n==. 33b
o Y o (33b)
Integration yields
w160~ 70D 1 4.0 - 22D

Here the integration constant has been absorbed into
the arbitrary functions fand g.
The use of (25), (26), and (28a) in (17) yields

S o
vy = z;z Z;gz (35b)

The use of (14), (25), (26), and (35) in (5) yields
a%(ln Xi) = (ﬁ - 51:77)%%’, (362)
o= (g b om

The integratlon of (36) is carried out by using (29);
one obtains

Inx;, =3In® + In 8 + const = } In (xf) + const.

Inasmuch as @, v, and v, are left unchanged when «
and 8 are multiplied by the same constant, this
integration constant can be absorbed into f and g.
Thus we have

xp = (@p)h. @7
The quantities e, and e, can now be calculated from
(6b) and (7a). By using (25), (26), (28a), (35), and
(37), we obtain

e = —&5‘*(%)—1, (38a)
ey = gn—*(g; )—l. (38b)
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The fact that (38) is consistent with (9) is an obvious
consequence of (18) and (25) and the fact that
df/on = 9g/0& = 0. The fact that (38) and (24) are
consistent can be shown with the aid of (25), (26),
(28a), (32), (34), and (37).

We have now succeeded in obtaining the solution
to Egs. (1) in parametric form. We can summarize
this solution as follows: We make some choice of the
arbitrary functions f and g. Equations (35) and (37)
then define a transformation from the physical
variables x,,, v;, v, to new variables &, 7, { [with «
and g given by Egs. (32) and (34)]. The unknowns
e, and e, are then given in terms of these new variables
by Eqgs. (38). The only conditions on f and g is that
they be so chosen that the Jacobian J of the trans-
formation from the physical variables x,,, v,, and v,
to the new variables &, %, and { does not vanish. This
Jacobian is

_ (%19, 01, 9)

(39
& n 0
The use of (32), (34), (35), and (37) shows that
J = 4epla + O + p) Uy, (40)
where
a
[5 et %ﬂ]
o 2 32 op a1
+[5 A= R D

The cases for which J is identically zero or infinite
are explored in Appendix B. The result is that the
transformation from x,,, vy, vy to &, 7, { is every-
where singular if and only if

f= 5*/11[5}12(()] + Ehy() + hy(D), (42a)

g = nihslnhy(D] + nho(D) + D), (42b)

where the arbitrary functions ; are restricted either by
ho(hy + hy)? = const, (43a)

h7¥(hg + he)® = const for hy # 0, (43b)

(hg + hg)(hy + hy) = const, (43¢)

or by

hy(Ehy) = Ci(Eho)t + CoEh) ™ + €y, (442)

honhy) = Cilnht + Colnh) ™ + C5,  (44b)

(C1 + C(hy + Bk} + (Ca + C(hs + hhiz?
+ (hs + hg)(hy + h;) = const,

where the C, are constants.

(44c)

Redundancy in the General Solution

Because the arbitrary functions fand g which appear
in the general solution of Eq. (1) enter both in the

ROBERT NYDEN HILL

transformation from x,,, v,, v, to &, 5, { [Egs. (32),
(34), (35), (37)] and in the expressions for the solu-
tions [Eq. (38)], it is possible that two different
choices of fand g correspond to the same dynamics—
i.e., imply the same dependence of e, and e, on x,,, v;,
and v, . Thus, for example, any mapping of the domain
of { in 1-to-1 fashion onto itself will leave the dynamics
the same, since neither differentiation nor integration
with respect to { appears in the general solution.

We now proceed to find those transformations on f°
and g which leave the dynamics the same and are
continuously developable from the identity. To this
end we consider the infinitesimal transformation

FEDSFE DY =fE, )+ eF(E, L), (452)
g(’]’ g) ”g'("i', g') = g(n,’ CI) + GG(n,7 CI), (45b)

and ask if there is a corresponding infinitesimal
transformation

£ =&+ eE(¢& 1 D), (462)
n—1n =n+ (¢ 1, ), (46b)
- =04 eZ(& 1, ), (46c¢)

on the independent variables such that the numerical
values of x5, vy, Uy, €;, and e, are left unchanged.
Under the transformations (45) and (46),

of af’ af 0% of

g9 g2l 2 ),

s o TS (as tEet aeac)
S A L K R .
ey —_— = —= 7 ——
8 e o T ‘(a52 HFT aszac)

with similar expressions for the changes in dg/dy
and 0%g/d7n%. Using these, we obtain

2
eg—>e =¢ + eeﬁ*[f aa—;é‘
3% | .Of f
+E( o) T2 36234]

The demand that the numerical value of e, be left
unchanged is thus equivalent to the condition

2 3
53;: + & (%%—59 + 535{,) + 28—~ Szél;_o' “@n
Similar considerations applied to e, yield
ZZC: + (z g;z +1 Z;ga) +Zn a% =0. (48)
Under the transformation (45) and (46),
a—>o =ao+ ea, (49a)
B—f =8+ b, (49b)
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where
a=F —E%g+6 ng:
—= Z_Z_;_ 5;—"52+ZZ—2 (50a)
and
=%§+%:—+ ZZJ;+H5”—2+Zaﬁ (50b)

Using this, we see that x —x" = x + €(2x)™ X
(xb + Pa). Hence, the demand that the numerical
value of x be left unchanged yields the condition

(afa) + (b]6) = 0. (s1)

Similarly, the demands that v, and v, be left unchanged
yield

a b E
————— =0, 52
P 2
a_b_H_, (53)
« B 7
Equations (52) and (53) imply (£/&) = (H/7); we now

define
A= E[& = H[n. (54)

It now follows from Eqs. (51)-(54) that —a + 4« =
0 and b + 484 = 0. By using (50) and (54), these
become

2
z(e”g—sfz + 2‘;75 + %a)

—ZaZ+E—-F+ %%—G—O (55)
&, L8 OF 3G _
2(5352 Hﬂ) ag+ +an =0,

(56)

By operating on (55) and (56) with d/d¢ and using
(32), (34), (47), and (54), it follows that

01 2af zag 0Z O
———=0, (57
5(5 r an””) o oL (573)
& o Lz
as(faez+ aﬂﬁ%ﬂ) 5= 0 6™

The pair (57) can be viewed as a homogeneous linear
system for the determination of 91/3¢ and 0Z/0&. Its
determinant is the J; defined in (41); J, is nonzero
where the transformation from x5, v,, v, is non-
singular. Hence

(58)
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A similar analysis which begins by operating on (55)
and (56) with d/dn and uses (48) in place of (47)
yields

(59)

Equations (58) and (59) imply that 4 and Z depend
only on {. Employing this fact together with (54), we
integrate (47) twice with respect to & and (48) twice
with respect to 7 to obtain

o\ o
—Z(%f : 35) 224 SR + PO, (600
og og
—A(%g— aﬂ) 2 +16.0 + G0, (©0)

Here the functions of integration F; and G, depend
only on { because 9F/0n = 0G[/d¢ = 0. The use of
(60) in (55) and (56) shows that

F, = —-G;. (61)
Equations (45), (46), (54), and (58)-(61) specify the
most general infinitesimal transformation which

leaves the dynamics unchanged. The corresponding
finite transformation is

FE D) =AMDfE D+ LD + (D,  (62a)
g0, ) = MDg(n, ) — nfih) — f(D),  (62b)
£ = A D¢, (62¢)
' = A O, (62d)
=2 (62e)

Here A, f;, f;, and Z are arbitrary functions of the
indicated variables subject only to the restrictions
that A 5 0 and that Z map the domain of { in 1-to-1
fashion onto itself. Equations (62) comprise the most
general transformation which leaves the dynamics
unchanged and is continuously developable from the
identity.

III. INVARIANCE TRANSFORMATIONS,
INTEGRALS OF THE MOTION, AND
WORLD LINES

Integrals of the motion in classical dynamics can
be conveniently classified by their transformation
properties under the invariance transformations of
the dynamics. Thus, for example, in a relativistic
I-dimensional system the total momentum P is an
integral of the motion which is invariant under space
and time translations and transforms as a 2-vector
(the other component, of course, being the energy)
under Lorentz transformation. We begin this section
by looking for a set of three integrals of the motion
H, P, and K which satisfy the Poisson bracket algebra
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of the inhomogeneous Lorentz group in one dimen-
sion®:

[H,P] =0,

We do not yet have a Hamiltonian formulation with
respect to which the Poisson brackets in (63) are to be
computed. However, the statements of transforma-
tion properties contained in (63) can be rewritten by
using the differential operators Lopr, Lgr, and Ly
which effect, respectively, infinitesimal time transla-
tion, space translation, and Lorentz transformation.
Expressed in physical variables,’

[H,K]= —P, [P,K]=—H. (63)

2 0 0
LCTT = z (Ui — 4+ a; —), (643,)
=1\ " ox; ov,
LI
Lyp =2 —, (64b)
i=10x;
2 0 o O
Lyp =) ((vixi —)—+(@x;—1+7v) _)
i= axi 0 i

(64c)

Now H, P, and KX are, respectively, the generators of
time translation, space translation, and Lorentz
transformation. Each of the brackets in (63) can be
interpreted in two ways by regarding one of the
elements as the object being transformed and the
other as the generator of the transformation. By
using (63), the differential operator Leqrp, Lsr, Lir,
and the fact that the Poisson bracket of a quantity
with itself vanishes, we obtain

LoprH =0, (65a)
LopH =0, (65b)
LipH = —P, (65¢)
LopP = 0, (65d)
LeP =0, (65€)
LinP = —H, (65f)

LopK = P, (65g)
Ly K = H, (65h)
LK = 0. (65i)

The statement that H, P, and K are constants of the
motion reads

DH =0, (662)
DP =0, (66b)
DK = 0. (66¢)

Equations (65) and (66) are a set of partial differential
equations for H, P, and K. In order to solve them,
we first rewrite the operators Lopr, Lgy, and Ly in
terms of the variables X, ¢, £, 5, and { introduced in
Sec. II [Egs. (21), (32), (34), (35), and (37)]. From
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Egs. (8), (14), (18), (25), and (26) it follows that
—1 -1
(o (2 ()2,
an/ oy an/ on

A\t 3 oD\ @
= (=) Z=20(=) =.
- (as) PY: (as) ot

The use of (22), (35), and (37) shows that

(67a)

(67b)

0 (@ —&p) 0 _3

== —— £, — Ly

Py (cD+§)(<I>+n)aX+(aﬂ) (€ -5y
(68)

It follows from (20), (21), (64a), and (64b) that
0
Lepp= D — —a—t ’ (692)
0

Ly = % (69b)

The use of (2), (20), (21), (35), (37), and (64c) yields
Ly = X(D - %)
_ 1
+ ( Dy — E)(«h)

0
— 1)L e+ 0.
20 + 5@ +7) ’) Mo +5)

0X
(70)

It now follows from (65a), (65b), (65d), (65¢), (66a),
(66b), and (69) that

OH _ 0, oH _ 0,

ot X

ap op (71)
Z=0 ==

ot ), ¢

Equations (65¢), (65f), (66a), and (66b) can now be
reduced with the aid of (68), (70), and (71) to the
form

£,H=C,H=P,

P =£,P = H. (72)

The solution of (71) and (72) is easily found by using
(67); it is
H = A0 + B, (73a)
P = —A(D? + B()OH, (73b)

where 4 and B, which depend only on {, are arbitrary
functions of integration. Having found H and P, we
now proceed to find K. It follows from (65g), (65h),
(66¢), and (69) that

0K

2= —p, 74
Py (74a)
oK
°% _H. 74b
X (74b)
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Hence
K= HX — Pt + k(¢&, n, {). (75)

We now insert (75) into (65i) and (66¢) and use (65c),

(65f), (66a), (66b), (68), and (70) to obtain
Lk = 3(PEP — H(® — n)/(® + 9],
£k = JpH—P + H(® — &/(@ + &)

The use of (28), (32), (34), (67), and (73) reduces (76)
to

(76a)
(76b)

ok _ of

5 = M4+ B, (77a)
ok o%g

—~=34-B : 77b
on #( e o (77b)

Integrating, we obtain

k= 140 - a’; )

o |

+3iBO|—f+ &=
o~/ +¢5;
Here C, which depends only on {, is an arbitrary
function of integration. We have now succeeded in
finding a set of integrals H, P, and K; the results are

given by (73), (75), and (78).

og
g-—na)+C(Z) (78)

World Lines

In order to completely integrate the equations of
motion and find the world lines, we need a fourth
integral of the motion independent of H, P, and K.
We introduce this fourth integral, which we call O,
by requiring that its Poisson brackets with the other
integrals be given by

[H,0]=—H, [P,O]=—P, [K,0]=0. (79)

The consistency of (79) with (63) can be verified by
checking that the Jacobi identity holds for each of the
four possible sets of three independent integrals of the
motion. Equation (79) and the statement that O is
conserved imply

LCTT® = H, (803)
Lgr® = P, (80b)
LLT® - O, (800)

DO = 0. (80d)
It follows from (80a), (80b), (80d), and (69) that
0B
— = —H, 81
Py (81a)
00
— =P, 81b
X (81b)
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Hence
© = PX — Ht + 0(&, 1, 0). (82)

We now insert (82) in (80c) and (80d), and use (65c),
(65f), (66a), (66b), (68), and (70) to obtain
£.0 = $op)H — P(O — /(@ + 7)),  (822)
L0 = Y~ H + P(D — (@ + §)I. (82b)

The use of (28), (32), (34), (67), and (73) reduces (82)
to

= }4 + E)aéf;, (83a)
Se H— A—nB)a (83b)
4

Integrating, we obtain

0= 1a0(Z - %)

of 0g
+iBO|—f+ &S+ 58—
BO(~f+ 5 8=
where p, which depends only on {, is an arbitrary
function of integration.
We now form the quantities

6=K—-—C—0+y)/(H—P), (85a)
=(K-C+0—p/(H+P). (@85

Inasmuch as K, C, @, v, H, and P are all constants
of the motion, ¢; and ¢, are constants of the motion.

It now follows from (73), (75), (78), (82), (84), and
(85) that

) 0. (84)

o 0dg
=X +1— 10} ) 86
o (35 . (86a)
d
=X — 1 — 40 5( o _ g). 86b
2 f= &= 35 g+ 577 ( )
If we now add and subtract zero in the form

(ap)?
[see Eq. (37)] from (86a) and (86b), we obtain, with
the aid of (28a), (32), and (34),

1 of

— 1
0= 3x;, —

g=x+t—- %’ (87a)
cp=x —t — @ (f §af) (87b)
1 0g
a=x+t+o (88a)
o’
e =X, — 1t + cb-%(g -7 95). (88b)
o
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The world lines can be obtained in parametric form

from (87) and (88) by solving for x, and ¢. From (87)
we obtain

X, = {;|:c1 + ¢ + (Dig -+ (I)‘i(f— SQI)}, (89a)

o0& 0¢
9 3\
= %[cl — o+ q)*a—’; - @-*(f— 55;-)_. (89b)
From (88) we obtain
é dg\ 7
X, = &[cl to-ohE- ot~ %g) (902)

= ;[cl -0t 8 (D“}(g — an)]_ (90b)
on on

The result (89) gives the world line of particle one in
parametric form with £ as parameter; similarly, (90)
gives the world line of particle two in parametric form
with # as parameter. The world lines depend on the
four constants of the motion ¢, ¢,, @, and {; thus,
specification of initial position and velocities specifies
the world lines just as in nonrelativistic Newtonian
mechanics. The results (35) and (38) give the velocities
and accelerations in parametric form with the same
parameters. The fact that it has been possible to
integrate the equations of motion completely rather
then just reduce them to quadratures is a consequence
of the fact that the solutions to the differential state-
ments of Lorentz invariance were specified in terms
of derivatives of arbitrary functions rather than in
terms of arbitrary functions.

World-line invariance under the transformations
of the inhomogeneous Lorentz group is easily demon-
strated from (89) and (90) by conducting the trans-
formation and discovering that the transformed
world lines can be rewritten in the forms (89) and (90)
with different numerical values of clﬂ ¢y, and @. Thus,
under the time translation ¢ —t' =t + ¢,, we find
that ¢, > ¢, = ¢; + t, and c;— ¢, = ¢, — 1y, With
® and { left unchanged. Under the space translation
x;—>X; = X; + X, we find that ¢; >¢; =¢;+ %,
and ¢, — ¢, = ¢ + Xo, with ® and { left unchanged.
Under the pure Lorentz transformation

X X = (%, — pO(L — p?
and
>t = (1 — )t — pt

[where each of the two orbits must be transformed
separately and rewritten in the forms (89) and (90)],
we find that

a—ci=c(l — AL+ B,

e = (1 — A1 + B,
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and
O 9 = (1~ + h)D,

with { left unchanged. This transformation property
of @ under Lorentz transformation is consistent with
that obtained by iterating the infinitesimal trans-
formation: from (67) and (70), Ly ® = —2® whence

@’ = [exp (sLyp)]®
=[1—sLyy + Q) LIz — - 10
=exp (—=25)® = (1 - B)(1 + )"
by using § = tanhs.

IV. A CANONICAL FORMULATION

This section is devoted to the construction of the
Hamiltonian formulation whose existence for every
even-order differential system is guaranteed by the
Lie~Konigs theorem. We will find those Hamiltonian
formulations for which the transformations of the
inhomogeneous Lorentz group are canonical trans-
formations, restricting ourselves to the case of no
neutral elements.®

The center-of-mass coordinate Q for a 1-dimen-
sional relativistic system is introduced via

K= HQ — Pt. Gl
It follows from (63) and (91) that
[Q,P) =1 (92)

Hence, Q can be taken as the canonical mate to P.
Because we already have the canonical pair P and Q,
we can save considerable labor by applying the
Lie-K&nigs Hamiltonization procedure to the dynam-
ics expressed in the variables &, #, {, Q, and ¢, rather
than the variables &, %, {, X, and .

It follows from (75), (78), and (91) that

0=X+ H‘{-%A(% - g—f])
- éB(f— 5%‘ g +n2—f1) + c]. 93)

It can be shown with the aid of (28), (32), (34), (67),
(73), and (91) that, in the new variables,

h= 2‘1’(2%)_158,; + [IX ~Q+ %(aﬁ)*](—g)
— HePH@ — )@ + n)—l]gaé, (94a)
£ = 2“’(%?)_1% + [[X ~0- %(aﬁ)*l(g)

+ HeBH® — EXD + s)-l}% . (94b)
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The use of (93) and (94) in (68), (69), and (70} now

produces
Loy = E _3_
o [0t e a0yt
{28 (3 3 o
Loy = 5%, (95b)
(o) 35
+ z(aﬂ)**zrlm{ [ HQ — 4 ZJ;
—1
—s(r-<3)+ <)) %
«[ro— 5= n(s=n3) - ]
(3
D = Lopp + 'a% . (95d)

In order to avoid writing out explicitly the sums
which appear in the Hamiltonian procedure given in
CF, we relabel the independent variables:

V=t n=0, n=4§ p=1 nu=L{ 96
By comparing L, = 32" ¢28/dy, and D = 32" h,d/
dy; [Egs. (CF-14) and (CF-15)] with (95) and using
(96), we see that

CTT=0, h0=1, P

g?TT = hl = '}'I- s
-1
g9 = by = —2®(aﬁ>-*(§9) ,

Ve

O . p = 2@(«5)—*(3—;9))—1,

—-h4—0 gt=1 gT=0 i1,
P
=0, &7 =0(3) = ©7)
= 2(0:5)-*3—1@{ HQ — A(if-)
0y,

-B

r og\]
—Blg— .V3(‘_g)
Ya/
and
gkt =o.
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The generators H, P, and K are related to the U,
of the variational principle é { 3% U, dy, = 0 [Eq.
(CF-2)] via the relation G, = 3 g*U, — Q, [Eq.
(CF-19)]. As was shown in Sec. IVC of CF, the Q,
can be taken to be zero if for the g* we use g7, g7,
and g, where

g =g’ —h;
g =g — Oh,. (98)
By the use of (96), (97), (98), and (CF-19) with
Q, = 0, we obtain

H=GTT= "‘Uﬂ,
P=Ggp =U,,

(99a)
(99b)

K = Gypr = =y, Uy — yoUy — 2(afytH-10
e R X

ayg a,V2 ay2

dg dg op\?
+ +B[g - cl(Z) v,.
[ays (¢ “aya)*" ]}(ay :

(99¢)

The manifest invariance implicit in taking Q, =0
implies that (see Sec. ITIE of CF)

oU, U,
—=—=0. 100
9 N (190
By the use of (99a), (99b), (100), and the definition
p 20,
o, O
[Eq. (CF-3)], we obtain
Poj=~Tp=~ o1 s (101a)
87
My=-T=2 (101b)
dy;

By writing out 3% Tk, =0 [Eq. (CF-4)] for
i = 2, we obtain

T, + 1‘21( ) + 20(s 5)4(3‘1’ )"11“23 =0.

But the use of (73), (96), and (101) shows that Ty, +
Iy, (P/H) = 0. Hence

Pyg = =Ty =0,

Ya

(102)

whence 0U,/dy; = 0U,/dy,, which implies the exist-
ence of a function U such that

Ug=§g, U3=§"q.

103
o, 35s (103)
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If now we use (91), (96), (99a), (99b), and (103) in

(99c), we see that U satisfies
G+ 2= |- ) )
o) e )]
X (S—Z)_l(—g—y(—i) = 0. (104)

Equation (104) can be solved by application of the
method of characteristics; the general solution is

U = U(S, yd), (105)
where

=u s 5|5 ) s = (5)]

(aya) [f yz(aafﬂ +B‘1Cﬂ}. (106)

We have now only U, left to find; toward this end,
we write out

_ 9K
dy.

[see Eq. (CF-20)] for i = 4, with K given by (91), to
obtain

P
F40 + (E) I—‘41

o - (2 s ('] =

ZF,,h =0 and EF” M =

i

=l — yol'n — 2@(0(5)—%1'1—1

(=) -
agtenle=n ) )

0H oP
= — +
yl(ah) yo(aJ’4)
By using (101) for I'y and I'y,, we can solve this pair

for I'y, and T'y; to obtain, with the aid of (28a), (73),
and (96),

I-‘42 = = 1—‘24

- 104 (:fs) +8[g - ya(;—i)} +¢]
x (T2,

(107a)
dy:/ 0y,
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F43 = "F34

- ) ]

x (a_q)_)a(AB)
Oys/ 0y, .

It follows from the definition of r,;
Eq. (103) that

o, _

(107b)
; [Eq. (CF-3)] and

o'U

= (108a)
0, 020y,
U, PR
A =Ty . (108b
0y, T Y0y, )

Equation (108) can be easily integrated after (107)

has been inserted for I'y;, and I'y5; the result is (where

the constant of integration has been absorbed into

the arbitrary function U)

_g4B) LU
9y, a_V4

We now find, using (96), (99a), (99b), (103), and (109),
that

U, = (109)

4

2 U,dy,= PdQ — Sd(AB) + dU — H dt. (110)
i=0

Clearly different choices of the arbitrary function U
correspond to different canonical transformations on
the internal variables. It is convenient to take
U = 2SAB. Then

ﬁUidyi=PdQ+pdq—Hdt, (111
where =
p = 2(AB), (112a)
q = (4B)}S. (112b)
From (73) and (112a), it follows that
= (P2 + p»i. (113)

The task of obtaining a Hamiltonian formulation is
now complete. We have canonical variables P, 0, p,
and g given by (73b), (93), and (112), where S is
given by (96) and (106); the generators H and K are
given in terms of these canonical variables by (91)
and (113). It should be noted that we have completely
avoided the labor of solving Pfaff’s problem to reduce

4 o U dy; to the form (111) by choosing Q as one
of the variables for the application of the Hamiltoniza-
tion procedure.

Poisson Brackets Among Physical Variables

Because the Currie-Jordan-Sudarshan zero-inter-
action theorem® follows from the assumptions of (a)
world-line invariance, (b) invariance of the equations
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of motion, and (c) vanishing of the Poisson brackets
[x;, x,] of the physical coordinates among themselves,
it is of some interest to compute explicitly the Poisson
brackets among the physical positions and velocities.
The details of the computation, which is somewhat
tedious, are sketched in Appendix C. The results are

d(AB))‘l °
14

-G0S
[ 5

“5""”(‘2) —(4- sm( g)

[y, %] = (@ + &7H® + 77)“(

-a=m () (1143)
[x,, o] = 20¥(@ + £ (_@%?_))‘1
<[ G =]
(114b)
[x1, 0] = 20H@ + 57(@ + nf"(%@)_l

x {217 (<D +n+ q)%n“l(aﬁ)%(?;—‘i)q)

" (9(“%*5@) @+ GG
w-so (8 G2
(114¢)

3 —1
[Xs, 0] = 20D + &7%D + ) (d(AB))

al
x {zs[cb . @*r‘(aﬂ)%(?zi)“ ]

og”
)
— (4~ B)D" f( )( ﬂ)*(gsf)}

(114d)

Xz, 2] = 20¥(@ + ,7)~a(d(;€8))-

<[-Ga Go) 5]

(114e)
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-1
[0y, 5] = 4OX@ + &% + 7)™ (d(AB))

4

(o' (G 59 52

-f —o(@)Jlre+ oG

(@ + m(;gﬁ)—’

e (G G 1)

where k&, , k, are defined by

cna o)

k, = -A(%%) - B[g —_ n(%f?)} —C. (115b)

Clearly, these Poisson brackets do not, in general,
have the values appropriate to the usual free-particle
canonical formalism.

(114f)

V. THE ASYMPTOTIC REGION AND THE
UNIQUENESS OF THE HAMILTONIAN
FORMULATION

It has been claimed previously® that the demand
that the Hamiltonian formulation reduce asymptoti-
cally to the usual free-particle Hamiltonian formula-
tion fixes the Hamiltonian formulation up to canonical
transformation. The present section discusses this in
detail for the particular case of two particles in one
dimension.

As is clear from the fact that H, P, and K are
canonical invariants (Sec. 1VC of CF), different
choices of the arbitrary functions A({), B({), and
C({) yield canonically inequivalent Hamiltonizations.
The determination of 4, B, and C fixes the canonical
formulation.

We demand that the interaction fall off fast enough
for the particle velocities to possess limits vy, v, —
U, Uy as 1— —o0 before the collision and limits
By, Uy —> Dy, Usg @5 1 — + 00 after the collision. It then
follows, from (35) and the fact that @ is a constant of
the motion, that corresponding to these limiting values
of the velocities are limiting values §,, #, and &,, %,
of & and # such that

vy = (D = &)@ + &), v = (D = E(D + £,
w = (@ — 9)(D + 7,), v = (D — 5)/(D + 7,).
(116)
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Under Lorentz transformation, a limiting velocity v
transforms according to v — ¢ = (v — B)/(1 — vf),
while @ transforms accordingto ® — @' = (1 — ) x
(1 + p)@. If we now use (116), it follows that
&, M, &, and 7, are invariant under Lorentz trans-
formation. Since ® and the limiting velocities are
invariant under space and time translation, the same
is true of &,, n,, &,, and #,. Hence &,, ;, &,, and 7,
depend only on {.
For free particles, H and P are

2
Hueo= Zml = oy, (1172)
2
Ppree = 3 muo(1 — o8y, (117b)
i=1

If we insert the limiting values (116) into (117), we
find that the demand of asymptotic reduction to free
particle form before the collision means that H, P —
H,, P, as t - — o0, where

H, = ¥(m& + mphot 4 jme;t + marhot,

(118a)
P, = —i(m&b + mahot + 4mg;t + maphot,
(118b)

Comparison of (118) with (73) yields
AQ) = Hm (& + mn (D1, (1192)

B(D) = Hm (&1 + meln, (DI 4. (19b)
A corresponding demand of asymptotic reduction to
free particle form, as ¢ — + o0, yields

AQ) = Hm[EDF + ma[na (D1, (120a)

B() = Hm[EO1 + my[n (DI} (120D)
Clearly, (119) and (120) are compatible only if the
interactions are such that the total free-particle
energy (and momentum) at f = — L% equals the total

free-particle energy (and momentum) at 7 = +co.
Demanding their compatibility yields

535 = "?373?3

myfmy = —(& — Db — b (122)
If (121) is satisfied, (122) can be adopted as a defini-

tion of the mass ratio of the particles.
For free particles, K is

2
Kgeo = 2 m(1 — o7 ¥x, —0).  (123)
[

The use of (35), (89), (90), and (117) in (123) shows
that
Kiree = %{Hfree(cl + cz) £ tree(cl - cﬂ)
+ my & (€, ) — memig(n, D). (124)

(12D
and
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It now follows from (85) and (124) that

K- Ktree = %[(H et Hiree)(cl + 6'2)
- (P - Pf.ree)(cl - c2)
— (&Y — myig)] + C(0). (125)

Inasmuch as |x;,| - cwand t — — o0 as §, n > &, n,,
it is clear from (89) and (90) that 9f/d¢ and 0g/dn
both become infinite as &, n — &,, #,. It is then not
clear that the quantity (m,&3f — m,ntg) which
appears on the right-hand side of (125) has a finite
Lorentz-invariant limit as f — —co. The behavior of
this limit is not determined by the assumption that
the particle velocities have finite limits as 7 — —co.
A similar problem will arise when we come to consider
lim [x,, x,] as 1t - —co. We will first consider these
limits under certain additional assumptions which, as
will be seen in Sec. VIB, imply that the forces fall off
more rapidly than x;;? as |x;,| — c0. To state these
additional assumptions, we put

f(f) C) = F(ED’ C)a

g(n, §) = G(no, D), (126)
where
fp=£,—5(0) and 9y =1n—n(D. (127
The assumptions then are
oF
lim &, — =0, 128a
i %o oz, (128a)
lim 74 9 =0, (128b)
n=0 Oy
lim 9F exists, (128¢)
§o—0
lim 96 exists. (128d)

160

Under the assumptions (128), which exclude the
interaction contributions to K which persist in the
asymptotic region for long range forces,'® the demand
that K — K;o, as t — — o0 yields

C(0) = }m&FO, 0 — my 60, D). (129)

The demand K — K;,.. a8 ¢ — 400, with restric-
tions analogous to (128), yields

C© = Hm &Y (&, ) — maite(na, D1 (130)

Clearly, the demand that (129) and (130) be compat-
ible places an additional requirement on f and g.

We turn now to the computation of the asymptotic
values of the Poisson brackets among physical
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variables. We compute these under the following

assumptions:
lim (aF )_IF —0, (131a)
§o—0 650
fim (aF )‘ (*’F) 0, (131b)
§0—0 afo 8{
lim (521”)‘1( )= (131c)
5o—>o o0& an
. (0°F\"
= 131d
50—-0(350) ( ) ( )
1i G =0, 131
o (an) e
i ( )1 3_G)= (131f)
o"0 one o¢
" (32G) aG)= (131g)
'Io-’o a’?o
lim (aZG)“( )= (131h)
'Io"° a’?o
By and IC arefinite,  (1310)
¢’ dr’ dt

the second partial derivatives of F (of G) exist in a
deleted neighborhood of & = 0 (of 7y = 0). (131j)

It follows from (115), with the aid of (119), (126),
(127), and (131), that

Ls, (a;é)_l(aal?) = —imyr}(n, — Eb)(dd—i"), (132a)
m (%;)—1(%%) B ’%’"155*(771,—5,,)(%’?). (132b)

It follows, from (28a), (32), (34), (126), (127), (131a),
(131e), and the fact that @ is a constant of the motion,
that

t—»—oo (aglan) (‘D + &)
i @B _ (@ + et
oo (Of |0E) t-—  (0g/0n)
= (n, — &,)0%. (133b)

The fact that @ and { are constants of the motion
implies that d®/0{ [guaranteed to be finite by (131j)]
is a constant of the motion. Explicit computation
using (28a), (32), (34), (126), (127), and (131) shows
that

- (ap)@®/2)
=0 OHD + £)(f/OE%)(dEy 1)
~ 1 + lim @+ 1)@ g/on)dny/db)
oo (O + £, [08)(dE,/dD)

(134)
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But the left-hand side of (134) is zero as a consequence
of (131c) and (133b). Hence,

tim Q801 _ (@ + E)d&/D)
0 O [06) (@ + 7,)(dm,/dD)

It now follows from (35), (114), (120), (131), (132),
(133), and (135) that

(135)

lim [x;, 0] = m(1 = ), (136a)
i [y, vs] = 0, (136b)
:ﬁ;lw[xz, o] =0, (136¢)
tllx;w[xz, v = mzi(l —o®)f,  (136d)
tli;o [v,,0,] = 0. (136¢)

Nowhere in the derivation of the result (136) has the
assumption (128) been used. If, however, we adopt
(128) and hence (129), it can be easily shown that

lim [x,, x,] = 0. (137)

t—+—awm

The limiting values (136) and (137) of the Poisson
brackets are just the values which these brackets have
in the usual free-particle canonical formulation of
relativistic mechanics. Thus, with the added assump-
tion (128), our canonical formulation goes over
completely into the usual free-particle canonical
formulation as ¢-— —oo; in particular, physical
coordinates can be canonical asymptotically. A
similar analysis can be given for ¢— +oo. The
important special case of electrodynamics, which
violates (128), is considered in Sec. VIC.

VI. EXAMPLES
A. Kerner’s Example

A simple example, given by Kerner,!! was con-
sidered in Sec. VB of CF. We obtain here the particular
S (&, 0) and g(n, {) which correspond to this example,
thus exhibiting concretely the relation between the
present work and that of CF. The equations of motion

of Kerner’s example are
—0 =0 =

(01 — v2)*/(2x12). (138)

The use of (3), (4), (35), (37), and (38) to transform
(138) into the variables £, %, and { yields

=2+ B T~ 7 (13%)
g > =20+ B + )M — O, (139b)
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where « and f are given by (32) and (34). The result
(139) is a pair of partial differential equations for the
particular f and g which yield the dynamics (138).
This pair is solved in Appendix C; the result is

(& 0 = (D + fo(D + fo(DIE — w(DI,

g(n, O = —nfi(D) — fLO) = f5(Dln — w(DI ™
(140b)

(140a)

Clearly, the result (140) exhibits the redundancy
discussed at the end of Sec. II: the form of (140) is
invariant under the transformation (62). All of the
results of Sec. VB of CF can be deduced by inserting
(140) in the general results of the present paper.

B. Asymptotic Force Laws
By setting e, = 0 in £; and solving Eq. (la), it can
be shown that, for forces which fall off faster than x ;!
asymptotically,

€ —— eyo[X12(1 — Ugb)—%, Cols (141)

fz12]~

where

L= (1 — vyo)(1 — 051 — o}t (142)

By using (35), (38a), and (133b) in (141) and (142),
we can relate ey, to the behavior of fas & — &,:

(& — 7]1;) af
2’71;

b= 2(£b77b + Eb "71;

If e, is known, (143) can be used to deduce the
dominant part of the singularity of 9f/0& as & — &;
with f known, (143) can be used to deduce the asymp-
totic force law. A similar analysis for e, shows that

lim ZEbem(
-6

‘Z")aﬁ —h 14

(144)

% jre| -+ o0 eaolXna(l — vfb)—%’ Lol (145)
and
o3 ] — 7)) 08 }azg B
n-m T 20[: 25‘% ayl o o’

We now consider the special case of power-law
forces. Suppose

e = Xz(1 — Uz)% w(Lo)
Eq. (147) can then be used in (143) to show that

(147)

. 9o
1 _ 1/(n—1) YJ
§1—>n§lb(£ 9] of
7 — 1 —1/{n—1) 21]% n/{n—1) ( )
_— 148
(251»“@0)) & —
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We see from (148) that for < 2, which includes the
physically important case of electrodynamics, the
condition (128) does not hold, so that C({) cannot be
evaluated from (129).

C. Electrodynamics

In the electrodynamic problem of two 3-dimensional
point particles whose motion is confined to one dimen-
sion as a consequence of the initial data,!?

ey = (e1e5/my)(1 — (149a)
ez = —(e1es/my)(1 (149b)

The use of Eqgs. (141)—(149) then shows that, for this
electrodynamic problem,

@_f: - 891925%771;

”2)x12 s

- Ul)xl_2 .

lim (¢ — & . 150

o ”)af s —
8ee Ebn%

lim(n — g ) = — L1200 150b)

n-m 1 ’ my(&, — ’7b)2 (

From (150) it follows that

8e,eats
& = 2 e g RyE — £, D),
my(&, — 1)
(151a)
8919251;77%
g, ) = —————=In|n — ny| + Go(n — 1, O),
my(&y — 1)

(151b)

where F, and G, satisfy the conditions (128). We are
now in a position to see the existence of an asymptotic
interaction contribution to K. From (151) it follows
that

Hmy 7Y — mayg)
51;"71; In (5 - Eb)

= 4e,e + F 59 ,c ’ 152

T E =) (=) (&m0, (152
where

lim Fy = §m& R0, O — may*Gi(0, D). (153)

The use of (133a) and (151)~(153) in (125) yields
lim (K - Ktree)

——0

- desexfumy In mm*b(q) + 1)

& —m) | mgh@ + &)

— Hm& R0, ) — map,*Go(0, 01 + CQ).

(154)

Inasmuch as the right-hand side of (154) depends on

the non-Lorentz-invariant quantity ®, this limit
cannot be made to vanish in every reference frame.
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There is one distinguished frame, namely the center-
of-momentum frame. By setting P, = 0 in (118b), we
see that, in the center-of-momentum frame, ® = @,
where

., = (migd + madiomér? + maih). (155)
We choose to write C({) in the form
dese;50my In ng-‘%((l)cp + &)
& =) | myh(@ey + 1)
+ 3mé 0, §) — myis? Go(0, D + Co(D).
(156)
By the use of (35), (144), and (156) in (154), we
obtain
lim (K — K,,..)

t—=—

- 431‘—’251;7)1;2 In \((D + 1) Pep + &5) + C0)
Ev—m) [P+ &) Qo + 1)
- ees(1 — vip)(1 — v},) In a- v%b)&(”h + myfo)
(01p — v2)? 1- Ugb)é(mgo + my)
+ Co(D)- (157)
Clearly, the choice Cy({) =0 corresponds to the
vanishing of this limit in the center-of-momentum
frame.!® The long range of electrodynamic forces also
gives rise to an asymptotic interaction contribution to

[x1, x,). The use of (116), (119), (133a), (144), (151),
(155), and (156) in (114a) shows that

lim [x;, x,]
t—=+—o

cO=

_ 32<I)e1e2§%17%,,
(© + &)@ + ny)mumy(&,, — "7b)2
x [_(51; + ’7b) In (@ep + EXD +75)
& — My @+ Eb)(d)cp + )
+@—®@(

&
((D + 5b)(q)cp + Eb)

Mo
* (@ + )P, + m))]
D(§, — 7,)(dCo/d])
(@ + &) + 7,)[d(4B)/d{]
2eie5(1 — Ufo)g(l - ”gb)%
mymy(vy, — vy,)°

% [(1 - vlbUZb) In 1 - v]:b)i(ml + myly)

(1 = v3,)*(m o + my)
(01 — v23)
21 — o} )1 — o)}

my _ m,
X (ml + mly, mil, + mz):l
— $(v1, — 3p)[dCo/dL1[d(AB)/ALT™

Uiy ~— Vgp

+ $(vyp + v2p) +

(158)
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The fact that the right-hand side of (158) depends on
® makes it clear that lim [x;, x,] as t — — o0 cannot
vanish in every Lorentz frame. The choice Cy({) =
const, however, will make it vanish in the center-of-
momentum frame. All of the other Poisson brackets
among physical variables do approach their free-
particle values asymptotically: the results (136) were
obtained without the assumption (128) which is
violated for electrodynamics. What significance, if any,
is to be attached to the survival of an asymptotic
interaction contribution to [x;, x,] is not clear at
present.
VII. SUMMARY

The differential conditions which guarantee world-
line invariance and form invariance of the equations
of motion for a Lorentz-invariant instantaneous
action-at-a-distance theory form a set of coupled
nonlinear partial differential equations. The general
solution of these equations has been obtained for the
special case of two particles in one dimension. The
result is given by Eqs. (3), (4), (32), (34), (35), (37),
and (38); it has been summarized following equation
(38). The solution is expressed in variables &, n, and {.
Because the arbitrary functions defining the solution
appear both in the solution and in the transformation
between £, 7, and { and the physical variables x,,,
v, , and v, there is a possible redundancy. The result of
analyzing this redundancy is given in Eq. (62) and in
the discussion immediately preceding (62).

The equations of motion for the general 2-particle
l-dimensional case have been integrated to obtain
the particle world lines in parametric form [Eqgs. (89)
and (90)]. World-line invariance has been explicitly
demonstrated.

In Sec. IV the general dynamics is cast into a
Hamiltonian form wherein the transformations of the
inhomogeneous Lorentz group are canonical. The
canonical variables are given as functions of &, 7, {,
and X = (x; + x;) by Eqgs. (73), (93), (96), (106),
and (112). The generators H, P, and K are given as
functions of &, 7, {, X, and ¢ by Eqs. (73), (75), and
(78) and as functions of the canonical variables by (91)
and (113). The Poisson brackets among the physical
variables x; and v; have been calculated as functions
of £, 77, and {; the results are given by Eqs. (114) and
(115).

The Hamiltonian formulation obtained is not
unique up to canonical transformation; it depends on
arbitrary functions A({), B({), and C({). Different
choices of 4, B, and C yield canonically inequivalent
Hamiltonian formulations. In Sec. V the functions
4, B, and C have been determined by the demand
that the Hamiltonian formulation go over into the
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usual free-particle one asymptotically for the case of
interactions which fall off faster than x,%. The result
is given by Eqs. (116), (119), (120), (129), and (130).
The Poisson brackets among physical variables have
been shown to go over into their free-particle values
asymptotically.

The analysis of asymptotic behavior for the electro-
dynamic case, where the interaction falls off as x;2,
revealed that the generator K and the Poisson bracket
[x,, x,] have interaction pieces which survive asymp-
totically [Egs. (157) and (158)]. These surviving pieces
are not Lorentz invariant; this makes it impossible
to fix C({) by the demand of asymptotic reduction to
free-particle form in every Lorentz frame. C({) can
be determined for this case by the demand of as-
ymptotic reduction to free particle form in the
center-of-momentum frame; there are then surviving
interaction pieces in all other frames. The surviving
interaction piece of K then agrees (after correc-
tion of an error) with that found by Van Dam and
Wigner.10-13
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APPENDIX A: THE CASE t, PROPORTIONAL
TO ¢,

The analysis of Sec. II excluded the case £, pro-

portional to £,, which is considered here. We assume
£, = A(Xy2, 1, 9)ls. (AD)

It follows from (Al) by using (2) that

vy = Avy, (A2)
1= A[1 — xe,(1 — oD, (A3)
[1 + xpe(1 — o)} = 4. (A4)

Solving for e, and e,, we obtain

= xz(1 — o1 — (o/00)),
er = —xii(1 — o)1 — (a0

It can be easily verified that the pair (A5) are solutions
of (1); in fact, they specify the dynamics considered
in Sec. VC of CF.

In CF it was claimed that the dynamics of (AS)
could not be cast into Hamiltonian form with all of
the transformations of the inhomogeneous Lorentz
group canonical. The argument advanced for this
claim excluded only those canonical representations

(AS)
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with vanishing neutral elements; it is, in fact, possible
to have a canonical formulation of this dynamics
wherein the inhomogeneous Lorentz group is canoni-
cally represented with a nonvanishing neutral element
as will now be shown. To show this, we begin by
replacing (63) with

[H,Pl=u, [H,K]=-P, [P,K]=—H (A6)

The ensuing generalizations of (65) and (66) can then
be written out and easily solved; the result is

H = p(xy0; — Xa09) (0, — 05)71,
P = pft + 0,05%15(vy — )71,
K = ju(H? — P?) + k,

where k is any constant of the motion invariant under
time translation, space translation, and Lorentz
transformation. By writing out Eqs. (CF-4), and
(CF-20) for each of these three transformations, it
can be shown that £ must be independent of all of the
dynamical variables. Hence, we set k = 0.

In order to find the canonical formulation, we use
variables y, = t, y; = (X101 — Xa02) (03 — 02) 7}, Yo = Xp3,
Ys = vy, and y, = v,. The writing out of Eqs. (CF-4)
and (CF-20) then yields

(A7)

oH
0 i0 3y,
oP
r, = -T, ,
1 i1 = 3y1 (A8)
Ty = —Tg = —(oy) (1 — ¥y,
Ty = —Tpe = (217 (1 — y)l4.

By writing out the intégrability condition (CF-21) for

@i,j, k) = (2,3,4) and using (A8), it can be shown
that I'y, has the form

T = 25108 - s 2, )
where &

2 = ya(ys + s — ¥

z = (3 + ¥i — 250 — yO ™ (Al0)

and G is an arbitrary function of the two indicated
variables. Different choices of 4 and G yield canoni-
cally inequivalent Hamiltonizations. With the I';
given by (A8) and (A9), a set of U, can be found and
Pfaff’s problem solved. A particular solution yields for
coordinates and momenta

g1 = (3101 — Xa05)(vy — v3)7,
= UX130105(v; — vg)Y,

qs = Zy,
P2 = G(z,, 23),
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with generators H = ugq,, P = ut + p;, and K =
$u1(H? — P?). The general solution (for given u
and @) is obtained by making an arbitrary canonical
transformation.

APPENDIX B: THE CHOICES OF f AND ¢ FOR

WHICH J = %2—) IS IDENTICALLY
ZERO OR INFINITY
We investigate first the case in which J is zero as a
consequence of J; vanishing identically. If J, =0,
then also 02J,/2£0% = 0. Using (41), we find

aton [( e T 208) afar

d’g | 30%\ 9
- —=)——1. (Bl
= (15 + 2ol ™
It now follows from (Bl) by use of the standard

argument for separating variables that 0%/,/0&0n = 0
if and only if

B 30 _ g 0L

= B2
Y36 Taoe = ey 2
and
P
a—i +:3 g og (&) Zaz (B3)

where the “‘separation constant” 6 depends only on
{. The general solution to Eq. (B2) is found by inte-
grating twice with respect to & and then applying
standard methods for first-order equations; the
result is

= Em[ER (D] + Ehs(D) + hy().

Here hy, hg, and h, are arbitrary functions; &, is
related to 6({) by

(B4)

ho(D) — 0(Dh3(D) = 0. (BS)
Similarly, the general solution of Eq. (B3) is
g = hs[nho(D] + nha(8) + k(D). (B6)

where g, hg, and h, are arbitrary. If (B4) and (B6) are
now inserted in the definition (41) of J;, we obtain

= [§(ha + hp)hs + (hg + h2)h,)

x [3&h; + &thihy + sty + thon,)

+ [—4(hs + ho)hs + (hs + he)h,)

x [3&¥h] + Enhy + dyth + ninin,)

+ 3[(hs + he)(he + h3) + (hy + ho)(hs + hy)).
(B7)
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From (B7),

aJ
3 51 [(3(he + ho)hz + (hy + h2)hs]

x @] + 38thin, + £

+ [—4(hs + he)hz + (hs + hg)h,]

x GE + 388, + Ehrnd),  (BS)
aJ
anl [$(he + ho)hs + (g + hp)ho]

x (@t + 3nthihy + nthyn)

+ [—3(hs + he)hz + (hs + he)hs]

x (fnths + 3nthih, + kD). (BY)

The investigation of J; = 0 now breaks up into two
cases:

$(hs + hdhy + (hy + hphy = 0,

Case | Yy + ho)li + (] + h)hy = 0,
(ha + o)y + h3) + (he + ho)(hy + h) = 0
(B10)
or
$h{ + 3Ehshy + (EhHY = 0,
Case II Bil
Eh; + Syhght + (rhothy = 0, BV

Equations (B10) are easily integrated to obtain, for
Case I,

ho(hy + h;)? = const,
h3'(hs + hg)* = const for h, # 0, (BI2)
(hs + he)(hy + hy) = const.
The relations (B12) are clearly sufficient to guarantee
the vanishing of J, as given by (B7). Equations (B11)
can also be easily integrated to obtain
&R (D] = Cl[fhz(z)]& + Cz[-fhz(c)]—% + G,
hs[nhe(D] = C4["7h2(§)]* + Cs[fhz(C)]_* + Cs.
(B13)
The use of (B13) in (B7) yields
Jy = Tk + hhi + (b + h)hel[H(C, + Chzt]
+ [—4(hs + he)hz + (hs + he)h,]
X [HCe + Cohit]
+ 3(hs + he)(hg + h2) + (hy + ho)(hs + hg)].
Integrating, we find that J; = 0 if
(Cy + COha + bt + (Cz + Chs + hohiz?
+ (hg + hg)(hy + hy) = const.

The cases where J = 0 because either « = 0 or
B = 0 have already been included in (B4) and (B6) as
special cases: « =0 if &, = h; =0 and A, = —hy;
f=0if hy = h; = 0 and hy = —hg. The case where

(B14)
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J is infinite because « + & =0 or « + f5 = 0 has
also been included, since either of these factors can
vanish identically only if x = 0O and # = 0.

APPENDIX C: POISSON BRACKETS AMONG
PHYSICAL VARIABLES

The computation of Poisson brackets involving
physical coordinates can be simplified by using Eqs.
(21), (73a), (75), and (78) to write

x, = HYK+ Pt+k), (C1)

where k, , k, are defined by (113). It now follows from
(C1) (and the fact that H, P, and K generate respec-
tively the infinitesimal space, time, and Lorentz
transformations) that, for any function w,

= HYx,Lepqw — tLgyw — Liow + [k;, wlh
(C2)

The use of (C2), (28a), (32), (34), (35), (37), (64), (67),
(68), (73a), and (115) now yields

[x1, %] = H x5(0, + 02)
+ H™%(AB — Bo + [ky, ks)), (C3)

[x1,0] = 2HH(® + §)7°Q0¢ — D[k, , §] + £[k,, D),

[x;, wl

(C4)
[x1,05] = HY{xp00, + 2(D + 72Dy — Olky,m]
+ 9lky, DD}, (C5)

[x2, 0] = HH{—xpa; + 2D + & 20¢ — Dlk,, &]
+ &[ks, D}, (C6)

[X2,02] = 2HH(®@ + n) (207 — DLk, 7] + ylkz, D,
(C7)

[01,02] = 4@ + (@ + n) " D(—E[D, 7]
+ 7[®, & + P[£, 7).

The Poisson brackets which appear on the right-hand
sides of (C3)-(C8) require for their computation a
knowledge of the brackets [, 7] = [y,, vl [, 8] =
[y2, yal, and {7, {1 = [ys, ys]; by using the relation
(75) and the generators, we have avoided the need
to compute [y;, y,;] explicitly. The needed brackets
can be computed by inverting the matrix of the I';;
[see Sec. IA and Eq. (78) of CF]; the result is

[5» 77] = "-FM{F’

(&)

[&, {1 =TT, (C9)
[7, 8] = =Ty/T,
where T = —D,05 + [ygly — Talas.  Explicit

computation, using (28a), (32), (34), (73), (96),
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(101b), (102), and (107) yields
P =~k + 50 + (2

« (3 )

(6] = (@ + 8@ 4 1 5)
<) () Tol (%)
+ofig)] + 1o G) - o(3)]}

(

(C10)

3

l

b

(C11)
[&, £ = HOY® + e)-l(a;fg) a(“‘B))_l, (C12)
b, £ = —HO® + )*1("’;)_1(5(;;))'1. (C13)

The Poisson brackets on the right-hand side of
Egs. {C3)-(C8) can now be computed via the pre-

scription
fu, ] = ,z,(g;t)(a )[y,,yf]

The results, when inserted in {(C3)-(C8), yield (114).

APPENDIX D: THE SOLUTION OF
EQUATION (139)

We begin by finding an intermediate integral of the
system (139). To do this, we look for a constant of
the motion w which will satisfy

LTTW = LSTW = LLTW = 0. (Dl)

It is obvious from Eq. (138) that v, 4 v, is conserved.
From Egs. (67) and (69) of CF,

Lip[3(or + v)] = =1 + [3(o, + )P, (D2)
Quite generally, Lyy® = —2®. Hence, we can try

w = @[l — $(v; + vp)l/[l + 3(, + vs)]. (D3)
If we use (28a) and (35) in (D3), we find
_ o+ Ho + 288 (Da)

i+ OB + 2«

By the use of (139), it follows that ow/0& = dw/dn = 0.
Hence, w is an intermediate integral of the system
(139), depending only on {. The use of (32) and (34)
in (D4) yields

Qw—n—O +8+@— 5)[(w - 5)(af )

—(w— n)(%)] =0. (DS)
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It follows from operating on (D5) with 0%/04d7 that

o= 5)(33;) - 2(?;)

= —(w —n)( ) + 2(2;‘7) (D6)

The variables & and n are now separated in (D6).
The usual separation of variables argument now
leads to

f(& = (D + £:(D) + fs(DIE — w7,
g(m = —=fi)) + gD + gDy — w(DI~. (D7)

Here f,({) is the separation constant. If (C7) is re-
introduced into (C5), we find that g, = —f, and
gs = —fs. The result (140) follows.
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The Green’s function for the nonlocal wave equation in a semi-infinite medium is calculated using the
Wiener-Hopf technique and shown to be given by an integral whose integrand contains only the source-

free solution of that same equation.

1. INTRODUCTION AND SUMMARY
The equation

L) - oe(s) + [ K(ix = o) ' =,
x>0, (Lla)
with
e(x=0)=1, (1.1b)
e(x— o0) =0, (1.1¢)

appears in several branches of mathematical physics,
among them:

(a) electromagnetic wave propagation through a
bounded medium wherein the relation between the
electric current and the field driving it is nonlocal,! and

(b) electromagnetic or acoustic wave propagation
through a bounded, homogeneous, random medium.?2

The equation can be solved in principle by a variety
of means, among them, the Wiener-Hopf technique,?
the method of singular eigenfunctions,® and perhaps
by some of the other techniques which have been
especially developed for handling related problems

_which arise in neutron transport theory.® In what
follows, we assume that the solution to (1.1) is avail-
able, either in numerical or analytic form, as a result
of carrying through the details of one or another of
the possible methods of solution.

Our concern here is with the Green’s function of
Eq. (1.1), a quantity which arises naturally in the
study of perturbations of that equation. More pre-
cisely, the Green’s function for Eq. (1.1) is the solution
of

2 aw
d—‘—Gf; %) | 42G(x, xo) +f K(Ix — ¥')G(x', xo) dx’
X [1]

=8(x — x), x>0, (1.2a)

with
G(x=0,x,) =0, (1.2b)
G(x = 0,x) =0. (1.2c)

In this paper, we solve (1.2) using the Wiener-Hopf
method and show that the Green’s function G is given

by either of the two equivalent forms

G(x, xg) = —J:oe(s)e(s + x — x,) ds (1.3a)

=J:°e(s + x)e(s -+ Xo) ds + Go(x - xo),
(1.3b)

where Gy(x — x,) is the Green’s function for the
infinite medium, i.e., where

d’Gy(x —
0(dx2 - %o) + 2*Gy(x — X,)

+ f’ K(lx — x'DGo(x’ — x0) d’

= 0(x — xp), (l.4a)

Gy(x,x0) =0 as x— +oo, (1.4b)

and where e(x) is taken as identically zero for negative
values of the argument. The result is a general one;
the only restriction is that the kernel K decay expo-
nentially at large distances, so that the Wiener-Hopf
method can be used.

2. FOURIER TRANSFORM OF THE GREEN’S
FUNCTION
Equation (1.3) defines the Green’s function only for
x and x, greater than, or equal to, zero. We consider
Xy to be positive, and we define

G(x<0,x)=0. Q.1

Because of (2.1), Eq. (1.3) is not satisfied for x < 0
but, according to the standard Wiener-Hopf pro-
cedure, the following equation is true for all x:

2 oo
d G(x’ xO) + azG(x’ xO) +j K(x — x’)G(x,’ xo) dx’

dx®

= 8(x — xo) + g(x, o), (2.2)

where
gx, x0) =0, x>0,
EJ K(x — x")G(x', xo) dx's, x<0. (2.3b)

(2.3a)
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The Fourier transform of Eq. (2.2) is to be taken. We
define

Gk, x)) = f "G x)e e dx, (248
o(k, xo) = f " g0 x)e e dx,  (2.4b)
(k) = f ® K(|x])e** dx. (2.40)

We assumed that the kernel K(|x{) has a spatial range
of L, ic., that at large distances K ~ e7l=lL, Tt is
convenient to take L as the unit of length. Having
done so, the function V(k) is analytic in the strip
—1 <Imk < +1. The definitions (2.1) and (2.3)
guarantee that G(k, x,) is analytic for Im k£ < 0 and
that g(k, x,) is analytic for —1 < Im k. Hence, for
—1 < Im k < 0, the Fourier transform of each term
in (2.2) is analytic and the transform of the equation
may be taken, yielding

—[k? — & — V(K)]G(k, x,)
= g(k, xo) + ikG(0, xg) + G'(0, xo) + e ¥, (2.5)
where

At this stage, we perform a Wiener-Hopf factoriza-
tion; that is, we assert that we have a pair of functions
f*(k) and f~(k) with the following five properties:
Jm®)f (k) = k* — a® — V(K),
1< —yp<Imk< <1,
f—(k) is analytic for Imk < 7,
f+(k) is analytic for -5 < Imk, (2.6¢)
ST1(k) has no zeros for —y < Imk, (2.6d)
the growth of f*(k) and f—(k), as k — oo, in the
strip —n <Imk < 7 is algebraic, not ex-
ponential. (2.6¢)

The quantity % appearing in (2.6a) is chosen small
enough so that the equation k? — a? — V(k) = 0 has
no roots in the strip —y <Imk < 7. It can be
arbitrarily small, if necessary; its use is a convenience,
not a necessity, in formulating the factorization. We
exhibit f*+(k) and f—(k) later. For now, we use (2.6a)
to rewrite (2.5) as

f(K)G(k, xo)
= —f*(k)[g(k, xo) + ikG(0, x;) + G'(0, x)]
— fHk)e*, (2.7)

Consider the last term in (2.7): Since it is analytic in
the strip —7 <Imk <0, we can use Cauchy’s

(2.6a)
(2.6b)
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theorem to write

pioeon = L [rLOC,

mid-w—in z—k
o £4 —i2%
L [Pfr@e
2aid-0 z—k

n<Imk <0, (2.8)
= ht(k, xo) — h (K, Xy). 2.9)

An argument for neglecting the contribution from the
ends of the strip is given in Ref. 7 (p. 988).

The two functions A" and h~ defined in this way have
the following properties: 4" is analytic forIm k > —7
and has 1/k behavior at infinity, and £~ is analytic for
Im k < 0. Hence, if we rewrite (2.7) as

&Gk, xo) — b (k, x,)
= —f*(k)[g(k, xo) + ikG(0, x¢) + G'(0, x,)]
— Bk, xg), (2.10)

then the standard Wiener-Hopf analyticity arguments
apply and we conclude that each side of (2.10) must
be equal to some polynomial in k. We write this as

M
P(k, %) = I\ZOA,,(xo)k" 2.11)

and, solving for G, we have

Gk, xo) = [Pk, xo) + k~(k, x)l[f~(k). (2.12)

We turn now to the actual Wiener-Hopf factoriza-
tion: Since K(|x|) is an even function of x, the trans-
form ¥V(k) is an even function of k and all singularities
occur in pairs, at 3k. Assume that there is at least one
pair of branch points at £k = 8. (If there are no
branch points, the problem is trivial and can be done
almost by inspection.) The function

k) = [k* — o* — V(R)]I(k* — 5%

is an even function of k which goes to unity as k —
+ o0, and is analytic and free from zeros in the strip
—n <Imk < 7. Hence, again using Cauchy’s theo-
rem for k within the strip,

In Q(k) = .2.1_ j”""’li_Q_g)_dg

(2.13)

i Jeo—in z—k
-+
_1: f " an(___Ldz (2.14a)
27l J—otin Z —
= St(k) — S~(k). (2.14b)

The analytic properties here are that S+ is analytic for
—n <Imk and has 1/k behavior at infinity. S~ is
analytic for Imk < 7 and it, too, has analytic be-
havior at infinity.
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Recombining (2.13) and (2.15), we have

K — of — V(k) = (k* — gHeST®-S"®_ (215)

The analytic properties demanded by (2.6) are satis-
fied by
(2.16a)

(2.16b)

FR) = (= e s,
f+(k) = e—s+ ()

The procedure we have used to arrive at (2.16) and at
(2.12) is virtually identical with that described in the
text by Morse and Feshbach,? to which the reader is
referred for greater detail on the arguments we have
sketched above.

To proceed further than this, we combine (2.16) and
(2.12), obtaining

G(k, xo) = [P(k, xo) + h™(k, x0)]e" ¥ |(k* — ).
(2.17)

Note that the initial condition (1.2b) demands that
G(k, x,) behave like 1/k? as k — oo rather than the
usual 1/k behavior which Fourier transforms usually
exhibit. This requirement, in connection with (2.17),
limits P to be a polynomial of zero order, i.e.,

P(k, xo) = Ao(xo)-
The single constant 4, may be fixed by noting that G,
as given by (2.17), seems to be singular at k = —f in
the lower half-plane, contrary to what we know its
analytic properties to be. By taking
Ao(xo) = —h~(—P, x0),

we remove the singularity which would otherwise
appear. Hence, the Fourier transform of the Green’s
function is given by

G(k, xo) = [ (k, xo) — (=B, xo)]e5 ®[(k* — 87),
Impg >0 (218)
Consider #—: From (2.8), (2.9), and (2.16b), we have

0 — Qt _1
Wk, xg) = —— f exp [=57@) = izhl (5 1g)
27Ti — zZ — k
Hence,
h_(k’ xo) — h(_ﬂa xo)
kz _ ﬁz
1 1 (*dzexp[S(z) — izx,]

H

T k—B2midw (z— R+ P
or, on replacing z by —z in the integral,
_ 1 1 (*dzexp[—S(—2z) + izx,]
k—B27iJ-w (z+ k)(z—P)
However, it is evident, from Eqs. (2.14) and the fact

(2.20)
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that Q(z) is an even function of z, that
St(—z2) = —S(2).
Hence, (2.18) takes the form
G(k, x,)
_ ( 1 f ®dz exp [S™(z) + izxo]) exp [S‘(k)])
27miJ-w  (z 4+ k)z — B) ( k=g )
- <Imk<0. (2.22)
We shall need to evaluate (2.22) with & in the upper
half-plane. Letting k go through the contour of the
z integration gives us an extra contribution from the
z integral, namely, —exp [S™(—k) — ikx,]/(k + B)
or, using (2.21), —exp [—S*(k) — ikx,]/(k + B). This
extra piece, inserted in (2.22), adds the following term
to G(k, x,):

—exp [—S7(k) — ikxo + S™(R)}/(K* — %)
= —e *[k? — o — V(k)]. (2.23)
The equality here follows by use of (2.15). This gives

us the continuation of (2.22) to the upper half k
plane, namely,

(2.21)

Gk, x,)
- 1 (*dzexp[ST(z) + izxo]) exp [S‘(k)])
(21ri o (z+kNz—8 ( k~—8
e—-ikxo
T 7R Imk>0. (2.24)

3. FOURIER TRANSFORM OF THE SOURCE-
FREE SOLUTION
Equation (1.1) may also be solved by the Wiener-
Hopf method. As before, the solution is defined for
negative argument by choosing

e(x)=0, x<0. 3.1)
Fourier transforms are introduced,
e(k) = f e(x)e~ %= dx, 3.2)

and the entire procedure goes through as before. This
time, however, there is no inhomogeneous term in the
integral equation, no ¢ %% in the transformed equa-
tion, and no A*(k) appears. Instead of (2.17), one

obtains
e(k) = P(k) exp [S-(O)]/(K* — .  (3.3)

Since e(k) is the Fourier transform of a quantity with
a finite value at x = 0, its behavior is like 1/k at
infinity, and the polynomial P(k) appearing in (3.3)
must be of first order

P(k) = Ay + Ak = A;(k + Ao/4y).
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As before, E(k) has a singularity in the lower half-
plane at k = —p8, in contradiction to the known
analytic behavior following from (3.1) and (3.2). We
remove this singularity by taking 4,/4, = f. Finally,
the value of A, is fixed by the condition (1.1b), which
results in

1
lim E(k) = e

k=

Thus,
E(k) = —iexp [ST(R)]/(k — B).
4. RELATION BETWEEN THE GREEN’S

FUNCTION AND THE SOURCE-FREE
SOLUTION

We insert (3.4) into (2.24) and take the Fourier in-
verse of (2.4a):

3.4)

© dzE(z)e™®
Glx, xo) = fd © 277 - z4k

iklz—ao)
_ —1- _dke T (4)
oot + V)

Note that, for Im (z + k) >0,
_f dsezs(k-!«z)

z+k
Hence, the first term in (4.1) is

fwds __1_ fdkE(k)eik(z+s)) (_1_. deE(Z)eiZ(mHS))
o 27 27

=J.wdse(x + S)e(xo + 5). (4.2)
0
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The second term in (4.1) is obviously the infinite-
medium Green’s function, i.e., the solution to (1.4).
We have, therefore,

Glx, x0) = f " dse(s + x)els + %) + Go(lx — xal)

4.3)
which is the proof of (1.3b). Setting x = 0 above,
using the boundary condition (1.2a), and replacing
Xo by X — X, in (4.3) gives

= f " dse(s)e(s + x — xo) + Gollx — xg). (4.4)

Changing the variable of integration from s to s + x,
in (4.3) and subtracting (4.4) from that gives

G(x, %0) = — f “dse(s)e(s + x — xp), (4.5
0
which is the proof of (1.3a).
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I. INTRODUCTION

In the previous paper,! we solved the = functions in
the V-26 sector of the Lee model by an iterative
expansion in terms of the known V-8 interaction, in
other words, the known 2-body solution. The results
of the r functions led to the .S 'matrices for the processes
of scattering a @ particle off the (V8) bound state, also
for the processes involving 3-body problems.

The purpose of this paper is to illustrate that we can
extend this iterative expansion technique to the general
higher sector, i.e., V—nf sector, with n > 2 of the Lee
model. The reason that this can be done is essentially
due to the assumption that there is no interaction
among the 6 particles in the Lee model. With the
solutions of the = functions, we can calculate the
amplitudes of scattering (» — 1)6 particles off the (V6)
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bound state in both elastic and inelastic cases and the
amplitudes for the many-body processes, namely,
V-nb, N — (n + 1) elastic scatterings, and V-nf —

— (n + 1)8 production in the general V-n0 sector.

Just as in Ref. 1, the iterative expansion which we
shall construct in the following sections is such that
each term in the series preserves the properties of the
(V) bound state and the analytic structures and sym-
metries of the = function.

The outline of this paper is as follows: In Sec. IT we
derive the equations for the + functions in the V-nf
sector. The solution of the = function is given in Sec.
III. We solve the 7 functions by expanding the integral
equations into a series. We then obtain soluble integral
equations for each term of the series. This com-
pletely determines all the processes in the V-n8 sector.
In Sec. IV we calculate to the first few terms for the
S matrices

V+nl—V+nl,
V4 nl—N+ (n+1)0,
N+ (n+ 1)6— N+ (n+ 1)6.
The bound-state scattering processes
Vo) + (n — 1)0 — (V8) + (n — 1)8,
V0) + (n — 1)6 — V + nb,
VO +(n—10—>N+ (n+1)6
are calculated in Sec. V. The conclusion follows in
Sec. VL

II. V-n6 SECTOR OF LEE MODEL

The total renormalized Hamiltonian of Lee model
was given in Ref. 1. The states in the V-nf sector are
eigenstates of the operators Q, and 0, and are charac-
terized by the eigenvalues ¢, =1 and ¢, =n + 1.
Consequently, this sector is completely determined by
the following four = functions

Tdn+1(t. Wls Wa, " ", Wzn)

112 () [ 0950) 1 o) o,

=1 u(w,) p=ni1 (12)
4”-|-2(t Wl ’ w2 > ° W2n+l)
2n+1 (2W,) 2n+1
- ol T(wN(t>IIaka(t>w<0> I 4,0)10,
i=1 u(w ) p=ny2
(1b)
4M_a(t Wi, W2 s ) W2n+1)

_rewt @) o) T(wy(t)nak,(t)wN(O) I a (0)) 10},
1 u(w,) fomt (1¢)

) W2n+2)

1 ‘-2‘”7)) O 7 (a0 T Ov) IT a50) 0
(19)
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By using field equations and commutation rules
listed in Egs. (5) and (4) of Ref. 1, we get the
Matthews—Salam equations

(l i — My — z W,;)T4n+l(t; Wi, Wey t 0, w2n)

dt i=1

_ zé(t)ll‘l. 2w; S 8n
- Y i

Z =1 u¥(w) P

g u (W) st
z 2W " (t W W17W29“.1w2n)9 (2a)
. d An+2¢,.
ld—— m —-Zw,- T Wy, Wapt)
t i=1
= g[T4n+l(t; W2 } W3, T, w2n+1)
+ TMH(’; Wis Wa, ", Wappn) + 00
+ T4"+1(t; Wi, Wo, " °° Wn, Wn+2’ T w2n+1)]9
(2b)
d 2n+1 Ants
(l_ - m-= z W,')T"+ (t; Wy, ,w2n+1)
dt i=n+1
= g[74n+l(t; Wi " s Wy Wyie, " 0,y W2n+1)
+ T4"+1(t; WI’ R wn, Wn+1’ wn+3’ T, w2n+1)
+"'+T4n+l(t; Wis " s Wes Woygs® ’w2n)]’
(2¢)
and
d oy 4nt+4
(l_ —m-—= Zwi)T Tt W, Wapio)
dt i=1
1
— ln—f— 2Wl' n;i-l
1w
+ g[74n+3(t; W2, W39 T, W2n+2)
+ 7w, Wa, , Wagge) + 0
+ T4n+3(t; Wi, Wa, " "y Wy, Wy o, 0 ", w2n+2)]’
(2d)
where
my =m + om 6m—£ziw)
° ’ A

and X p 07, introduced in Ref. 1, is the summation of
the 0 functions where P,; means the permutations
between final and initial states and the superscript #
represents the number of incoming (outgoing) 0 par-
ticles.

Just as for the ¥-26 sector, the 7 functions are sym-
metric under the interchange of 6 particles in initial or
final state;

T4n+l(t; Wi, 'y WZn)

= T4”+1(t; Wo, Wi, W, ° ", w2n) =
=T ”+l(t’ Wi, > Was wn+2, Watls wn+39 ’ Wzn)
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and

TRt Wy, Wanga)
= T4n+2(t; Wg, Wy, Wy, *"*
= T4ﬂ+2(t; Wy,

> Wangy) = °
s Wns Wapas Waps
wn+3s Y w2n+1) =" (3b)
Similar symmetric relations exist for 743 and 74"+4,
Furthermore, we will see again in the next section
that 74"+ js also symmetric under the interchange of
initial and final states, i.e.,
Tt Wyttt Wy Waggs "7
= 74n+1(t; Wpnas®

Wan)
s Wans Wi, oo, W), (4)
From Egs. (2b) and (2¢) together, by using relation
4), we get
TR Wy, t s Wang)
=Tt Wy, Wain). (5)
The Fourier transform of these 7 functions satisfy
the following equations:

(W - mO - z wi)’?-‘n“-l(W; wls T, w2n)
i=1

12 2w

Tz -l_! 2(W,)1gi

g z u (W) A4ﬂ+2(W w Wl .

Z 2 » W), (62)
iy dn+2
A
( "m_‘z; ) n+(W Wi, ,w2n+1)
i=
= g[$‘”+1(W; w2 > W3 »T T wn+1 ’ Wn+2 PR w2n+1)
+‘?'4”+1(W;W1,W3," ’ ’wn+1’wn+2a' o 1w2n+1) + tet
4dn+1 . .
+4"+ (WsWqu,'"anWn+2,"',W2n+1)]a (6b)
2n+1 "
(W -m-= W,-)‘?‘ Y Wiwy, o s Wap 1)
i=n+1
4. . .
= g[* n+1(W’ Wi, s WasWhaa s Weyg, "7, w2n+l)
1 . e .
++‘4”+(W,W1, ,wﬂ’w"+1’wn+3,“.’W2’n+l)+“.
+ 4‘4"+1(W; wl PR W,,, s wn+1 3 w'n+2 3", Wzn)]’ (60)
n+l
4 .
(W B U
i=
n+1 2Wi z n+1
I u2(w,) P
+ 8[“44"+3(W; Wa s Was " s W1, Weia, ", Wapto)
+4‘4"+3(W;W1,W3,' . ’wn+1’wn+2,. . .’w2n+2) + Ve
4n+3 .
+ 7 vt (W’wl’w2!“ S WayWeia,” ",W2”+2)], (6d)
where
(W Wy, Wa,** ) = —zf dte’™ i (t; wy, we, ).
®
)

Substituting Eq. (6b) into Eq. (6a), we get
h(W -3

gl

dn+1 .
W§)$ nt (W + m,wla".awzn)
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ﬂ e lgla,, + -71; f:(de :Vm j(iW)Wi)

fal
X [#MW + myw,we, e, wy)
+44n+1(W + m;w,wl,wa,"',wz,,)+"’

2dn+1 .
+T (W + m,W,Wl,Wz, QW'n——].’ wn+1’ yWZn)]’

®)

where
h(w + ie) = h(w) = w[l — B(w)]
= w(l + f_w ®dw(w? — ’uz)}uz(w,)).

47 Ju w—w— ie

)]
Let us define

N'—(W9 Wi, ", W2n)
= N(W, w, — ) Wzn)

-3

2w ( l) i=nil
2n
+ _2h(w -3 )(w - 3 )
g i=1 i=ntl
X AW + miwy, -0, wy,). (10)
After substituting Eq. (10) into Eq. (8) and con-
tinuing w, into the complex z, plane, we get

ie, Wy, "

X

Py

N(W§21,W2""awzn)
8%
— a 2w, Pn’;wzf*wl d
- il=_‘2[u2(w,-) (W—z - § w)
V ! i=n+1 ¢

n
6fi
Priwws# we NI

+ (ia:;‘i#2u2(wi)) (W 2n )

— Wg — 2 W;

t=n4l
n— 6nz'
(7 22) ripn
=1 u¥(w;) ( n
W - W” - 2 Wi)
t=n4l
L1 fw dv Im h(w)_
il (W—w-—zl—zw,-)
i=2
N—(W; W, Wa, ", WZn)

h(W —-w —-ézw,.)

+ N_(Ws W, 2y, W3, *° 'na w2n) N
h(W—-w—zl—Zw,-)
=3
+ N-(W;w,z;, wy, - - s Wa1s Wai1s " * ", Way)

n-2
h(W —w—2z —zw,)

=2

(11)
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We can simplify Eq. (11) by noticing that
714"4_1(W + m; Wi, * ', w2n)
is symmetric under the interchange of the pairs w; with
w; where i = 2, 3, - - -, n. By Eq. (10), we see that the
function N=(W; wy, -+ -, wy,) has the same symmetry
properties, so that we can write Eq. (11) as
N—(W;w17' . 'awzn)

=F (W;wy,we, ", W)

+ F_(W;W25w19w35'”9w2n) + e
+ F—(W;Wnsw2’w3!'”’Wn—lawl9wn+1""aw2n);
(12)
where
F(W; 2y, Wy, * " 0, Way)
o 2Wi Pfi;g#’llnéfi
- E u*(w;) n
’ (W -z - wi)
t=n4l /
+_1_f"° dwIm h(wW)N=(W; w, wy, "+, Way)
7 Ju (W—-w—zl—ZW,-)h(W——w—Zwi)
=2/ 0\ i=2
(13)
and
F_'(W;Wls”"WZn)EF(W;WI_ iE,Wg,"',Wzn)
= llm F(W; Zyy, Wa,y " " 0y W2n)'
Substituting Eq. (12) into Eq. (13), we get the singu-
lar integral equation for F(W; z;, wy, " -, Wy,) as
F(W; le W2a T, W2n)
&%
. 2Wi Pfii%;ém !
= 1]-__-2[ u2(W~) 2n
B ! (W —z— 2 wi)
i=n41
41 f ©_ dwImh(W)F (W w,wy, W)
i (W—w—-zl— Ewi)h<W—w— sz)
(=2 i=2

dwIm h(w)

(W—-w—zl—éwi)h(W—W— iwz)

77f
+_
H

=2
X [F_(W;W2’W’W3’.“’w27l)
+ F(Wiwy, was Wy Wyt "y Way) + 7o
+F—(W;W'n’w21".swn—15wywn+1"")“’275)]-
(14)

-, wy,) as a func-
* v, Wy,. It hasn!

We can consider F(W; z,, wy, " -
tion of variable z, for fixed W, w,, -

poles at
2n
21=(W_ 2w,+l€) z 6?,
i=n41 Priiwe#wy

and a branch cut along the real axis from —co to
(W — u — >, wy) (cf. Fig. 1).
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2n n
W-2 w)Z 35
=0t Priiwaw
e e’
FiG. 1. Analytic structure of the function F(W; z;, wy,* ", wg,) in
the complex Z, plane with the assumption that w; < .

We are going to solve F(W; zy, w,, - * -, w,,) in the
next section by constructing an iterative solution.
After we get F~(W; wy, wy, -+ +, w,,) then by inter-
changing the pairs w, with w; where i = 2,3,---, n,
we get F-(W; wy, wi, * -+, Wwy,), etc. Sum all these
F’s up and we have the whole solution for N—(W;
Wis ™", Wan), 18, P YW 4+ m; wy, « -+, wy,). Since
from Eq. (6) we know all the #4"+3(—), #47+3(—), and
#4r+4(—) can be written in terms of #4"+1(—), the
solution of F~(W; wy, wy, -, wy,) solves the entire
V-nf sector.

III. SOLUTION OF THE INTEGRAL EQUATION

In the last section, we derived an integral equation
for the function F(W;z;, we, ", wy,). It is too
complicated for an exact solution, so we are going
to construct an iterative method in a completely
analogous way as we did in the V-20 sector.? Again, it
is required that each term of this expansion must
preserve: (a) the properties of the bound state, (b) the
analytic structure of F(W;z,, w,, -+, wy,), and (c)
the symmetry properties.

Let us now start from introducing a 4 in front of the
last term of Eq. (14) so that we get

F(W: ZI’ Wa, " " W2n)
8%,
- 2Wi Pfi:%aé w1 7
B g u¥(w;) <
¢ (W - Zl - 2 Wl)
=2

dwlm h(W)F_(W; W, Wa, ", W2n)

(W—w—zl—iwi)h(W—W—in)

i=2 =2

’n'f
+__
H

+_l_f°° dwlIm h(w)
(s (W—w—zl—zwi)h(W—w—Zw,-)
=2 =2
X [F—(W;Wg,W,W;;,"',Wgn)
+F_(W;W39W29W5W4"“9W2n)+'“
+F—(W;W",W2,"',W2n)] (15)

and, expressing F as a power series in A, 1.e.,
F(W; 2y, Wy, vy wa,) = 2 AF(W; 20, " "+, way,).
l=0
(16)
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Substituting Eq. (16) into Eq. (15) and equating
terms of the same order in 4, we get

FO(W’ 21, W, "0 9W2n)

( n P .z#: 6?1,
= H fiwsF W1

i=2 uf(v:j,))( 2 )

” Z]. z 1
(] f
+
13

t=n-1
dwIm h(W)Fg(W; w,we," ", Wy,)
Fy(W; zy, wy, "
_1 f “
mJu

e S h (W ).
(W w—z i=2w)h(W w ¢=2M;1)7)
"5 Wap)

dwIm h(w)

(W——W—Zl_ iwi)h(W—w—iiwi)

i=2
X [FI(W;WsW%'”swzn)
+ F;(W;Wzawawa"“awzn)

+ F;(W;WS,WZ:W’Wala'“stn) +

+F(—)_(W;Wn,W,W;;,"',Wn_l,W,Wn+1,"',W2n)],
(18)
FI(W;ZI)' ';w2n)
__1f°° dwIm h(w)
s (W—w-—zl—zw,-)h(W—w——Zwi)
i=2 i=2
X [Fl_(W;W,Wg,"',Wgn)
+FL_—1(W;W2’Wa.“aW2n)+“'
+Fl_—l(W;W'naWZa'"awn—l,w’wn+15'”9w2n)]'

(19)
At the end of the calculation, we set A = 1 and then
Eq. (15) goes back to the original equation (14).
From Egs. (17)-(19), let us check the following
properties:

(a) The properties of the bound state: In the follow-
ing calculation, we will see that, as for the V-20
sector, each term of the series can be written in terms
of the function U~(W; w, w') which has a pole at the
mass of the (V0) bound state.? Thus, the properties of
the (V0) bound state are preserved by each term of the
series.

(b) Analytic structure: In the complex z, plane,
Fo(W; zy, wg, * * *, wy,) has n! poles at

2n
zl=(W— S w,.+ie) S 8.
i=n+41 Pyiwr=un
Owing to the & functions in Fy, Fy(W; z;, - - -, w,,,)
has n! poles at the same positions. Besides, all F,’s
have branch cut along the real axis from — oo to
(W — u — 27, w,). We compare these informations
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with the analytic structure of F(W; z;, wy, "+, Wy,)
discussed earlier and see that each term of the series
preserves the analytic structure.

(c) Symmetry properties: Al F(W; wy,*++, wy,)’s
are symmetric under the interchange of 6 particles in
the initial state (i.e., w,,wherei=n+ 1,n + 2, -,
2n). The sums of all
[Fz—(W’ Wi, Wo, " "0, W2n)

+Fl_(W;W2’W15"',w2n)+”'

+F;(W;Wn,W2,"' '.’w2n)]
are symmetric under the interchange of the pairs w,
with w,, where i = 2, 3, 4, - - -, n. Thus, we see each
term of this series preserves the symmetry properties
of the original = function +4"+1(-).

By analogy with the solutions to Eq. (26)-(28) of
Ref. 1, we can write down the solutions to Eq. (17)-
(19) here as

s Wp15 Wi, wn+1’ :

FE(W, le Wzs T, Wzn)
2w
=T =2 o
iI'_——-! uz(W,,) (Pfﬁ%# w ! )
n 2n n
U (W=Swiw, 3 w-Sw) @0
i=2 i=n+l i=2

(cf. Fig. 2),
Fy(W;zy, we, -

=_1f°°
7 "h(W—w—iw,-
i=2

X [FE(W;WZ’W’W3’”.5W27L)

’ Wzn)

dw Im h(w)

i=2

U W—iw,.;zl,w)
!

+ Fo(Wiwy, W, W, Wy, W) + 0
+ F(?(W;wnsw%"'swn—l’w,wn+1"":W2n)]9
2
wn+2 “’2
R I T
Whs3 w3
R e e o
Whie Wy
i
]
i
wzn wn
e
Why W,

+ (Diagrams with permutations of 6 particles in initial state)

F1G. 2. Diagrams of the first-order term Fo (W; wy, - - -
series expansion of F~(W; w,,- - -

» Wgy) in the
s Wan).
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and
Fn(W;Zl’Wz"'°,W2n)
=—1f dw Im h(“;) U(W—-Zw‘;zl,w)
77“h(W—w—Zw,) =
=2
X [F;—-l(W;Wz,W,Waa"',Wzn)
+ Fo (Wi ws, Wa, W, wg, =ty Wa) + 0
+F;—I(W;Wn,w2"'"wn—13w9wn+l"”aw2n)]'
(22)

Substituting Eq. (20) into Eq. (21), we get
FI_(W; wls Wo, ", Wzn)
= 2( . 2W,- ) 6k8kn+36k4kn+d e 6knkm

=3 u®(w,) h(W — Wayz — i’ w,)

T2

FsWiw, - w) = g (;juﬁ(””)

i=2

n
X U"(W = > w;; Wy, w,,+2)

x U-(W —Sw—
i=3

+ (permutation of 6 particles in the initial state)

Wyi2; Wa, Wn+1)

+ (terms with w, and w, interchanged where

i=3,4,---,n (23)

(cf. Fig. 3).

Substituting Eq. (23) into Eq. (22), we get F,.

Similarly, we can get F; and all the higher-order terms
in the series expansion. The result of F, is (cf. Fig. 4)

) 6kak"+36kdku+4 ’ 6knkln

dW Im h(W)U(W —_ 2 W;s 2y, W) U—(W - W z W;; Wa, wn+2)
i=2

i=3

lf“’
x—
i h(W

(W ’gw,
i

n

Wy, W, n+1) + g (H

W — z Wi Wi, Wy

—w— Zw,-)h(W —W— Wy —Ew,-)
=3

=2
2w; \s RPN

2 kakn+a knkan
=1 u(w,)

n
+3) U_(W — D Wi — W — Wyig) Ws, Wn+2)

i=4

X

h(W Wers zw)( — Wiz = Wais EW—Wz)

X U—'(W — Wy — Wyt — 2 W;; Wa, wn+1)
i=4

+ (terms with permutations of 6 particles in the initial state)

+ (terms with w, and w; interchanged where i. = 3,4, - -, n). (24)
Wpys Wy
R e it
Whys w3
e Wnig Wy Wnia Wy
w w
n+d 4 Whys Ws Wnys Wg
T TN T N — e e
Wpis Wg Wy Wy Way, Wy
R i i e —— e
wZn Wn
w, w, W w
Wy w w, Yn+ 2 Whaz W
Why Wy
w w
Whe 2 ({17 n+2 3
Whyo W

+ (Diagrams of permutation in © particles of initial stage)
+ (Diagroms with w, ond w, inferchanged where i=3,4,..n)

Fi1G. 3. Diagrams of the second-order term Fy(W; wy, -, wg,).

+ (Diagrams of permutations in © particles of initio! state)

+ (Diograms with (-IJ2 and wi interchanged where i= 3,4,..n)

F1G. 4. Diagrams of the third-order term Fy(W; wy, - - -, wgp).
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From Egs. (20), (23), and (24) we see that each term
of the series can be written in terms of the function
U-(W; w, w) which can have a pole at the (V0)
bound state position,? so that, indeed, the properties
of bound state are preserved.

Because the 6 function corresponds to the 6 par-
ticle without interaction and because of the above
derivation, we see that for each term the number of &
functions is at least equal to n — /, where / is the
order of the term in the expansion. So F, for / < n
will not contribute to the nonforward scattering am-
plitude.

From Eq. (10) we have

MW + mywy, -

FEW 4 3wy, Wa)

1947

e
” | ) 87
= (E ufzsi)) h(WP— i Wi)

f=1

g2

n 2n
i=1 i=n+1
X [F(W; wy, we, * " * 5 Wap)

+F_(W;W2,W1,"',W2n)+"'
+ F—(W, WasWe, " " s Wy 1, Wi Wegay ”

+

s wZn)]‘
(25)
Substituting Eqs. (20), (23), and (24) into Eq. (25),
we see that the first few terms of #4"+1 are (cf. Fig. 5)

)
=(" 2wi) Pzﬁ‘ g

(7 -5v) +h(w _iglwi)h(

=1 u’(w,)

2n
W - 2 w,-)
i=n-+1

6kn7€2n

. +864n+4..'
n I:(H 2w; )(kak,. gk °

gZU‘(

n n
W =3 w;w, w,,+2) U‘(W — > Wi — Wpye We, w”+1)
i=3

=2

2
=5 w(w) Watpe — __Zzwf)
5 . i J‘w dW(W2 _Iu2)§ 2(W)
knka
n ﬂ4 2 n
™ h(W—w—Zzw,-)h(W Wora st)

n n n
X U‘(W — > w; Wy, W)U‘(W — W=D W W, w,,+2)U‘(W —>w,—
=2 i=3 =3
T 2w,
+ “Yi s ..
(;I.;:!: uz(w,-)) kakate

n n
U“(W — 2 Wi — Wy — Wpyp Wa, Wn+2) U_(W — Waya — Woag — 2 Wis Wa, Wn+1)
4 <%

2w,
+ (H % ) OrcgtenraOtgnts * "

'su 1,)

wn+2; w, Wn+1)

g‘U"(W — > Wi Wy, wm)
X

i=e
n

-3 w,-)
=2

* Okpkan

h(W - W,n+3

X
h(W = Wnyg = Wpyg — z w; = w2)

+ (terms with permutations of @ particles in the initial state)

4 (terms with w, and w;, interchanged where i = 3,4, -, n)

<+ (terms with w; and w;, interchanged where i =2, 3,-- -, n)}.

(26)



Wy W) Wpyo Wy Wpes Wy
e I e I A e e et
Wnez Woo Wies W3 Wnea Wa

. . o wn
wan +wn+|
Wt
Wan
W
Wys W3 Whigq Wy
Wiia Wa Wnis W
1 ]
' H
w,, ' w, w,, w,
‘“2 Wpyz W

+(Diagrams with permutation of © particles in the initiai state)
+{Diagroms with permutation of © particles in the fina! state)

F1G. 5. Diagrams of the zeroth-, first-, second-, and third-order
A A
terms in MW + m; wy, 0, Wap).

From Eq. (26) we see that the key function #4*** in
V-nf sector can be written in terms of the function
U~(W; w, w') which represents the fundamental V-0
interaction. By setting n = 2, we can reduce Eq. (26)
to the result for = function in ¥-20 sector?® (i.e., 79).

Again, owing to the fact that U~(W; w, w') =
U-(W; w', w) we get the following symmetry prop-
erty which was mentioned in Sec. II:

dn+1 . .
FHW + mywy, wy, -

=’f'4n+1(W + m; w”+1, e

H] W2n)

s Wop, Wi, """

Wy,
s Wa).

Just as the case in V-2 sector, by this iterative ex-
panswn we can approximate the function #4"+1(W;
Wi, * ' ", Wy,) to an arbitrary order of the series in Eq.
(16). 'Now let us write the rules for calculating to
arbitrary order of #4*1(W; wy, * -+, wy,).

Nozation

(1) A straight line
particle.

(2) A wavy line~——corresponds to a § particle.

(3) A bubble diagram =====corresponds to the
function U-(W; w, w').

(4) Wnyrs Wnyas =" 5 Wan) and (wp, Wy, * o0, wy)
correspond to the energies of n incoming and outgoing
6 particles, respectively.

corresponds to a V
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Rules

74741 js computed by drawing all generalized Feyn-
man diagrams for a ¥ and »n6 particles coming in and
going out. This indicates that both the connected and
disconnected diagrams are included. The diagrams
can have at most a four-point vertex because 74"+ is in
terms of U~(W; w, w'). Specially we have the follow-

ing:
(1) We integrate over each internal wavy line with
energy w and multiply by a factor

J ® dwul(w)(w? — ud)}

47t

(2) We multiply by an over-all factor

n 2n -1
[h(W -> wi)h(W -3 wi):l
i=1 i=nql
for each individual diagram.

(3) The order of the series corresponds to the num-
ber of the bubble diagrams. We multiply by a factor
g* for each bubble diagram.

(4) We multiply by a factor 2wo/u*(we)]y s, Tor
each wavy line without interaction [cf. Fig. 6(a)]

(5) We multiply by a factor

2n -1
j=n+l;itk

[cf. Fig. 6(a)] or

(v =mmZm)]

[cf. Fig. 6(c)] for each internal straight line between
two bubble diagrams.
(6) We multiply by a factor

U’(W — > wiw, wk)
j=1;3#1
for each bubble diagram with four external lines [cf.
Fig. 6(d)].
(7) We multiply by a factor

2n

U‘(W - 3 wiw, wk)
jmnitlyitk

[cf. Fig. 6(e)] or

U_(W — z Wi Wi, Wk)
i=1;5#1

[cf. Fig. 6(f)] for each bubble diagram with one inter-

nal straight line or with a pair of external straight and

wavy lines.
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w i w o
wk LU{‘ wk wt
wk)fut

% “ “ We

Fig. 6. Feynman rules correspond to (a) a wavy line without
interaction, (b) and (c) each internal straight line between two bub-
bles, (d) each bubble diagram with four external lines, (€) and (f)
each bubble diagram with one internal straight line or with a pair of
external straight and wavy lines, (g) each bubble diagram with at
least two internal straight lines.

(8) We multiply by a factor

2n
U‘(W — W — X Wi W, wk)
j=n+1
FEX ko

for each bubble diagram with at least two internal
straight lines [cf. Fig. 6(g)].

IV. NONBOUND-STATE S-MATRIX ELEMENTS
Using the reduction formula and asymptotic con-
ditions,® together with the definitions of the functions
antl pw2 0 48 and #4vH4 (Eq. 1). S matrices
corresponding to the processes
V4 nl—V+ nl,
V+nl—N-+ (n+4 1)9,
N+ mn+DI—>N+ (n+ 10
can be written respectively as
SVne

kaka® EniKp+rtc ckan

2n n

n! Py i=n+1 i=1
2n n 2
Wy — D> W,
(i=§n:+1 ¢ i=21 i) 2% u(w;)
X I
n! =1 (2w,)

X AW+ mywy, 27

’ WZ")lW-:‘E w;’
=1

1949
P
Entaknts - Kan+1k1'  Fpta
2n+1 n+1
= 27ri6( S w— Zw,-)
=n-2 4=1
2n+1 n 2
(i=§+2Wi B zgl wi) 2+l y(w,)
ml(n+ D 7wt
X 44n+2(W + m;wg, "', w2n+1)IW_=2"§: w;? (28)
{=mn4+2

SN(n+1)0
kikz:* Entlknte Kante

1 il ) 2n+2 n+1l
=mpz 6fi + 277!6( 2 w; —EW,)
o Lfi

=nt2 i=1
2n+2 n+l 2
(i=§+2w£ B i—_-21Wi) 212 u(w,)
X
(n + 1! =1 Qw)t

x 44n+4(W +mywg, 0, W2n+2)|W=ﬂ§1wf' (29)
i=1

Using the result of #4*+1(—)in Eq. (26), the first few
terms of the S-matrix element in Eq. (27) are

SVno
kiko o knsknt1 " Kon

6( % w,-—iw,-)

i=n+1 i=1

I o on

n!Pﬁ n!

i 2Wi n
M) (2,5
=2 u“(w,)) \Prawrwn

2n n
X U_(W1; Wi, D Wi— Y Wi)

t=ntl i=2
+ [(ﬁ iwi )g46k3kn+s Bt
=3 w(w)/  h(wy — W)
X U™(Wy; Wi, W)U (Wyin; Way Weiy)
n 2W' g4
+ M\ R -
(;I.;.! ug(wi)) kgkn+s knkan 477_2
f“’ dwil(w)(w? — u®)
o By — Wh(Wner — W)
X UT(wy + wp — w; Wa, Wo i )U " (Wp15 W, wyiy)

X 6k4kn+4 '
h(wy — Wy )h(Wy + Wy — W9 — Wyig)

X U™(W1; W1, Wnys)

X U (Wni1 + Wyia — W3 Wy, Wyys)

X U_(wn+1; W, w'rH—l)

+ (terms with permutations of 0 particles in the
initial state)

<+ (terms with w, and w, interchanged where

]
+ (terms with w, and w, interchanged where

i=2,3,---,n)}'
(30)

U™(wy; Wy, w)

'. 67671702"
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By using Egs. (6b)-(6d), we can write the S matrices in Eq. (28) and (29) in terms of the functions #4"+1(—)

( 2%—1 i
w, — w,
) 2n+1 n+l P/ ¢ 5 ') 2n+1
S£|+ikﬂ+8"'kln+1:kl"‘kn+1 = 27”6( z w; — ZWI) [n-:-(n + 1)]]* (i—l‘ (2(w l))i)

f=n42 i=1
antl . .. dn+l ;
X g[T (W+m,w2,w3, ,W2”+1)+$"+(W+m,Wl,W3,"',W2,,,+1)

+ - F "7'4"+1(W + m; Wi, Wa, "ty Wea Wain, """ w2n+l)]W|= 2n+1 w (3]_)
{=n+2
and
Nint+1)0 +1 g o
— n :
Sklkl cEnt1rkntsc Kants T Z 6 + 27”6( Z Wy — zwi)
(n + D! 7, 2 i=1
1 e (W) 2 an
Adn+1
T W- w cee W w, o e
(ot D G £ T e s Vansd)
Adnt1 .
+ T r (W’ Wza T, wn+2’ wn+4’ Tty W2n+2)
dn+1 .
4+ 4 7 a+ (W, Wi, " s Wy Wy, """, W2n+1)]|W=n§1wi- (32)

From Egs. (30)-(32) we see that all the nonbound-state scattering amplitudes in V-nf sector can be written
in terms of U-(W; w, w’), a key function in V-8 sector.
V. BOUND STATE SCATTERING IN V-n6 SECTOR

Since our iterative solutions for the = functions in the V-nf sector do preserve the information of the 6(V)
bound state, we can start to study the following bound-state scattering processes:

() (V0) + (n — )6 — (V6) + (n — 1)6,
(ii) (V6) + (n— 1) — ¥V + nd,
(i) (78) + (n — )6~ N + (n + 1)6.

All necessary information and notations for studying bound-state scattering processes are referred to in
Ref. 1.

Now let us work with case (i) by using the reduction formula® and the asymptotic condition.* The corre-
sponding S matrix is

2n—2 n—1
Skia: - knotskn - kan-g = 1 0%t —~ fdtdt exp( Zwt —12wt) X (l———Zw )

(=15 IZVaI

X (O] T(BY ()ar,(t)ax,(t") - * * ar,,(")BEH(BD)ar (1) - - - a7, (D) 10)

(,:‘1’- + mg +2"z'2wi) 33)

f=n

where BY¢(t), mg, and Zy, are the general field operator, mass, and renormalization constant of the (V0)
bound state, respectively, and

BY(t) = Ayy(t) f dkay(t) + Cyn() f f Pk d% a (a0, (34)

where A and C are arbitrary C-numbers.
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From Egs. (1), (6), and (34) we can reduce this S matrix to

Sklki' cokn—1? kn*ckan—3

2mié (27‘2_2“’4 —”ilwi) a2
<(Zm

(n - 1)'Pﬁ |Zpel (n — 1!

2n—2

u(Wi) u( Wy, JU(Wy, )
:=1 (2wf)i .U

X A + zgcfdspz u(wpz) —
(2w,,,)}( W—m=—w, — w, —¢§1 w,-)

x [A4* + 2gC* f &, 4(Wpy) —
(2w,,.,)’}(W —m— Wy — Wy — ‘2 w‘)

t gC m( d*py d°py dpiu(w, u(W, (s,

pntloyy . e ‘e
(W’ wm_ s Wi, Was »Wp1s 1 ? Wy ’ w2n—2)
(4w,1W,,1

n—1
8W,, W, W, ( m—w,,,—w“—zlwi)
3
x [A* + 2gC* f d gu(wg) —
(2w,,)*(W —m— Wy — Wy — 3 w,-)

x W w

24n+1
+ (W wm s Wpeo Wi, W3, s Wn—1> wpl’, W,,, ’ W2n-—2) +

plaw Dg Wa,* " ’W'n—l,wpl’,wn’ tU ,W2n—2)

+ ‘;'4"+1(W' qu s Wm’ W1a Tty Whoa, wm." Wps """ WZ”—z)]
(8w,,wy, (W—m"Wm"'wm’_.z W‘)

e

2w,) (W —_—m =W, — W, — W
i=1

24n+1 . e . e
X [T (Wa Wpl » Wi, s Wn—1> wm’ H wpz’ s Waits H W2n—2)
sdn+1 . PR PR .
+ T (W, Wpl, Wi, sWpn 1, Wpl’ s wp,' » Wy Wn+2’ ’ w2n—2) +
Adn+1 . PN v
+ T (W’ wpl ] Wl ’ ’ Wn—l ’ wgl’ s wm’ ) wn ] wn+l ) ) w2n—-3)]
!
+ g2CC+ pl d d u(wm)u(wm)u(wm’)u(wm')
* n—1 2n—2
(16w, Wy Wy, Wy, —m—w, — W, — zlw,-) (W —me— W, — Wy, — > w,-)
i== i=mn
24n+1 . [ .
X [T (Ws wpl ’ wm ] Wz, ’ wn—19 wpl' ’ wp,’ > wn+1 s T WZn—2)
2dn+1 . P
+T (Wa Wﬂl’wpg’wl’ w, s Wn-—ls wg)l" wp"’ wn’wn+29 ot ,Wzn—z) + o
adn+1 A “ .. ..
+ T (W, wwl ’ Wp, s> Wi, Wo, s Wp—2, wyl' ’ wp" s> Wns Wn+1 ’ T w2n—3)]
n—~1
. Pl d ’ dspé 4wmwm H 2W¢
=1 n+1
+cc f f f —— x S x 3% . (39
2 2 2 ri
Wpy = Wy — Z W,-) u (wm)u (wp.) H u(w;) "{: 1
i=1 i=1 W=mg, ‘=1w¢
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From Eq. (26) we see that only the term with " (W;w, ,wy,  ,w,q, w
contribute to the S matrix. All other terms in Eq. (35) will vanish as

p1*? wn > w2n—2) Wi“

n—1 2n—2
2 W2 w
=1 i=n

because of the factor (3°_! w, — X2 2w,)* multiplying them. So by using Eq. (26), the first few terms of this
S matrix are (cf. Fig. 7)

Sklkz' crkn—1.knkan~2

2n—2 n—1
_ 2 5 n 27”6(1;" Wi _521Wj) 22 u(w;)
(n— & (n — 1)! =1 (2w, ?
. 2w; 5 5
X 1:! ;;(—W'—) ‘5k,kn+;' v 6kﬂ—1kgn—zh(mB — m — wy) f(mg; w)) f(mg; w,)

+ nl—[_l 2w; ) Y % 1 wdw(wz k2 e .
3 2 kakpn+1 kn-1ken—2 2 Iu ) u (W)f (mB’ W)
=2 Y (Wi) 47" Ju

x U (mg — m — wy; wy, w,)f(mp; w)

n—1 2 2 _
+ ( 3 2:V )) Ogonsa " " ‘skn—;azn—2f5(m3§ w)U Wy — Wy + mp — m; wy, w,) f¥(mp; Wpi1)
=8 u(w;

+ (terms with permutation of 0 particles in the initial state)

+ (terms with permutation of 6 particles in the final state)}. 36)
wn w] wn+l wz
L A
Wiy Wy Wnta ws
UM ——————
]
:
w w
Wan-n Wo-y + 2n-2 n-l
an
W, W
B B8 Z 8
v
Wy W, Wpyo w3
Wnt2 W3 Whss W4
' ]
i ]
¥ 4
+ w2n~2 wn-l + w2n-2 Wa-y
e e e e,

W w,

n ) |
BYB %ﬂ B
v\ V,
v wMz

w

+ (Diagrams with permutation of © particles in the initial state)
+ (Diagrams with permutation of © particies in the final state)

F1G. 7. Diagrams of S matrix for the elastic bound-state scattering
process

(VB) + 0k" + 0+ oka,,_z—’(Vo) + Glcl +- -+ ek,,_1~
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Similarly, we can calculate the inelastic cases (ii) and (iii) of the (Vf) bound-state scattering reactions.
Leaving out the detailed calculations, we will now just write down the final results of S matrices to the
first few terms as follows:

() (VO + 0 + Oyt + 0 >V 4O +0 +0, + - +0,

2mi u(w) =2 u(w,) 5 22 L < '
[n! (n — )1 * w)t 1 2wy (mB FEwomow glw,)

Stitskg - knovln - anmg =

n—1 2 2 _
X {(H 2W )6k2kn+1 e 6kﬂ_1kgﬂ-z[g2U (W’ W, wn)fs(mB; wl)
=3 4w,

2 ©
+ _g_2 J. dwll(w112 _ MZ)iuz(wu)U—(w; w, W”)
47T n

5 .«
X U (mg—m+w, —w;w,w,) S W) :I
hmg—m+w, —w, —w
1 2w, _
+ g2 I_I ©e ak"—lkgn—gU (W; w, wn+1)

s uz(w') 6k3kn+2 )
S 5(”"3; wy)
h(w — Wat1)

+ (terms with permutation of 0 particles in the initial state)

X U (W wp — Wy wa, w,)

+ (terms with permutation of 0 particles in the final state) 37

(cf. Fig. 8),

+ (Diagrams with permutation of © particles in the initial state)

+ (Diagrams with permutation of © particles in the final state)
Fic. 8. Diagrams of S matrix for the inelasticbound-statescattering
process

VD460, + + 0y, > V+O+6,+-+6

n—1"
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(i) (VO) + 0y, + -+ 0, —>N+0,+0.+6, + - +0,__,

Skk’kl- o kp—1.kn-  kgn—g

_ 2mig? 5 S \uwu(w) 5 u(wy)
T A A I ) o G

U (w+ w;w,w)f(mp; w)

n—1
X []‘[ 2% g

okt """ Otn_ykan-
ol uz(w'.) 2%n+1 n—181n I(

h(w")

1 f © dw"(w" — WU (w + w5 w, WU (w + W + wy — w5 wy, w) f(mg; wl))
+ —-_2 ’ ! "
47" Ju h(wHh(w + w' — w

n—-1 2 W,

U (w+wiw,w, DU W+ W + wy — wypi; Wy, w)f(mp; wy)

+ g m 6kakn+| T 676»—1709"—:

h(W)h(w + w' — w,1)

+ (terms with permutation of 0 particles in the initial state)

+ (terms with permutations of 6 particles in the final state):l

(cf. Fig. 9).

Wap-2

.

[
DA
W, w

wn+2 w3
Whes Wa
]
H
Won-2 @ hei
ehe "
+ w w
N+
w, w!
B / /
v vV N
w,

+ (Diagrams with permutation of 6 particles in the initial state)
+ (Diagrams with permutation of 0 particles in the final state)
F16. 9. Diagrams of Smatrix for theinelasticbound-state scattering

process
(V0)+0,”+"'+0k“_2—>N+ 0k+0kl+0k1 +"'+6.”_1-

From Eqgs. (36), (37), and (38) we see that once

again we get the results that the S matrices of all the

(V9) bound-state scattering processes in the V-nf
sector are independent of the (V0) bound-state field
operator.

V1. CONCLUSION

In this article, we have investigated the scatterings
in the general higher sector, i.e., V-nfl sector with

(38)

n > 2 of the Lee model. The technique and procedures
here are completely analogous to those in the V-26
sector. By using an iterative expansion, we solved the
7 functions 74" (W;w,, wy,* ", w,,) in the Mat-
thews-Salam equation of the V-nf sector. Since all
the S matrices for the bound-state and nonbound-
state scattering processes can be written in terms of
the function 74"+1(—), the solution of #4"+1 solves the
entire V-nf sector.

As explained in the previous sections, each terms
of the iterative expansion preserves the properties of
the (V6) bound state and the analytic structures and
symmetries of the = functions, the same as for #° in
V-20 sector.! The result obtained for #"+! is again in
terms of the key function U~(W; w, w") which repre-
sents the V- interaction. This is reasonable because
there is no interaction between the 6 particles in the
Lee model. In other words, we essentially solved the
many-body problem in terms of the 2-body solution,
due to this restricted interaction assumed in the Lee
model.

We have constructed the Feynman rules for calcu-
lating to an arbitrary order of the function #4"+1(-).

Once again, in this general ¥—n0 sector, we obtained
the interesting fact that the S matrices for the bound
state scatterings are independent of the form of the
(V) bound-state field operator. This same result was
obtained elsewhere and also for the case of the (V)
bound state in the ¥-20 sector!-* and the V particle® in
the Lee model.
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There is an intimate connection between multipole moments and the conformal group. While this
connection is not emphasized in the usual formulation of moments, it provides the starting point for a
consideration of multipole moments in curved space. As a preliminary step in defining multipole moments
in general relativity (a program which will be carried out in a subsequent paper), the moments of a so-
lution of Laplace’s equation in flat 3-space are studied from the standpoint of the conformal group. The
moments emerge as certain multilinear mappings on the space of conformal Killing vectors. These
mappings are re-expressed as a collection of tensor fields, which then turn out to be conformal Killing
tensors (first integrals of the equation for null geodesics). The standard properties of multipole moments
are seen to arise naturally from the algebraic structure of the conformal group.

INTRODUCTION

This is the first of two papers whose ultimate goal
is to define the multipole moments of the gravitational
field in a static asymptotically flat solution of Ein-
stein’s equations. The essential first step in this pro-
gram is to reinterpret multipole moments in Euclidean
3-space in a way which emphasizes one particular
aspect of flatness: the existence of conformal Killing
vectors. This conformal approach to multipole
moments in flat space is the subject of the present
paper.

Choose an origin p for our Euclidean space. The
multipole moments of a solution of V3 = 0 about
this origin are, in the usual formulation, a collection
of totally symmetric, trace-free tensors @, 0%, 9%, - - -.
The Qs of different ranks are completely independent.
Let us now “attach’ the Q’s to the origin p, and permit
changes in the choice of origin. Each of @, Q%
0%, - - thus becomes a tensor field. These tensor
fields have the following properties: (1) a knowledge
of Q% **% as a tensor field uniquely determines all Q’s
of lower rank, and (2) a knowledge of 0, Q%, Q®, - - -,
Q%% at a given origin uniquely determines the
tensor field Q% %, That is to say, the Q’s have a very
special, essentially algebraic, position dependence.

It turns out that, because of this simple position
dependence, each Q% *** % is a conformal Killing tensor
(a generalization of conformal Killing vectors). The
fact that solutions of the conformally invariant® equa-
tion V3 = 0 are characterized by conformal Killing
tensors suggests that it should be possible to make
the transition from g to its multipole moments in
some way which brings out the important role being
played by the conformal group.

From the structure of the conformal group (in
particular, from the fact that its invariant metric is
nonsingular), we show that each tensor field Q%" "%

may be interpreted as a multilinear mapping on the
10-dimensional vector space of conformal Killing
vectors. Furthermore, these multilinear mappings
can be obtained in a very simple way as 2-surface
integrals of certain divergence-free vector fields con-
structed from y. We are thus able to pass from g to its
multipole moments by the following steps: (1) intro-
duce the collection of divergence-free vector fields,
(2) integrate these fields over a 2-surface to obtain
multilinear mappings on the space of conformal
Killing vectors, and (3) interpret these multilinear
mappings as tensor fields Q, Q% Q0®,--- on the
original manifold.

There are three advantages to the present approach
to multipole moments: (1) The multipole moments
emerge directly as tensor fields on the manifold. We
thus avoid both the arbitrary choice of an origin and
the introduction of special coordinate systems. (2)
In the usual formulation of multipole moments, it is
necessary to integrate the components of tensor fields
over the unit 2 sphere. While this procedure can be
given a well-defined meaning in flat space, it is simpler
and perhaps more within the spirit of differential ge-
ometry if all integrals involve closed forms over essen-
tially arbitrary compact surfaces. (3) The intimate
connection between multipole moments and the con-
formal group is almost entirely suppressed in the
usual formulation. This connection is the key feature
which will be needed in the subsequent paper to define
the multipole moments of the gravitational field.

Some techniques and results concerning the confor-
mal group are introduced in the appendices. Using
concomitants, we develop in Appendix A an algebra
of conformal Killing tensors. In Appendix B, we use
conformal Killing transport to derive some of the
basic properties of conformal Killing vectors and their
multilinear mappings.
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MULTIPOLE MOMENTS AS CONFORMAL
KILLING TENSORS

Let  be a solution of V2 = 0 on a 3-dimensional
manifold ¥ with a flat, positive-definite metric 4,, . We
are concerned with the definition and properties of the
multipole moments of . Although  may be con-
sidered as arising from some source distribution, we
are interested only in the multipole moments them-
selves and not in their relation to sources. It is con-
venient, therefore, to have these source regions
removed from V. We thus require that ¥ be Euclidean
3-space with some region, topologically a 3-ball,
removed, e.g., Euclidean space with a “hole in the
middle.”” * We then demand V3p = 0 everywhere on ¥.

Let &* be any conformal Killing vector on V, i.e.,
any solution of V,&,, = 34,,(V,,&™). Then the vector
field &% .-« %V, V, -V, pon V is divergence free,
ie.,

Vm(sal e fa'vmval e Vagy))
= s(VMEGl)Eaz o Salvmval e Va,'l’
4 YRV, Y Y, p =0, (1)

Let K denote any closed 2-surface (topologically, a
2-sphere) surrounding the “hole’ in V. (More pre-
cisely, K is to be any generator of the second homol-
ogy group of ¥.) Then the integral

(4r —1fK(§a1 < NV NV, dST ()

is, by (1), independent of the choice of K. We have
thus defined a multilinear mapping from the (10-
dimensional) vector space C of conformal Killing
vectors on ¥ into the real line.

This collection (s =10,1,2,--) of multilinear
mappings contains precisely the information of the
multipole moments of %. In order to deal with such
mappings, it is convenient to introduce the algebra of
tensors over C. These tensors are constructed from C
in the standard way,? using tensor products and duals.
They are labeled by Greek indices. Thus, for example,
the conformal Killing vector £*, considered as an ele-
ment of C, is written &%, while V7 denotes a linear map-
ping from Cto C, and W, denotes a bilinear mapping
from C to the real line. In this notation, the multilin-
ear mapping (2) takes the form Q, ..., &% - - &%,
where Q, ..., is some totally symmetric tensor
over C. We now derive some properties of the tensors
@, O., Qup, " - In particular, the Q’s are shown to
lead directly to the more conventional representation
of multipole moments.

We first show how the Q’s can be interpreted as
tensor fields on our original manifold V. If &% and &
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are two conformal Killing vectors, then their Lie
bracket &"¢ = g™V £'¢ — ™V, £ is also a con-
formal Killing vector. That is to say, C has the
structure of a Lie algebra, in addition to its vector
space structure. Therefore, we have a tensor C*; =
C¥,.p (the structure constants®) over C such that the
bracket operation is given by &"* = C* ,£*£'%. (For
example, the Jacobi identity, written in terms of
C¥p, takes the form C*,C%, = 0.) Now consider
the symmetric tensor?

Gyp = —CH,Cp

over C. It is shown in Appendix B that G, is non-
singular [and, in fact, that its signature is (4, +, +,
+, +, +, —, —, —, —)]. Therefore, G,; has an in-
verse: there is a unique symmetric tensor G*# such that
G**Gg, = 0% . This metric G,; and its inverse can
be used to raise and lower the indices of any tensor
over C.

In particular, raising the indices of the Q’s, we
obtain their “contravariant” versions, Q, 0%, 0%, - - -.
Since Q%% is a tensor over C, it may be written
(not uniquely) as a sum of the form

Qal*"a.=§¢1...§¢¢+‘~'+')7“"'7’]a', 3

where each of &%, -+ -, %, as an element of C, repre-
sents a conformal Killing vector on V. The expression
(3) suggests that we consider the tensor field

Qal---a.=§a1...$a.+...+n01...,7a: (4)

on V. Clearly, this 9%~ * is independent of the partic-
ular expansion of Q*"**% in (3). We thus have a well-
defined sequence @, Q°, 0%, - - - of totally symmetric
tensor fields on V. Each Q%% s, in fact, a conformal
Killing tensor. That is to say, the trace-free part of its
totally symmetrized derivative vanishes. (A proof of
this fact, along with a discussion of some properties
of conformal Killing tensors, is given in Appendix A.)
To summarize, the information of the multipole
moments of 9 has now been represented as a sequence
of conformal Killing tensors on V.

The tensor fields defined above have a simple inter-
pretation. In the usual formulation of multipole mo-
ments, one first fixes an origin and then assigns to p a
monopole, dipole, quadrupole, etc., moment with
respect to that origin. These moments turn out to be
precisely the values of the tensors @, 0%, 0%, - at
the given origin. Since the multipole moments about
an origin are trace-free, we expect the Q’s to be
trace-free tensor fields. Furthermore, we would expect
that the change in, say, the octopole moment as we
move the origin should depend only on the quadru-
pole, dipole, and monopole moments. Thus, it should
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be possible to find an equation relating the derivative
of Q%% to the values of the Qs of lower rank. We
shall now derive these properties of the multipole
moment fields.

We first consider the trace-free condition. It is
shown in Appendix B that, for each integer s (> 2),
there is a tensor P* "%, o = Plared g, over
C which may be interpreted as the projection operator
which corresponds to the operation “taking the trace-
free part” of conformal Killing tensors on the mani-
fold V. More precisely, P has the following properties:

(1) Pul'"a‘”l...”‘Pul'“”’ﬂl..4/)' = Pal'”a‘ﬂl...ﬂ‘;
(2) Let T=1"% be a totally symmetric tensor over
C. Then the conformal Killing tensor obtained, via
(3) and (4), from P o T¥1 ¥4 is precisely the
trace-free part of the conformal Killing tensor ob-

tained from 7%

Furthermore, this P*- %
condition
P,

8,---p, is found to satisfy the

= Pﬁl (5)

Equation (5) furnlshes a simple proof that the multi-
pole moment tensors are trace free. Since V3p = 0, it
follows that the value of the integral (2) is unchanged
if the conformal Killing tensor &£°t - - - £% in the inte-
grand is replaced by its trace-free part. That is to say,
we have

Qe &™

saghre “Baarccay

g% = in.._u.pﬂr"u;al__.alé:ax L3

(6
But (6) must hold for all £%, and, therefore, holds with
the &*’s deleted. It now follows from (5) and from the
second property of P described above that Q% "% is
trace free.

The second property we expect of our multipole
moment fields is that the derivative of Q% % be
expressible in terms of the values of the Q’s of lower
rank. We now derive this expression. It follows from
the K independence of the integral (2) that

f €mpq£§’[qur(vrval e

K

Vo) g dsm =0,

M
where £ is any vector field on V. In particular, choose
&' to be a conformal Killing vector. Defining the skew

tensor F,, and the scalar ¢’ by V& = F, + ¢'h,,,
Eq. (7) takes the form

J;; [£7%8% - - - g%V, V)V, -V, p

+ 5+ DPE VN,V
+ (s + DEo - 5"'F{m“V,,Z Va,,vx.,;
+ S(E ) - £, Vo, p]dS™ = 0. (8)
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Finally, we specialize further to the case in which F,
and ¢’ are both constant.’ Each term in (8) represents
a multilinear mapping on &% The first term is simply

Qal_,_aaf’“&“?- -+ &% while the subsequent terms in-
volveonly @, .. .- Thus, Eq. (8) represents a relation
between @, .., and Q, .. . . Re-expressing (8) in

terms of the corresponding conformal Killing tensors,
Q% "% and Q% "%, we obtain the desired result

VmQar'-aa = 3525 — l)hm((uQaz---a,)
— 3s(s — 1)Qmles-- ©)

Equation (9) (for s =0,1,2,---) is the necessary
and sufficient condition that a sequence Q, Q%, 0%, « - -
of totally symmetric, trace-free tensor fields represent
the multipole moments of some solution of V3 = Q.
[Note that (9) automatically implies that each
Q%1% is a conformal Killing tensor.] In addition, we
see from (9) that each Q*" "% uniquely determines its
predecessors for, contracting (9) once, we obtain

V00 = 45(2s + 1)+

On the other hand, a knowledge of all Q’s of rank less
than s determines Q%% only up to a constant tensor.
That is, Q® """ provides new information equivalent
to 25 + 1 numbers, as we would expect.

In the conventional treatment of multipole mo-
ments, one often “goes to the center of mass’’ in order
to represent the moments as tensors at a single point
rather than as tensor fields. This procedure may be
described in the following way. First note that, as a
consequence of (9), the dipole moment Q¢ is a dila-
tion, i.e., a conformal Killing vector with vanishing
curl (see Appendix B), provided the monopole mo-
ment Q does not vanish. (When Q = 0, 0% is a trans-
lation.) Thus, assuming Q # 0, there is always a
unique point p at which Q® = 0. This point is the
center of mass, and the values of the other multipole
moment fields at p represent the multipole moments
with respect to the center of mass.

It is convenient (particularly for applications to
curved space) to reformulate this procedure in a way
in which the center of mass need not be determined
explicitly. This can be done very simply. Assuming
Q # 0, define

Gshoraa)

1 QR “G’Zs ( (=07 (2s—1)
X(2s—3)---2r + I)Qr—sQ(al “ergerty. . Qa.)
for s = 2,3,---, where B denotes the operation of

taking the trace-free part. Taking a derivative of
Q4" %, using (9), we obtain zero. Clearly, the con-
stant tensors defined by Eq. (10) represent precisely
the multipole moments referred to the center of mass.
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Finally, we remark that similar techniques can be
used for the moments of a field of arbitrary spin in a
flat space of arbitrary signature and dimension, in
particular, for the linearized gravitational field in
Minkowski space.

APPENDIX A: CONFORMAL KILLING
TENSORS

In this appendix, we develop a formalism for dealing

with conformal Killing tensors in curved space.®
A conformal Killing vector P may be defined as a
vector field such that, for any null geodesic with
affine? tangent vector /,, (/,P°) is constant along the
geodesic. Conformal Killing vectors thus represent
linear first integrals of the equations of a null geodesic.
First integrals of higher order (quadratic, cubic, etc.)
in [, define conformal Killing tensors. That is, a sym-
metric tensor field P2 "¢ is a conformal Killing tensor®
if, for any null geodesic® with affine tangent vector
L, (I,---1.P* % is constant along the geodesic.
Clearly, a necessary and sufficient condition that
P¢#-¢ be a conformal Killing tensor is that, for some

Tb. . c,

Vimpab:--c} o p(mapb:.:0) (Al)

For example, both the metric tensor A and any
symmetrized outer product of conformal Killing vec-
tors are conformal Killing tensors.

It is convenient to view the basic algebra of con-
formal Killing tensors within the framework of a
much more general algebra: that of all totally sym-
metric contravariant tensor fields on the manifold.
The reason for this is that the latter can be fully
developed without introducing any metric. All rel-
evant operations on totally symmetric contravariant
tensors are defined at the beginning. The metric then
serves merely to pick out a certain subalgebra, con-
sisting of the conformal Killing tensors, from this
much larger algebra.

There are three basic operations on totally sym-
metric contravariant tensors on a manifold. The first
operation is the sum, which is defined whenever the
two tensors have the same rank. The second operation
is the product. If P%" % and Q%% are totally
symmetric, we set

P N Q= P01 4% = Q NP, (A2)
[Multiplication of tensors by scalars is viewed as a
special case of (A2).] The third operation is a general-
ization of the Lie bracket of vector fields. The
bracket of P% % and Q% "% is defined by

(P, Q) = pPmer 21D, Qs toved)
— qu(al. . 'aq_IDmPa““ '¢p+a—l)
_(Q’ P)’

(A3)
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where, in (A3), D,, is an arbitrary (torsion-free)
derivative operator.!? It is easily verified that the right-
hand side of (A3) is independent of the choice of D,,,
i.e., that (A3) defines a concomitant.!* When P is a
vector, (A3) reduces to the Lie derivative,

Our three operations satisfy a number of trivial
relations: associativity and commutativity of the sum
and product, anticommutativity of the bracket, and
linearity of the product and bracket. There are, how-
ever, two further relations. The first relates the product
and bracket:

P, ONR=P,ONR+(P,RAANQ. (A9

The second generalizes the Jacobi identity for vector
fields to tensors of arbitrary rank:

(P, (2, R) + (O, (R, P)) + (R, (P, 0)) = 0. (AY)

[To prove (A5), it is only necessary to observe that it
reduces to the Jacobi identity when P, Q, and R are
vectors, and that if (AS5) holds for P, Q, R and for P,
0, R', then, by virtue of (A4), it also holds for P,
0, R N R '

We now return to conformal Killing tensors. Let
h denote the contravariant metric A®. Then the con-
dition (A1) that P be a conformal Killing tensor may.
be written in the form

(h,P)=hNT. (A6)

The sum of two conformal Killing tensors of the same
rank is, evidently, a conformal Killing tensor. Further-
more, using the definition (A6), it follows from (A4)
that the product and from (AS) that the bracket of
two conformal Killing tensors is a conformal Killing
tensor. That is, conformal Killing tensors produce
conformal Killing tensors under all three of our basic
operations. The introduction of a preferred element 4
thus serves to define a preferred subalgebra of the
algebra of all totally symmetric contravariant tensors
on the manifold.’3

APPENDIX B: THE ALGEBRA OF CONFORMAL
KILLING VECTORS IN FLAT SPACE

Let ¥ be a manifold with a flat, nonsingular metric
h,y - As the present discussion may be useful in various
applications, we allow V' to have dimension n (2> 3)
and h,, to have signature with p plus’s and ¢ minus’s
(p + g = n). We next assume that (V, h;,) has the
property that parallel transport of any vector around
any closed curve in V leaves that vector invariant.
This assumption, which always holds for a simply-
connected space (and which, therefore, always holds
locally), is necessary to avoid certain complications of
a global nature. In particular, it ensures that V will
have the proper number of conformal Killing vectors.
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Let E° be a conformal Killing vector on V. Set

F, = V[agb]’
¢ =nV, E", (B1)
kc = Va‘P'

It then follows! from the conformal Killing equation
on &° that

Vagb = Fab + (Phab’ Va‘P = k,,
VF, = —2h Kk, Vk =0.

afb e}

(B2)

We see from (B2) that the values of the four tensors
%, F,,, ¢, and k, at a single point p of ¥ (called the
data for E® at p) define these tensors everywhere.
Explicitly, if the data for §*at p is (&%, F,,, 9, k,), then
the data at p’ is

&% = £+ F,°x™ + ox® + x¥(x"k,,) — $k°(x"x,,),
Fap = Fgp — 2X(aky) 5

¢ = ¢ + x"k,, (B3)
ke = ks>

where x™ is the position vector!® of p’ relative to p.
Thus, there is a 1-to-1 correspondence between con-
formal Killing vectors on ¥ and data at a fixed point
of V. By using this correspondence, we shall be able to
represent certain objects in the space of conformal
Killing vectors explicitly as tensors on V.

Let C denote the 3(n* + 3n <+ 2)-dimensionalt®
vector space of conformal Killing vectors on V.
Tensors over C will be labeled by Greek indices. For
example, the commutator of two conformal Killing
vectors, " = g™V, E* — E'™V, E° is again a con-
formal Killing vector, and so we may introduce the
tensor C*, over C such that £ = C? ,&°¢'%, Using
(Bl), we obtain an explicit expression for the action
of C*,, in terms of the data for €%, &%, and §":

£ = FL %™ — F%™ + ¢'8" — k",
Fgy = 2ki,&s1 — 2k o8y — 2F 1y oF ™
9" = E"kpy — &k,

ki = k"Fpy — k'"F 0 + ¢k, — @'k, .

(B4)

The relation (B4) is independent of the point p at which
the data are taken in the following sense: (B4) remains
valid if (B3) is applied simultaneously to the data for
all three conformal Killing vectors.

An important element of the algebra of conformal
Killing vectors is the invariant metric,

Gy = —C",C,p.
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Using (B4), we obtain an expression for G,, in terms
of data at an arbitrary pojnt:

G, E%" = n[F,,F® — 2¢* + 4£%,).  (BS)

We see from (B5) that the signature of G,, consists
of 3(p*+¢*+p+4g) plus's and (p+q+pg+1)
minus’s.”” In particular, G,z is nonsingular. On the
other hand, G,, is singular when applied only to
Killing vectors (conformal Killing vectors for which
=0 and k, =0). It is because the conformal
Killing vectors have a nonsingular metric, while the
Killing vectors do not, that the algebra of the former
is much simpler than that of the latter.

We may use G,; and its inverse metric G*# to raise
and lower the indices of any tensor over C. In partic-
ular, any tensor T,...;#"""” over C can be written in
its “covariant” form T,...;,...,. But T,...5,...,
represents a multilinear mapping on C, and, therefore,
a multilinear mapping at each point p on the data at p
for elements of C. Finally, multilinear mappings on data
at p can be written as tensors (on V) at p. Any tensor
over C can thus be represented explicitly as a collection
of tensor fields on V. As an example, consider

Capy = GouC¥%, .

Taking the inner product of (B4) with an arbitrary
element of C, using (BS5), we find

Capf™E28
= 4n(F""k &, — F'k&, + FUkEy — FUkE,
+ Fey — F7kE3) + 2n(9'€7%, — ¢'£%;
+ bk — bk + ¢"E%, — ¢"¢"k,)
+ 2nF ', F°.

We conclude that Cy, is totally antisymmetric.

We have seen [Eqs. (3) and (4)] that a totally sym-
metric contravariant tensor over C defines a unique
conformal Killing tensor on the manifold V. In fact,
this construction was an essential step in expressing
the multipole moments as tensor fields on the mani-
fold. We might ask, however, whether or not this
mapping sets up a correspondence between tensors
over C and conformal Killing tensors on ¥. Can two
distinct tensors over C define the same conformal
Killing tensor? Are there conformal Killing tensors
which do not come from any tensor over C? Un-
fortunately, the answer to both questions is yes.

We consider the first question in detail only for the
case of rank two. Let 7% = T be a tensor over C
which defines the zero conformal Killing tensor on V.
It is easily shown that, in terms of the data for E® at
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Ds Tuﬂé“é” must be a linear combination of five ex-
pressions:

n(FpF® — 2¢° + 46%,) = GaﬂfaEﬂ,
Ap(@F™ — 2£°K"),

B, F¥E°,

ConcFOkS,

DypoF*'F,

(B6)

where 4, B, C, and D are totally skew tensors at p.
The last four of the five bilinear mappings (B6) are
not individually invariant under (B3): they are taken
into certain linear combinations of each other. It turns
out, however, that the particular combinations which
occur are such that the coefficients 4, B, C, and D
define a second-rank tensor over C. We are therefore
led to define the tensor W, ; over C by

W, 5,520 E1E7
= —4n¥(gF,, — 2k &) (@' F'™ — 2k
+ 4P (Fpb o'k + FioafnFk°)
+ nZF[abFCd]F/abF/cd
+ 12/(n® + 3n 4+ DY hy 8 ) (h,E7E).
(B7)

The right side of (B7) is invariant under (B3), and
hence defines a tensor over C. It follows from (B6)
that, for any S**, W*, 6 S* is a tensor over C
which gives the zero conformal Killing tensor and, con-
versely, that any such tensor over C can be written
in the form W< S». Furthermore, it follows from
(B7) that Wef, W ; = W ; ie., that Wactsas a
projection operator. Any symmetric second-rank tensor
T2# over C can now be decomposed uniquely into one
part W=, T** which gives the zero conformal Killing
tensor and another part T* — W+ T# which
similar produces the same conformal Killing tensor
asT*®. A projection operator W and a similar
decomposition is available for tensors of rank greater
than two.

We can answer the second question—whether there
are conformal Killing tensors which do not come from
any tensor over C—with an example. Observe that,
for any scalar field £, fh°® is a conformal Killing tensor.
But it is impossible that every tensor of. this form
represent a tensor over C, for the tensors of a given
rank over C form a finite-dimensional vector space.
One would like, therefore, to characterize in some way
those conformal Killing tensors which can be inter-
preted in terms of C. Note first of all that, if 7% "“isa
conformal Killing tensor, then so is the trace-free part
of T. Furthermore, if we interpret conformal Killing
tensors as first integrals of null geodesics, then T and
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its trace-free part represent exactly the same integral.
Finally, note that, for the example given above, f4* is
“pure trace.”” These remarks suggest the following
result:

Theorem: Every trace-free conformal Killing tensor
can be obtained, via (3) and (4), from some tensor
over C.18

Outline of proof: Let T, ..., be a trace-free confor-
mal Killing tensor. The essential step is to show that
T,,...q, 1s “algebraic” in its position dependence [more
precisely, that its (25 + 1)th derivative vanishes]. This
having been done, it is a straightforward exercise,
using (B3), to show that 7, ..., can be written in the
form of Eq. (4).

Let P be a timelike 3-dimensional space of vectors at
a point p of V¥, and let k% -+ ,[% be 25 + 1 null
vectors!® which lie in P, and no two of which are
parallel. Set

R

@y &

= kbr... [b23+1Vb1 . T

a1’ ayt

(B8)

It then follows from the conformal Killing equation on
T,..., that

’ Vb2|+1

R, .. k4 k=0,
R, .. 1%=0. (B9)
The 25+ 1 trace-free tensors (k% ---k%),---,

({*2 -+ - [%) span the space of all totally symmetric,
trace-free tensors of rank s in P. Since R, s is trace
free, it now follows from (B9) that R, .. .a,» When pro-
jected into P, gives zero. But k%, - - -, [* are arbitrary
null vectors in P. Therefore, by (B8), the projection of
Voy " Vig,, Tay...q, Int0 P gives zero. But the only
tensor whose projection into an arbitrary timelike
3-space is zero is the zero tensor.

Finally, we may ask whether the operation of
taking the trace-free part of a conformal Killing tensor
can be extended to some operation on tensors over
C. Let T* "% be a totally symmetric tensor over C.
There is associated with 7% % via (3) and (4), a
conformal Killing tensor 779" "% on V. This T%'"* % will
not, in general, be trace free. However, the trace-free
part, Tar 6 of To "4 js also a conformal Killing
tensor. It now follows from the theorem above that
Fa1---es comes from some tensor 721 "% over C. If, in
addiiion, we require W““""",,l...,,j“‘”"" = 0, then
this 7%1--*# js unique. Thus, for each symmetric tensor
T % over C, we have defined a symmetric ten-
sor 7% %, Since T is linear in T, there is some
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tensor Prct = P‘“l"'“s’(ul.,,m) over C such
that

Tal"'a! =Pq1.--¢‘u T“l.-.u'. (B]_O)
A number of properties of P follow directly from this

definition. Since 7%1***% necessarily comes from some
conformal Killing tensor on V, we have

Pﬂl"'aam.“m = Wal'“a’ﬂl...ﬂspﬂl”'ﬂ’

Furthermore, since the operation *‘taking the trace-
free part’’ reduces to the identity when applied to a
trace-free conformal Killing tensor on V, we have

100t e
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Pprrccas

By using the definition of P, we may write out
explicitly the expression for

P ﬂssal e Ea’flﬁl [ f’ﬂa

in terms of data for &% and &'* at an arbitrary point.
While this expression turns out to be rather compli-
cated, it does reveal one further, and less obvious,
property of P, namely, that

. — Pal...asﬂl.‘.ﬂspﬂl...ﬂa

B1ceep BLT st

a1 agBree -

Par'-asﬂl'-'ﬂs = Pﬁr--ﬁ-ar'-as‘

* Present address: Department of Physics, The University of
Texas, Austin, Texas 78712.

1 Strictly speaking, it is V¥ — 3Ry = 0 which is conformally
invariant, provided y is assigned conformal weight —4%. In flat space,
however, this equation reduces to Laplace’s equation.

2 In particular, ¥ will be topologically $* X R.

3 See, for example, T. J. Willmore, Introduction to Differential
Geometry (Oxford U.P. London, 1959).

4 See, for example, C. Chevalley, Theory of Lie Groups (Princeton
U.P., Princeton, N.J., 1946).

5 It is shown in Appendix B that the constancy of either of these
tensors implies the constancy of the other.

8 No restrictions on the dimension of the manifold or on the
signature of the metric will be required in this appendix.

? That is, /, is so scaled that I™V,/, = 0.
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8 Conformal Killing tensors are a generalization of Killing
tensors, which represent first integrals of the equations for arbitrary
geodesics. Killing tensors are discussed, for example, in L. P.
Eisenhart, Riemannian Geometry (Princeton U.P., Princeton, N.J.,
1964), pp. 128.

® If the metric A, is positive definite, there are, of course, no null
geodesics. In this case, (A1) is taken as the definition of a conformal
Killing tensor.

10 The difference between the actions of two derivative operators,
D, and D,,, may be expressed in terms of a tensor field K =
K®ap,. [See S. Kobayashi and K. Nomizu, Foundations of Differ-
ential Geometry (Interscience, New York, 1963), Vol.1.] The
coefficients on the right in (A3) have been so chosen that, when
D,, is eliminated in favor of D,,, all K terms vanish identically.

11 A. Nijenhuis, in Proceedings of the International Congress of
Mathematicians (Cambridge U.P., Cambridge, England, 1960),p. 463.

12 There is a similar algebra for totally antisymmetric contra-
variant tensors (Ref. 11). If P, @, and R are skew, of ranks p, ¢, and r,
respectively, then Eqs. (A2)-(AS5) must be replaced by

PNy Q=Pla--ayQapiieccapid = (—1Q@ Ny P,
[P, O} = p(—-])ﬂ+1Qm[a1- w650V, Qape - ap4q-1]
— g(—1)e+raQmlay - .. -1V, pa- - 8p4q-1))
[P,Q N4 Rl=[P,Ql N4 R+ (—1)[P,RI N4 Q,
(—=1#r*2[P, [Q, R]l + (—1)*H[Q, [R, P]] + (—1)"*[R, [P, Q)] =0,
respectively.

13 BEvidently, the Killing tensors [P’s which satisfy (A6) with the
right side set equal to zero] form a subalgebra of the algebra of
conformal Killing tensors.

14 R. Geroch, Commun. Math. Phys. 13, 180 (1969).

15 The position vector of p’ relative to p is defined as follows. Let
v be any curve from p to p’, with parameter s and tangent vector
7(s)™, such that 7™V, s = 1. Then x™ = J‘;" 7™s) ds, where 7j™(s)
is the s-dependent vector at p’ obtained by parallel transport of
n™(s) along v to p’. This x™ is certainly invariant under continuous
deformations of y: that it is totally independent of  is a consequence
of the global assumption on ¥ mentioned earlier. Note that in
certain spaces distinct points may be related by the zero position
vector.

16 This number is obtained by counting data for ?: n dimensions
for &2, yn(n — 1) for F,,, 1 for @, and n for k,.

17 The first term in (B5) contributes #(p% + ¢> — p — g) plus’s and
pq minus’s, the second term, 0 plus’s and 1 minus, and the third
term (p + ¢) plus’s and (p + g) minus’s.

13 The converse is false. The conformal Killing tensor g%, for
example, is not trace free, yet it certainly comes from some tensor
over C.

1? This proof requires a modification for the case in which the
metric is positive definite: one must permit k9, - « -, /% to be complex.
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sentation of the CCR is given by a pair of families of
unitary operators U(f), V(g) where the f and g run
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it is required that
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U(%f) and V(Ag) are weakly continuous
in the real number 2.

(1.3)

As an abbreviation we put

U(f, g) = U(N)¥(g) (1.4)

Two representations U(f, g) and U(f, g), with f and
g €, in Hilbert spaces H and # are said to be unitar-
ily equivalent if there is an isometric mapping T of H
onto A such that

0(£, )T = TU(f, g). (1.5)

It is well known that, if the test-function space is
finite dimensional, the CCR have only one irreducible
representation up to unitary equivalence.! When the
test-function space is infinite dimensional, it is also
well known that there are uncountably many unitarily
inequivalent representations.2 A special class of such
representations may be constructed by use of incom-
plete tensor products (ITP) of Hilbert spaces intro-
duced by von Neumann. We give the definition and
a brief outline of the basic properties of ITP.?

Let I be an index set and {H,}, « €I, a set of
Hilbert spaces. A sequence of vectors {g,:a€l,
@, € H,} is called a Cy-sequence if

2l = 1] < oo. (1.6)
ael
A scalar product between “product vectors” ®g,

and ®y,, where {¢,} and {y,} are C,-sequences, is
defined by

(®@,, BYy)
= q (@as Ya)s if ]I (@a > Ya) cOnverges,
({3 ae
=0, if TT (@ > v does not converge,
ael

and is extended by linearity and continuity. The
closed linear set, generated by all product vectors
®¢, ({p.} a Cy-sequence), is called the complete
direct or tensor product of the i denoted by

QH,.

ael

.7

Two Cysequences {g,} and {y,}, or the corre-
sponding product vectors ® ¢, and ®y,, respectively,
are said to be equivalent, in symbols ®¢p, ~ ®y,, if

ZIK%, v — 1| < . (1.8)

The equivalence ~ for Cg-sequences decomposes the
set of all Cyp-sequences into mutually disjoint equiva-
lence classes. Each equivalence class contains a (C,-)
sequence {¢?} with [|@d] = 1forall x € L.

G. REENTS

Let © be an equivalence class containing ®¢9?,
with {|@9)] =1 for all @ € I. Let

Hyp = ®(®¢2) H,

acl

(1.9)

be the closed linear set determined by all @, where
{g.} is any Cy-sequence from € = C(®¢?). This H
is the incomplete direct or tensor product (ITP) of
the H, with respect to the reference vector ¢° = ®¢?.
By definition, equivalent reference vectors determine
the same ITP. Different ITP are pairwise orthogonal,
and the closed linear set determined by all ITP is
QpaeI 11;'

Two Cy-sequences {g,} and {y,}, or the corre-
sponding product vectors ®¢, and ®vy,, respectively,
are called weakly equivalent, in symbols

B, 55 OYas

if there are complex numbers

Zy, |zl =1, a€l suchthat ®z,p,~ ®y,.

(1.10)

A necessary and sufficient condition for weak
equivalence is

S1K@e, p)l — 1] < 0.

ael

(1.11)

The decomposition of the set of all Cy-sequences into
mutually disjoint weak-equivalence classes induces a
decomposition of the complete tensor product into
mutually orthogonal subspaces. Any weak-equivalence
class Cy(®¢,) contains the whole equivalence class
C(®g,)-

Partial-tensor products are a simple generalization
of ITP. Decompose the index set I into finite subsets
I, such that |J, I, = I. For every r form the usual
finite tensor product

H(I,) = ® H,;

aelr

(1.12)

choose some unit vector ¢? from each H(l,), and form
the ITP of the H(I,) with respect to the reference
vector ° = @y,

Hypo = ®©¥" H(I). (1.13)
r

The resulting Hilbert space H,o is called a partial-

tensor product (PTP). It differs (possibly) from an

ITP because the reference vector need not be a product

vector with respect to the original H,.

The corresponding representations of the CCR are
defined as follows: Let A, , h,, - - - be an orthonormal
basis of the test-function space U, and let every
element of U be a finite linear combination of the A,.
Let I be the set of natural numbers and let H, be
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isomorphic to L*(R"), the space of square-integrable
functions on R!, for all «€l. Let a Schrodinger
representation of [Q, P] = i be given in each H, and
denote the corresponding Weyl operators by U,(p)
and V,(q), ie., O, (p)=¢e7? and V,(g) = eief.
Decompose the set I of natural numbers into finite
subsets /,, r =1, 2, -+, and form a PTP H,, as in
Eq. (1.13). Let g(r) be the number of elements of I,.
In each H(I,), define a Schrddinger representation for
y(r) degrees of freedom; i.e., if n €I, take

aely
a#n

O.p) = U,(p) ® ( ®1a),

(1.14)

aely
a¥n

P(g) = Pofa) ® ( ®1a),

as operators in H(I,). In @, H(I,) one defines unitary
operators U,(p) and V ,(g) by

U(p) = 0,(p) ® (,@,"')’

V@) = V@) ® (ff?,‘")' (1.15)

Now let f, g € U; then

N M
f= gpnhm g= ;qnhn-
We define

N M
v = I:I Un(pa), V(g) = I;[ Va(g,). (1.16)

This is, obviously, a representation of the CCR and
in this form it was given by Hegerfeldt.* It is called a
partial-tensor-product representation (PTPR) with
respect to the basis &; of V. The irreducibility of the
Schraodinger representation in each H(J,) implies that
every PTP H o is irreducible under* U(f,g). By a
renumbering of the basis vectors &, and of the index
set I, one can transform the subsets I, into intervals

11=(1""’i1)9 12=(i1+1"”’i2)=.”' (1'17)

In the following, we always assume this kind of
order.

The special case with all I, 1-point sets, i.e.,
I, = {r} for all r, is called a direct- or tensor-product
representation, and it has been investigated by
Klauder, McKenna, and Woods.5-¢

In Sec. 2, we consider one partition and two
Hilbert spaces belonging to different reference vectors.
We get a criterion for the corresponding representa-
tions to be equivalent or not. In Sec. 3, we assume two
different partitions which are comparable in a certain
sense. Section 4 serves to discuss the general case with
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two different partitions which are not comparable in
the sense of Sec. 3.

2, DIRECTLY COMPARABLE REPRESENTATIONS

Letl,,r=1,2,- -, bea partition of the index set
I into finite intervals [cf. Eq. (1.17)]. Let

Hy=Hp = ®°" H(L),
r
Hy=Hgp =@ H({,)

be two PTP with respect to the reference vectors
¢® = ®¢? and y° = @y?. Let U(f, g) be the PTPR
with respect to the basis h; of U as defined in Egs.
(1.14), (1.15), (1.16). By U(f, g) and U,(f, g), we
denote the restriction of U(f,g) to H; and H,,
respectively. To derive a criterion for the equivalence
of Uy(f, g) and Uy(f, g), we need some facts about
von Neumann algebras in connection with infinite
tensor products and these representations of the CCR.

The algebra B(H(I,)) of all bounded linear operators
in H(L,) is extended to an algebra B(H(l)) in
®, H(I),

BHG) = BEHUY) © ( @1.).
T Fr

The set of all B(H(I,)) generates the algebra of
extended operators B,

B* = {U E(H(I,))’

Let W(I,) be the finite-dimensional subspace of U
spanned by the basis vectors h, with i€ I, i.e.,
W) = {h;:iel} 2.1

Because of the irreducibility of the Schrddinger
representation in each H(Z,), we have

BH(L) = (U(f, g):f, g € W(L)Y,
and, furthermore,

"

(U By = (U (v0 o4 s e way)
- {y (U, ):f, g & W( L)}}”

- { U(f, 9):f,geU W(I,)}"»
Thus, i
B¥ = {U(f, )-f, g € VY. @2

As a consequence of a theorem given by von Neu-
mann,® we know that the projection onto a given
weak-equivalence class is an element of B¥. Thus,

P = P{Gy(®¢D)} € B¥ (2.3)
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Theorem 2.1: The representations U,(f, g) and
U,(/, g) are unitarily equivalent if and only if

gll@?,

Proof: (Sufficiency): 2, |I(¢?, v — 1] < oo, that
is, ®¢) gy ®yy7, implies the existence of a sequence
of complex numbers {z,:|z,] = 1,r = 1,2, -} such
that [cf. Eq. (1.10)] ®z,¢? ~ @y?. The sequence
{z,} gives rise to a unitary operator T = T({z,}) in
&, H(I,) mapping H, onto H, such that

P~ 1| < 0.

T® ¢, = ®z,9, 2.4)

for all Cy-sequences® {¢,}. Let

N M
f=§pnhn, g=§qnh,.

Then, we have, for all ®¢, e H; [cf. Eqs. (1.13)-
(1.15)},

Uz(f’ g)T ® @ = Uz(f’ g) ® z,9,
= ®[1 0,(p)V(a,)2:9:

nely

= @z, [ U(p)V0(d.)9:

nely

= T @ H Un(Pn)Vn(q'n)(pr

nely

=TU\(f, 8 ® g,.

Uy(f, )T = TUW(/, g) @2.5)

for a total set in H;. Because U,, U,, and T are
linear and continuous Eq. (2.5) holds everywhere in
Hy.

(Necessity): Suppose that the reference vectors
@° and ° are not weakly equivalent. This means that
the corresponding weak-equivalence classes Cw(¢®)
and Cy(y®) are orthogonal. Equivalence of the
representations implies the existence of a one-to-one
and isometric (and, therefore, linear and continuous)
transformation T, such that

jwlljijq* = LP},
and, consequently,
TW,T* = W,,

That is,

forall We{U(f, g):f gV},

for all
We{U(f,g):f,g €V} = B¥ (2.6)

[cf. Eq. (2.2)]. But the above mentioned P{Cw(¢")}
[Eq. (2.3)] when restricted to H, gives 1 in H,, and
the restriction of P to H, is 0 in H,, contradicting
Eq. (2.6).

This is a slight modification of a proof presented by
Streit.” Choosing each I, to consist of a single point,
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we have reproduced a theorem of Klauder, McKenna,
and Woods.®

3. COMPARABLE REPRESENTATIONS
Let {L,.:r=1,2,--'} and {K;:s=1,2,--} be
partitions of I into finite intervals such that there is
another partition {L,:t = 1,2, -} of I into finite
intervals and both {f} and {K,} are refinements of
{L.}; i.e., for each ¢ there are (finite) index sets R(z),
S(¢) with

UL=L,=
reR(t)

U X,.

seS(t)
We call this comparable partitions. Let

®‘®°"’H(1,) and H, = ®‘®W’H(K)

be PTP withreference vectors ¢° = ®@and ¢° = @y°.
Let Ui(f, g) and U,(f, g) be PTPR of the CCR
in H, and H,, respectively, with respect to the basis,
hy, hy, -+ of U, For all product vectors ¢ = ®), ¢, €
H,and y = ®, v, € H,, we define

Tip = ® ( ® ¢,), Ty = ® ( ® ws). G.1)
t reR(t) t 3e8(1)

By a theorem of von Neumann,® T; and T, extend in
a unique way to isometric isomorphisms, with T

mapping

H, onto 3, = @ ®rerwer (L),
and T, mapping i

H, onto J, = @'@*®weswve) H(L,),
We define t

Ul(fs g) = LU(f, 9TF
and
Uz(f’ g) = T,Ux(f, &)T?,

in J¢, and J,, respectively. U; and U, are obviously
PTPR. By construction, U, and U, are unitarily
equivalent, and also U, and U,. This implies that U,
and U, are unitarily equivalent if and only if U, and
U, are so. Applying Theorem 2.1 to U, and U,, we
have the following theorem.

Theorem 3.1: Uy(f,g) and U,(f, g) are unitarily
equivalent if and only if

{ ® o) &4t
l \reR(t) " seS(t) /

4. THE NONCOMPARABLE CASE

Let {I,} and {K,} be partitions of I into finite inter-
vals, but not comparable in the sense of Sec. 3. Let

®‘®°’"H(I) and H, = ®©*" H(K,)
) (4.1)

——ll<oo.
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be PTP with reference vectors ¢° = ®¢? and ° = ®y?.
Let Uy(f,g) and U,(f,g), respectively, be the
correlated PTPR with respect to the basis h; of U.
Furthermore, we need some auxiliary theorems.

Consider a representation of the CCR on a finite-
(n-) dimensional test-function space UV’. Let d"f
denote the Lebesgue measure defined by the scalar
product in U’. With any given orthonormal basis
(hy:i=1,2,-+-,n} and f= X7 ah., onecan write
d"f = du, + -+ da,,. Klauder and McKenna have
shown®¢ the following result.

Lemma 4.1: If U(f, g), [, g €V’ is an irreducible
representation of the CCR in a Hilbert space H,
one has, for all ,, ¢;, @, ¥2 € H,

f dfd" g2y (py, U(S, )@ XU(S, 8)@s» ¥2)
VU
= <1P1, 1P2><(P2, (P1>»

A generalization of this kind of kernel integral
formula is possible for PTPR as shown by Hegerfeldt.®
Consider, e.g., the PTP H, [Eq. (4.1)] and the corre-
sponding PTPR U,(f, g). Let

r
Jr=UIr”

r'=1
and let W, = W(J,) be the subspace of U as defined
in Eq. (2.1), with dim W, = N(r), say. By d¥f we
denote the Lebesgue measure in W, induced by the
scalar product (f, g). For any y,, @1, @,, ya€ H;,
we put
Ir('pl » P15 Po» 1/’2)

= fW  aagem N, U 9w
X (U, g)(]’z, 1)

4.2

Lemma 4.2: We have
lim L(y;, @15 @2 W) = (W1, Yo @a, 1)

7 ®

forallwla P1s Pas TP2€H1-

For a proof cf. Ref. 8.
As an abbreviation, we put L(g, ¢, ¢, ¢) = L(¢).
Let H be the tensor product of two Hilbert spaces

H, and H,,
H=H, @ H,.

For any vector y € H one can choose sets of ortho-
normal vectors p{V) € Hyand ¥ e H, ,i=1,2,---,
such that

p=229"® 9>, h2h> 20 (43)
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This decomposition is called a standard diagonal
expansion® of y with respect to H, @ H,.

Now suppose that the representations U,(f, g) and
Usy(f, g) are unitarily equivalent. Let T be the (iso-
metric) transformation establishing the equivalence

U(f, 9T = TUf, 8)- (4.4)

Application of Lemma 4.2 to Ty® (where y° reference
vector of H, and |{¢°| = 1) yields
im L(Ty") = [ Ty’|* = Iy°|* = 1.

On the other hand, with Eq. (4.4), we have

(4.5)

LTy = [ aSeay KTy, UG 9Ty
~ f N fdNg2m) N (T, TUS, Q)
W xXW,

<[ aagem Y v, U 9vn
WexXW,
4.6)
The restriction of U,(f, g) to f, g € W, is a representa-

tion of the CCR for N(r) degrees of freedom. There-
fore,! one can decompose H, as

H,=H({J,)® H'(J,)
and
U(f,8)=Ulf, 9 ®1;

such that, for f,ge W,, UL/, g) is irreducible in
H(J,). In the standard diagonal expansion [cf. Eq.
(4.3)] of y°, with respect to H(J,) ® H'(J,),

V=AU @ vild), AT M > >0,
@.7
one has, due to orthonormality,
S =1

T

(4.8)

Inserting Eq. (4.7) into (4.6) and noting that I, is not
only linear but also continuous in each argument for
fixed® r, one can extract the (possibly infinite) sums
and obtains

I,(T?/Jo) = 2 Zﬁ”lg”l,‘c”l,(”

4l

X (Wild s I N vl ), vl )
X f d¥fdNg(2my~N

WX W,
X <wi(']r)’ Ur(f: g)’(p,(.f,))

X <Ur(fs g)wk(']r 4 wl(Jr»
Applying Lemma 4.1 to the last integral, one gets

I(Ty") = 3 A"

i
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Equations (4.7) and (4.8) imply

L(Ty) < A7 327" = 4"

Since A" < 1, we have the inequality

L(Ty) S A" < A7 L
Together with Eq. (4.5), this implies

lim A" = 1.

r—= 0

Hence, there exists a subsequence {A{"Y} converging
so fast that

2a

t

To each r, there corresponds an interval [cf. Eq. (4.2)]
L=l )
Consider the partition {K,} and let [cf. Eq. (1.17)]
Ks= {ks—1+ 1,”°’ks}s k0=0

Without affecting the convergence in Eq. (4.9), we
may further require that
(a) no j, coincides with any k,, i.e.,

Ji# k, foralls,t,

— A" < . 4.9)

(4.10)

(b) there falls at most one j between two successive
k’s, ie.,

ke <ji <kep1=>jos > kopyy foralle. (4.11)

Let Lt {ea+ 1,0 5j Jo=0, and {Lyt=

- +} be the resultmg partition. Denote by {M,}
'the joint partition generated by {L;} and {K}, con-
sisting of all intervals of the form L, n K,. Owing
to Eq. (4.11) we have for each K, either X, = M, or
K,=M,u M,,, with a certain n = n(s). In the
latter case, we can write H(K,) = H(M,) ® H(M,,).
Consider the reference vector of H,, ' = ®y?,
where y?€ H(K,), and form the standard diagonal
expansion of y? with respect to H(K,) = H(M,)®
H (Mn+1)

'P = zl‘(")'/’.(Mn) ® w;(Mn+1)'

For each such n(s) (latter case), there is a correspond-
ing r, = r,(n) such that

(4.12)

U Mn' = Jr‘.

n'=1

(4.13)

Lemma 4.3: With A", u!®, and r,(n) as defined in
Egs. (4.7), (4.12), (4.13), we have

#sn) l(n(n))
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Proof: Using Eq. (4.12), we get

¥ = @yp = (® w:,")

8'<s

(Z wyM,) ® wi(Mnﬂ)) ® (@w")
= Eﬂ‘"’{( ® w&) ® %(M,,)}

8<g

o (wit e (@92))
This is the standard diagonal expansion of ° with
respect to H, = H(J,t(,,,) ® H'(J, (). Comparing
with Eq. (4.7), and noting that the standard diagonal
expansion is (essentially) unique,® we get the desired
result. Certainly, we may write as well

(nlre)) — l(.r;)
i >

“ (4.19)

because the correspondence is 1-to-1.

Let us fix a certain unit vector from each H(M,)
[cf. Eq. (4.12)]:

Vo = Yo if M, = Ky,

= 'pl(Mn)’ if Mn v Mn+1 = Ks(n)’

= '/’{(Mn)’ if M,V M, =K.

Let «(s) be the set of those n for which M, is con-
tained in K, [+(s) consists of one or two n’s], i.e.,

v(@§)={mM,< K}

(4.15)

Define

P = ( (4.16)

E)

® wn) € ® H(K,).

net (s)

Lemma 4.4: §°, as defined in Eq. (4.16), is equiva-
lent to the reference vector y°.

Proof: Whenever »(s) consists of one n only, we

have
/1)03’ ® ~0\ —_ 1;
\ nev(s)

and if »(s) contains two elements [cf. Eqs. (4.12) and
4.15)],

<w2’n§)§(s)¢o> — ”(n(a))

Lemma 4.3 [Eq. (4.14)] and Eq. (4.9) then imply

~0\ (nlre))
a9 = 1- K
\w ne’uw) / g( # )
=31 - )< oo,
t

That is the equivalence of ° and y°, hence ¢° € H,.
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Owing to the irreducibility of Uy(f, g),
M= {y':y' = U/, 00", f, § €V}

is a total set in H,, and all ¢’ € M are factorizable in
a certain way

V=8 ( ® w;), y,eHM,), forall v eM.
s \net'(s)
Thus, we can define

sz'=—-_T®(

s

® zp;,) =Quy,, forall ¢ eM.
nev (s) n
417

This T extends by linearity and continuity to an
isometric isomorphism,® mapping H, onto

3y = ®®™" H(M,).

U,(f, 8) = TUy(f,g)T* is obviously a PTPR and

unitary equivalent to Uy(f, g). Let
N@) = {n:M, < Ly,
R(t)={r:1, < L;}. (4.18)

With these notations, Theorem 3.1 applies and yields

S| A

® ¢7, @ P,
\reR(t) neN(t) /

If, on the other hand (without assuming unitary

equivalence of U; and U,),

lim AP = 1

r—+o

- 1! <w. (419

holds, where A{” is defined as in Eq. (4.7), we can
choose a subsequence satisfying Eqs. (4.9)-(4.11). So
we may construct a new reference vector as defined in
Eqgs. (4.15) and (4.16) (cf. Lemma 4.4). Furthermore,
if Eq. (4.19) holds, we know by Theorem 3.1 that
Ui(f,g) and Uy(f, g) are unitary equivalent. We
summarize these results as follows.

Theorem 4.1: Let H, and H, be PTP as defined in
Eq. (4.1) and Uy(f,g8), Us(f,g), respectively, the
corresponding PTPR. Let A{" be defined by Eq. (4.7).
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Uy(f, g) and U,(f, g) are unitarily equivalent if and
only if
lim A" = 1,

o

and [§° defined in (4.15) and (4.16), and N(#) and R(¢)
in (4.18)]
/ o\

Q ¢, @ Py,
;l \reR(t)(p v /
5. CONCLUSION

neN(t)

It turned out that the only operators needed to
transform one PTPR into another unitary equivalent
one were

(a) the unitary operator depending on a sequence
of complex numbers [cf. Eq. (2.4)],

(b) the isomorphisms generated by

(1) setting parentheses [cf. Eq. (3.1)],

(2) omitting parentheses [cf. Eq. (4.17)].
If we call them “trivial transformations,” we may
summarize as follows. If two PTPR with respect to
the same basis of the test-function space are unitary
equivalent, then the operator establishing the unitary
equivalence is a product of trivial transformations.
Needless to say, all representations obtained by
applying these trivial transformations are unitary
equivalent.

—1|<oo.

ACKNOWLEDGMENTS

The author wants to express his gratitude to Dr.
G. C. Hegerfeldt for suggesting this investigation. He
is also indebted to Dr. K. Kraus and to Dr. G. C.
Hegerfeldt for many helpful discussions. Financial
support of the Bundesministerium fiir Wissenschaft-
liche Forschung, Bonn, is gratefully acknowledged.

1J. von Neumann, Math. Ann. 104, 570 (1931); Collected Works
(Pergamon Press, New York, 1961), Vol. I, p. 221.

? L. Géarding and A. 8. Wightman, Proc. Natl. Acad. Sci. U.S. 40,
622 (1954).

8J. von Neumann, Compositio Math. 6, 1 (1938); Collected
Works (Pergamon Press, New York, 1961), Vol. III, p. 323.

4 G. C. Hegerfeldt, J. Math. Phys. 10, 1681 (1969).

& J. R. Klauder and J. McKenna, J. Math. Phys. 6, 68 (1965).

8 J. R. Klauder, J. McKenna, and E. J. Woods, J. Math. Phys.
7, 822 (1966).

? L. Streit, Commun. Math. Phys. 4, 22 (1967).

8 G. C. Hegerfeldt, J. Math. Phys. 11, 21 (1970).

® H. Araki and E. J. Woods, Publ. Res. Inst. Math. Sci., Kyoto
Univ., Ser. A 2, 157 (1967).



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 11, NUMBER 6

Scattering of Electromagnetic Waves in Uniformly
Moving Media

DaN CENSOR
Department of Environmental Sciences, Tel-Aviv University, Israel

(Received 1 August 1969; Revised Manuscript Received 5 January 1970)

Various representations are considered for 2- and 3-dimensional electromagnetic wavefunctions in
uniformly moving media. Rather than solving the relevant wave equation for the fields, the present
formalism exploits the transformation formulas for plane waves in moving media, and as a starting point
a spectral (plane-wave) representation is constructed. The procedure applies to arbitrary orders of §, but
for simplicity only first-order velocity effects are considered in detail. Then, similarly to the velocity-
independent problem, waves in uniformly moving media are represented in terms of complex integrals,
special function series, inverse-distance differential-operator series, and surface integrals. Since familiar
forms and functions are used, the present representations are extensions of the corresponding velocity-
independent expressions. The latter are available at any given stage by letting the velocity vanish or by
replacing the moving medium by free space. Scattering by circular cylinders and spheres is considered,
and results are specialized to the case of thin cylinders; the new velocity effects introduce additional
multipole terms. The original wavefunctions are transformed into the frame of reference of the medium
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at rest. Scattering by arbitrary objects moving in free space follows as a special case.

1. INTRODUCTION AND PRELIMINARY
CONSIDERATIONS

The problem of scattering of a plane wave at a plane
interface has been discussed! recently. Thus, as one
logical extension of the plane interface problem,
Censor? considers the problem of a cylinder of arbi-
trary cross section moving along its axis. A similar
problem is discussed by Kong and Cheng.? Another
relevant case is scattering by a rotating cylinder, which
has been investigated to the first order in the velocity
by Censor and Nathan.* Recently, the author was
informed that similar results were previously derived
by Tai.’ Another class of problems, corresponding to
the moving half-space, involves objects at rest with
respect to the surrounding medium, moving relative
to the observer. The limiting case of objects moving in
free space has been discussed previously.® The far-
field cases for moving cylinders and conducting spheres
have been studied by Lee and Mittra? and Restrick,?
respectively. For this class of problems, Einstein’s®
prescription can be used: the incident wave is trans-
formed into the scatterer’s frame of reference, the
problem is solved there, and the results are transformed
back into the observer’s frame.

Presently, we consider the 2- and 3-dimensional
problems of scattering in moving media. In general,
such a problem consists of two interdependent parts,
one being the fluid-dynamical interaction of the scat-
terer with the medium and the other the electromagnetic
problem. An exact treatment would involve regions
in the vicinity of the object where the motion of the
medium is nonuniform. Special cases involving non-
uniform motion, to the first order in the velocity, have

been discussed earlier by Censor and Nathan,* and
Censor.!®!! The present formalism, which does not
take general relativity into account, is adequate for
scattering and propagation problems in regions of
uniform velocity only. The first-order analysis of this
formalism has been introduced before.!? Note that,
for problems of objects moving relative to the medium,
Einstein’s method fails, since it is not feasible to define
a frame of reference in which both the medium and
the object are at rest. Seto'® discusses the wave equa-
tion in moving media and cites earlier references.
Since it is shown there that the separability of this
equation is very poor, the present approach is different.
Rather than trying to solve the equation for the cases
at hand, a solution is constructed as a spectral
(plane-wave) representation, in a manner similar to
that described by Stratton,' and then recast in terms
of applicable forms, e.g., special-functions series, or
inverse-distance power series.

In order to extend velocity-independent results to
the problem of moving media, the relativistic trans-
formation formulas for the various parameters of a
plane electromagnetic wave are given. See Ref. 1 for a
more detailed derivation and references. A plane
electromagnetic wave

¢=feiA’
A=kr— ot )

is defined in T, the frame of reference of the medium
at rest, where ¢ stands for an E or H field, f = |f]|
andf = f/f are the amplitude and direction of polari-
zation, respectively, and A is the phase. Consider a
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second frame I". Viewed from T', the origin of I' is
seen to move with a velocity v = 9fc, where c is the
velocity of light in free space. For an observer in I,
the relativistic transformation formulas yield

¢ =1fe 4,

f'=F-f

F=[(1— ¥+ yBkl# + y(1 — B¥- k),
B=v/C, y=(—p)%

Substituting the Lorentz transformation in 4 and
collecting terms, we get

@

A =A==k -r — o't
o' = yo(l — BY-k) = yo(l — Bcos a),
K =K.k ={I—-%[1 — ) + ykC/c2]} -k, (3)
k' = |k'| = ky(1 — p%sin*« — 2fCcos « [c
+ fCen)t.
The direction of propagation transforms according to
“4)
Writing k' = w'/C’ specifies a transformation for the
phase velocity, namely,
C' = (C —vcosa)f
(1 — B2sin? @ — 28C cos a [c + B2C¥HcDE.  (5)
By means of (5), the relation for the direction of
propagation may be written in a form needed in the

sequel
cos o’ = C’'(cos « — BC[c)/(C — v cos &).

tan &’ = (sin &)/y(cos &« — vC/c?).

(6)

In free space there is no preferred frame of reference;
hence, inverse transformation formulas are obtained
simply by exchanging primed and unprimed symbols
and replacing v by —v, but in the present case this is
not self-evident. Because of the symmetry of 4 [Eqs.
(1) and (3) with respect to primed and unprimed
quantities], the inverse transformations must have the
same structure and follow from (3)-(6) according to
the above prescription. Similarly to (2), for the ampli-
tude we define

=F.f,F.F =1,
Fr=Ft=[(y— 1) — yBk® + 1)/y(1 — B2 - k)
= [(1 = p)¥ — k' [C'T + y(L +v-K[CH. (T)

2. WAVES IN MOVING MEDIA
Two Dimensions

The general 2-dimensional solution for time-har-
monic waves in moving media is constructed by
superposing plane electromagnetic waves (2) polarized
in the 2 direction such that in I'" they possess a fre-
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quency w’. An amplitude g(«) is associated with each
component wave propagating in direction «. The
reference direction is taken as ¥. This yields, in I",

o trvr Vo sore dr’
1/’, ___fezk (') cos (9'—r )—za)tg(,r')_;'_, (8)

where the contour of integration will be determined
subsequently. In order that the integrand be a solution
in I', the propagation constant must satisfy

k(') = o’[C'(7), )

where C’(7) is given by (5). The inverse transforma-
tion formula of (5), with «, C, and v replaced by «’,
C’, and —v, yields 1/C’(+") as a solution of a second-
order algebraic equation

1/C(r) = {4 £ [} + (L = FCY) A} Ay,
A, = B(c — C¥c)cos 7/, (10)
Ay = BAC* — ) cos® 1’ + CHy2
By substituting f =0, it becomes clear that the
positive sign of the square root should be retained,
leading to C’ = C. In order to recast (8) in terms of

previously given forms, we proceed by expanding (10)
as a Taylor series in powers of §:

p' =fexp {iKr'cos (0’ — 7)
X [exp (B3p)C|C'|ps] — io't'}g(x') dr'[m,
K = o'[C,
exp (B0,) =1 + Bo, + (1/20F%3 + - - -,

£_C

C
M = —)cos =Vcosr, (11
ﬁﬂ(c’)pﬂ) ﬂ(c C) T T (1
2
o) -5
C'/lp=o c
2 2
—cosz‘r’(l—%%+%), etc.

In the sequel, only the first-order velocity effects will
be considered in detail. Higher-order terms are avail-
able by means of the same procedures; however, the
expressions become cumbersome. Equation (11) now
contains

cos (0" — 7’) cos 7" = #[cos 6" + cos (6" — 27')]
(12)

in the exponent. Exploiting the representation of a
plane wave in terms of cylindrical wavefunctions, we
continue in a manner similar to Stratton.!® This yields

i_. . Rl ® .
"= ¢ tKr'V cos8'—iw't 2 in—ma"ei(n—m)ﬂ

n=—00 M=—00

X H, o, (Kr')J,,G3Kr'V).

L4
(13)
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At large distances r’ ~ oo, Eq. (13) yields
1/"’ ~ Je(Kr/)eiKr'I' cosO'—iw't’g(B;), (14)

where Je(Kr') = (2/imKr') e’E™’. The same result can
be obtained from (11) to the first order in 8 by using
the method of stationary phase, assuming that
eiKr'Veost’ js a slowly varying function. Consequently,
if " is measured in the far field and only first-order
velocity effects are of importance, g(6) can be derived
from (14), and a Fourier analysis yields the coefficients
a,. Since (13) is adequate for low velocities, it is
expected that, for scatterers not too large with respect
to wavelength, Kr'V will be a small number. Hence,
J.(3Kr'V) is expanded near the origin and only first-
order velocity effects are retained. This implies that
only the leading terms of J,, J;, and J_, are significant.
Alternatively, the same results are obtained by re-
casting the exponential (11) as a Taylor series in
powers of § and keeping only the first-order velocity-
dependent term:

w/ =feiKr' cos (0'—1')—iw’1

X [1 + iKr'V cos (6" — 7') cos 7']g(z') dr
o

’
_fg(l + r'V cos 9 )eiKr' coR (0'—r')—ion’t’ dr
= o
ks

= 3 i"a,e™ [H,+ }iKr'V(¢"H,, ~ e H; )]

n=—a0

= Z i”e‘nol[aan + 1}(an—l + an—}-l)KerH;z]s
(15)

where the primed Hankel functions are differentiated
with respect to the argument Kr'. For § =0, the
coefficients a, are presumably known. Here, they are
expected to be velocity dependent (as shown for
special cases subsequently). Another complication
results from the coupling of the different terms of the
series, i.e., the fact that the term containing e'"®’
involves a,,, a,_,, and a,,,. However, as long as the
first order of Kr'V is considered, the effect is limited
to adjacent terms. For higher-order velocity effects,
the coupling will be stronger.

In (13),i*2"H,_,,, can be replaced by the operator
Je(kr')D, given by Twersky,' acting on 3, etn~2m)0q
This leads to

P~ ehKr’Vcos 9'—iw’t’Je(Kr:)
x Y i, (AKr'V)em™ Dle~Hmg(0")],

m=—u0
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Dg(6")
=3 (14 40%(9 + 49% -~ [(2m — 1)? + 487
(i8Kr')™m!

g(8),

m=0
d
0=—.
09~ (16)
If only the first power of Kr'V is of significance, then
(15) or (16) yields

v ~ X(Kr')e (1 + }3iKr'V cos 8)Dg(6")

+ 3Kr'V cos 6'D cos 20°g(6")

+ 3iKr'V sin 6'D sin 20'g(6")). (17)
The exact (with respect to r) 2-dimensional repre-
sentation'? follows from (17) in a straightforward way,
since cos 26’ and sin 26" are periodic in .

Equation (13) may be rewritten in terms of the sur-

face-integral representation.'® Since

ei(n"zm)OHn_zm(Kr)

is a formal solution in T', to the first order in the ve-
locity, (13) yields
f/)’ = e{*iKr’V cos8’'—iw’t’ z I'me(%KVl")
X €™ (Hy(K It — p'I); ¥l")}s
'P;n — z a”in—zmeio’(n—Zm)H"_zm(Kr:)’
" (18)
{H(K It — ¢'); v(p)}

_ ﬁ [H(K Ir' — o')2,9(p")

— v(P)3Ho(K [r — p'])] ds(p’).

Each term in braces satisfies the Sommerfeld!® radia-
tion condition. Therefore, the problem is determined
uniquely by the tangential E and H fields on an arbi-
trary surface enclosing the scatterer, as in the velocity-
independent case. Again, if Kr'V is small enough for a
given surface, only the leading terms of J,, J_,, and

J, are retained.
Three Dimensions

In three dimensions we start with the analog of (8):

ik (B)D 1’ —iw' ¢’ o dQ,
¢/=fek(b)b tg(p) ﬂ,
27

T $r—io
fde Ef dﬁf sin 7 dr,
-7 0

where p(8, v) is a complex unit vector specified by 8
and .

By taking the velocity along the polar axis, (9) and
(10) are valid; hence, k'(p') = k'(7") in (19). As
in (11), 1/C’(+") is expanded in powers of 8, and,
for simplicity, only the first-order velocity effect is

19
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retained. In analogy to (12), we have here
cos 7§+ ¥ = sin 7’ cos 7’ cos (¢' — ')
+ cos? 7' cos 0’
= }cos 0’ + }sin 27" sin 6’ cos (¢' — f')
+ } cos 27’ cos 6. (20)

The representation of a scalar plane wave in terms of
spherical wavefunctions (see Stratton'?) yields

q) =e§Kr’VcosO'—iw’t'2 z i"j”(%KT'V)

n=0 m=—n

x {n, |m|}P!™(cos 6)e™*’

By g o, Q ,
X f K plml(cog 27 )e ™ g(§') d—2 =,
m

{n,m} = (n—m)jn+m!. (1)

For the 2-dimensional case, a new scattering amplitude
has been defined so that (13) could be derived. Using
forms given by Friedman and Russek,* one could
work with the Cartesian components of g, noting that
the Cartesian components of ¢’ satisfy the scalar wave
equation. The complex-integral representation can
then be replaced by series representation for these
components. However, this would be of little value for
the subsequent scattering problems. Assuming that
the functions following exp ((Kp’-r’) in (21) are
slowly varying, the method of stationary phase yields
for the far field the analog of (14):

4)/ ~ h(Kr;)eiKr’V cos 0'—iw't’g(f/)’ (22)

where h(Kr') = e'E7'[iKr' = h{V(Kr"). Similarly to the
2-dimensional case, there is a first-order velocity
effect in the phase at large distances. g(#') can be
decided from far-field measurements.

Similarly to the 2-dimensional case, we expect Kr'V
to be small enough on the surface of the scatterers,
such that terms of order (Kr'V)? are negligible. Thus,
for the analog of (15), we start with

aQ,

w

In order to derive the special-functions series repre-
sentation analogous to (15), g* = cos fg(f) must be
recast in terms of vector spherical harmonics C7, BT,
P7.2! This has been derived®!? in connection with
objects moving in free space:

g* =Y (Crct, + Brb), + Prpk.),

c:m = [Al(m’ n— 1) + Aa(m, n— 1)]cn—1.m
+ [Az(m, R + 1) + A4(m’ n + 1)]cn+l,m
+ A5(m’ n)b"ma
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bum = [Ax(m,n — 1) + Ag(m,n — D]bp_1.m
+ [Ax(m, n + 1) + A(m, n + D]byism
+ A5(m, n)Cpm,
Prm = Ay(m, n — D)p, 3 + As(m, 0 + DPryams
—m+1

Ay(m, n) = Li';:-l—" , (24)
Aym, n) = % ,

Ay(m,n) = — (2—::;_:%(:—%‘1“) ,

Aym, n) = ;—(%ni-{-m_l—) s

A;(m, n) = n(nir:- 1).

Hence, the analog of (15) for the 3-dimensional case is

$ = ey i"(cym + xRV 70 )My

- l(bnm + b:mVr’a,r)Nm
—~ i(Pam + PRV 0 )]
= (¥} + Vroby),
which involves the propagation constant K = '/C.
The analog of (16) is
q,’ o ei‘Kr’V coso'_i,,,'trh(Kr,)
x 3 i"%,(3Kr'V){n, |m|}P\™(cos 6")

x ¢™'D - plml(cos 20" ™g(#), (26)

where D is the operator given by Twersky.?! Similarly
to (17), for small values of Kr'Vonlyn = —1,0, and
1 are significant in (26). In (25), Y, and ¢, are both
solutions of the conventional vector wave equation.
This implies the argument following Eq. (18), to the
first order in KVr’.

(25)

3. SCATTERING PROBLEMS IN MOVING
MEDIA

It was pointed out in the Introduction that the
present formalism is valid in regions of uniformly
moving media only. Hence, in the case of objects
immersed in moving media and perturbing their
uniform flow, the method fails. In many cases, the
regions of nonuniform motion are localized in the
vicinity of the objects, and for all practical purposes
the velocity is uniform for |r'| > [r;|. If the velocity
v = v(r') in the region |r'| < [|r| is time independent,
but otherwise arbitrary, then there are no moving
boundary surfaces present; hence there are no Doppler
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frequency shifts and the frequency is preserved every-
where. For such a case it is heuristically assumed that
at large distances the fields reduce to (14) and (22) for
the 2- and 3-dimensional cases, respectively. The
following argument is used. The region internal with
respect to the surface |r;| is assumed to be an arbitrary
time-invariant “‘object,”” immersed in a uniformly
moving medium. The boundary conditions, namely,
the continuity of the tangential electric and magnetic
field across the surface, are derived from Maxwell’s
equations without reference to the constitutive rela-
tions. Therefore, in principle, the solution of the
boundary-value problem at an arbitrary surface
[r'| > |r| would yield the coefficients a, [Eq. (15)] or
the corresponding ¢, , ¢¥ , etc. [Eq. (25)]. If g(6")
[Eq. (14)] or g(#’) [Eq. (22)] are found from far-field
measurements, orthogonality relations can be exploited
to find the coefficients. Knowing the scattering ampli-
tude, we can use the various representations, e.g.,
(15) and (17), and the corresponding equations (25)
and (26) in three dimensions to describe the field
everywhere in the region |r'| > |r;|.

Furthermore, there exists a class of problems in-
volving scattering by objects immersed in uniformly
moving media which might be of importance for
applications. One such problem has been considered
before,! and deals with the performance of a para-
bolic reflector immersed in a moving medium. More
generally, one may consider scatterers made of artifi-
cial dielectrics (see, for example, Collin,?? and Golden
and Smith23). In this case, the artificial medium of the
scatterers is made of a large number of conducting
obstacles, with spacing and dimensions small with
respect to wavelength. If the number of obstacles per
unit volume is large, it will be assumed that the
supportingmedium has little effect, and the constitutive
relations are determined by the configuration of
obstacles only. If the artificial medium offers little
resistance to the flow of the external medium, then, as
far as the electromagnetic problem is concerned, we
deal with a uniformly moving medium terminating
on the surface of a homogeneous isotropic scatterer.
For example, consider a metallic mesh with holes
small with respect to wavelength. For the electro-
magnetic problem, if the holes are small enough, the
surface will act as a “Faraday cage,” i.e., as a perfect-
conductor shielding. At the same time, the medium
may flow through it; hence, the electromagnetic
problem involves a uniformly moving medium ter-
minating on the surface of the scatterer, In view of the
above arguments, we subsequently consider the general
problem of homogeneous and isotropic scatterers
immersed in simple uniformly moving media.

DAN CENSOR

Scattering by a Circular Cylinder

For the 2-dimensional scattering problem, consider
a circular cylinder at rest in I", its axis oriented in the
Z direction, perpendicular to the velocity v = vR. The
incident wave is a proper plane wave in ' of
the medium at rest. For simplicity, its direction of
propagation is taken as k = k' = 9. It follows from
(2) that a plane wave, propagating perpendicularly
to Z polarized transverse magnetic or transverse electric
with respect to ¥, retains these properties both in T’
and I'". Hence, the incident wave is given by (2), with
fr=2z

0

¢/ = ¢12 = ieik’m’—’iw’t' =% z ian(k/rl)einO’—iw’t"

n=—q0

(27
The wave inside the scatterer is
¥ =3 ib,J,(kr)em
k=0o'|C;, C;=(ue) (28)

where «, C;, etc., apply inside the scatterer. The
scattered field is specified by (15), exact to the first
order in the velocity. The associated fields perpendic-
ular to Z are found by application of Maxwell’s
equation to (15), (27), and (28) and substitution of
the Minkowski constitutive relations (for theory and
references see Sommerfeld?* and Tai?®®). To the first

order in B, this yields
V*x E' = iw'uH’,
V*x H' = —iweE/,
V*=V 4+ i0'D, A=(C;?—cYy,
A=Al =V/C,,

Ce = (/“eee)_%’ ¢ = (1“050)_%’
where u, and €, are measured in the external region in
I and V* is a special case of the extended V operator
investigated by Nathan and Censor.?® In the sequel, V
and A are distinguished [although they arerelated in a
simple manner by (29)] in order to be able to trace
back the effect of V', resulting from the wavefunction
(15), and the one introduced via the boundary con-
ditions by means of A. Consequently, the continuity
of the tangential electric and magnetic fields prescribes

the following boundary conditions at r’ = p, the
surface of the circular cylinder:

¢ +y =Y,
@, — iw'Acos 8)(¢' + v) =ad¥, (30)

where a = p [y, €.[¢; for E’, H' polarization, respec-
tively. Keeping first-order § terms only, Eq. (30) and
the orthogonality of (15), (27), and (28) with respect

(29)
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to ei"?’ yield

Jn(klp) + a'an(KP) + -12-(0”_1 + an+1)KVPH1’z(KP) = ann(KP)a
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(31a)

Tk (K — 20'A) + a,KH(Kp) + 4a, {[K*VHLUKp)] + 20'AH, (Kp)}
+ a1 {([K*pVH(Kp)]' — 20'AH,((Kp)} = rab,Ji(xp). (31b)

Now, if we eliminate b,,, this yields a, in terms of a,,,,, a,_,. Increasing and decreasing index r by one,
we can calculate the velocity-independent part of a,,;, @,.,. This yields

_ ulep)o(k'p)(K” — 20°A) — J (k' p)kal;(xp)

n

kalJ,(xp)H ,(Kp)

o P340 Cep){[K*pVH (K & 20°AH (K p)} — kaJi(kp)KV pH (K p)
—KJ,(kp)H (Kp) ’

Apy =

J pr(kp) 1 1(Kp)K — kal (K p) 1, 4(xp)

where in the numerator of @, both 4,,, and — and
A,_, and + appear; A,,; and 4,_, are given in the
second expression with the top or bottom signs,
respectively. For § =0, K = k', or for C=c¢, ie.,
free space, ¥ = 0, and A = 0, Eq. (32) reduces to the
velocity-independent case of scattering by a cylinder.
Clear-air scattering, i.e., the case of the scatterer and
the external moving medium having the same con-
stitutive constants in their proper frames of reference,
has been considered by Censor and Nathan,? and
Censor.1>1! For completeness, consider the present
case: (32) yields

4 = —20'AJ(Kp)J (Kp)
" KU (Kp)H ,(Kp) — J (Kp)H,(Kp)]
= —lipw ALK ).

(33)
The case of a perfect conducting cylinder and E
polarization is provided by ¢ + ' = 0; hence, Eq.
(31a) is considered with b, = 0, yielding
a, = _[‘]n(k’p)
— #(4,-1 + A DKV pH (K p))/H (K p),
Apsr = —J:(Kp)/H,a(Kp). (34)

For H polarization, consider Eq. (31b) with b, = 0.
Then

a, = —(J(k'p)(k" — 20'A)

+ 34, {[K*pVH(Kp)]' + 20'AH,_,(Kp)}
+ 34, . {[K*pVH (K p)Y

— 20'AH, (Kp)})/KH.(Kp),
—Joa(Kp)[H,11(Kp). (35)
Again, either C, = ¢ or # = 0 reduces (34)-(35) to

the velocity-independent result of scattering by a
perfectly conducting cylinder. Thin scatterers have

An:}:l =

kads1(kp)H 11a(Kp) — Joua(kp)KH,,,(Kp)’

(32)

been considered by Twersky?? for the velocity-inde-
pendent case, by expanding the forms corresponding
to (32), (34), and (35), near the origin p ~ 0 (Twersky
develops a 2-space formalism, and the following
forms are specialized to the conventional 1l-space
problems). Thus, for perfectly conducting thin cylin-
ders and E polarization,

ay = —in[21In (2/6kp)], 6= 1.781---,
a, = imn(kpy?/(n?)?, n=1,2,---. (36)
For H polarization,
ay = —im(3kp)?,
a, = in(kkp)*/(n))?, n=1,2,---. (37

Hence, for E polarization the monopole term is pre-
dominant, and for H polarization a, and a, are of the
same power in p. Therefore, the monopole and dipole
terms are predominant. For thin dielectric circular
cylinders, the E polarized wave produces

ay = in(tkp)*[(e/er) — 1],

a, ¢ pt, a,cp? n=2,3---, (38)
For H polarization,

ay = in(3kp)*[(e;/e,) — 11/[(e;fe.) + 1],

agcpt, a,cp® n=273---. 39)

Therefore, in (38) and (39), the monopole and dipole
terms, respectively, predominate. Near the origin, (35)
becomes
dy = }ipzw'AK,
al = _ao,

(40)

anOCPZ", n=1,2’...’
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regardless of polarization. Hence, in (15),n = —1, 0,
and 1 terms must be taken into account, and we have a
monopole plus dipole field. In (34), the 4,,,, are the
forms obtained for a medium at rest; hence, they are
given by inspection of (36). Consequently, (34) yields

ay= —in[2In (2/6KP)]’
a; = _%aUKV’ (41)

where the a,, n > 2, are negligible. Therefore, the
effect of the velocity is to introduce a dipole term of
the first order in f§, similarly to (40), but in (40) the
zero-order velocity effect vanishes. Now consider (35)
for the H polarization and thin cylinders. Note that
Aner [Eq. (35)] is the expression obtained for the
corresponding velocity independent problem. There-
fore, p ~ 0 is given by (37). Thus, (35) yields

ap = —in(}k’'p)?,
a = in(RKp)*[(I/K)K' — 20'A) — }V], (42)
ay = Vin(3Kp)?,

and the higher multipoles are negligible. Equation (32)
may be subjected to a similar treatment, noting that
A, are given by (38) and (39) for dielectric cylinders
and E and H polarization, respectively. Again, velo-
city effects appear and produce higher multipoles of
first order in the velocity.

The significance of these results is that they are
expected to be relevant for arbitrary thin cylinders in
moving media which are not uniform in the vicinity of
the scatterer. The velocity effects are introduced via
V and A: The first is part of the wavefunction, e.g.,
(15), and the latter results from the boundary condi-
tions at the surface of the scatterer. For an arbitrary
scatterer perturbing the flow in its vicinity, we still
expect V type effects to be present, in addition to other
effects that might be present because of the velocity at
the surface. For an impenetrable object, where the
medium at the surface must move tangentially, we
expect velocity effects introduced by the boundary
conditions. The effect of the direction of the flow with
respect to the surface has been discussed before.'+
For a medium moving tangent to the surface, we
expect the largest boundary-condition-type velocity

effects.
Scattering by a Sphere

Theory and references for scattering of a plane
electromagnetic wave by an arbitrary refractive sphere
are given by Stratton.?® For simplicity, the direction of
propagation of the incident plane wave is taken parallel
to the velocity, 2 = ¥. However, there is some loss of
generality, since this is the only case where a plane
wave is transversal both in T' and I". [See Eq. (2).]
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Thus, for an arbitrary plane wave in I we have
longitudinal field components. Similarly to Stratton,28
the incident plane wave is recast in terms of vector
spherical waves:

‘i[’%: — ietk z'—iw’t

—iw't < i* 2n+1

=¢
n==1 n(n - 1)
X Mgy, 1) — iN),.10)]
ey 20+ 1
=y " —— (ImM,, — iRe N
&= n(n+ 1)( m .1 I RC u.l)
ot e ey 2B+ 1
= Jg—iot jrtl ~(M N
% = n(n + 1)( ( n.1+ n.l)

FRUEL M,,._l)), 43)

(n -1

where the indices (e) and (o) denote the even and odd
functions, respectively, Im and Re denote the imag-
inary and real parts (this applies to real arguments
only), and the bar signifies the j,(k'r") nonsingular
spherical Bessel functions. The reason for keeping the
m = 1and m = —1 terms in (43) and subsequently is
due to the fact that, in (24), ¢, and b,,,, are coupled,
i.e., both the even and odd functions are needed for
both M and N waves, in contradistinction to the
velocity-independent case. In view of (43), the internal
field Wy is given by

Wy =" Eli"(cifmm - ibN,,), m=&£l,
(44)

where (i) designates coefficients relevant to the internal
region and the bar signifies the j,(xr’) functions, with
propagation constant «. The scattered field is given
by (25) with m = +1 and L,,, = 0. Exploiting (29),
we derive the boundary conditions similar to (30):

Px(@+¢)=tx¥,

£ x [(V + io'At' cos 0') x (' + )]
=af’'x Vx¥, (45b)

(452)

at the surface of the sphere 7" = p. The V x operation
has the effect of turning the M,,,, and N,,,, functions
into kN,,,, and kM, ,,, respectively. Multiplying ¢’ by
cos 0’ is equivalent to differentiating (43) with respect
to ik’r’. Multiplying ¢’ by cos 6 affects only the parts
independent of ¥ and is prescribed by (24). The effect
of the #'x [#'x - - -] operation is to eliminate the p™
functions and to invert the sign. Consequently, (45)
and the orthogonality relations lead to the following
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set of algebraic equations for the coefficients: Eq.
(45a) yields

! LCLE VI

_l(n + 1)'/(;1 —_ 1)[} 2n(n + I)J'n(k P)
+ (Cns1 + Cr2aV p0,)1,(Kp)
= cn :l:l]n(KP) (46a)

1 2n4+ 1 ak,,
k'
{(Hl)'/(n_l),}mn“) 2 Kk

+ (bn +1 + bn :i:lVPap) [KPh (KP)]

(1)
b'n :tl

% [Kan(KP)]s (46b)

where the top or bottom expression in braces is con-
sidered with the corresponding m =1 or m = —1,
respectively. Equation (45b) prescribes

1 i2n+1)
{(n + DY(n — 1)!} 2n(n + 1)
x [k pjak'p)] — w'A(c,._l,ﬂh,,_l(Km

X [A(£1,n — 1) + Ay(£1,n — 1)]
— Cpyrsaha(Kp)[Ao(£1,n + 1) + A(£1,n + D]

+ by % [Kpha(K lAs(1, )

)
(k' F w'Ady,) ﬁ

Ok
— K(cp,a1 + i, :EIVpap [KPh (kp))

- p(cn.:tl + cn,:thPap)hn(KP)

= —rac, 2 fepy, (ep)
Kp
-1 iCn+1) .
AT (K F 0'Ad)in(K
{(n + D)Y(n — 1):} ann + 1) T @A in(k p)

., d
— iw A(_bn—l,il K_Lp" [Kph, (Kp)l(A; + A3)
d
+ bornr EK; [Kph,ii(Kp)(As + Ay

+ Comhn(Kp)As ) - iK(b,.ﬂ + b2 2V pd,)h(Kp)

+i0,(by11 + b :i:lVPap) [Kph,.(KP)]

= —ika bn,:i:l-, oxp), (47)

where m and » in A,, etc., are the same in the two
expressions (47). The solution of (46) and (47) for the
coefficients is cumbersome, although straightforward.
As for the cylinder case, coupling of coefficients is
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eliminated by substituting adjacent terms. The case of
a perfectly conducting sphere is given by (46) with ¢!V,
b™ = 0. This is a relatively simple case. Equations
(46a) and (46b) yield c,, ., and b, 4, in terms of velo-
city-dependent ¢, 3 41, Cpy1.41> Dusa> and by g 4,
bpi1.41> Cn.sa, respectively. The velocity-dependent
coefficients are eliminated by substituting the zeroth-
order terms of the relevant adjacent terms.

4, MOVING OBJECTS

The results obtained in I'', at rest with respect to the
object, may be transformed into an arbitrary frame
of reference, giving account of scattering by moving
objects. Two cases of interest are discussed using
essentially the same procedure. First, consider the
external medium in I' to be at rest with respect to the
scatterer. Then for an arbitrary observer we deal with
a scatterer moving together with the surrounding
medium. Secondly, we consider the problems of a
scatterer moving in a medium at rest. The two prob-
lems are combined by transforming (8) and (19) into
an arbitrary frame of reference, moving with a velocity
v" with respect to I'. The case v = 0 and arbitrary v"
yields the results for the first problem; v = —v leads
to the solution of the second one. In free space, the
two problems lead to the same results obtained
previously.®

Two Dimensions

According to (31), the phase is an invariant, and is
left in (8) in terms of I'V coordinates. The amplitude is
transformed by applying F’, given by (2), with ", v
and k'. For a field polarized normal to v” this yields

’

Vg v dr
1/)// = ynfelk (r')r’ cos (8'—r")—tw’t (1 - ECOST’)g(T')"W_ .

(48)
For the first problem, i.e., v = 0 and arbitrary v", we
get

v =3 i HKr)em o,

bn = y”[an - (v”/C)(an—l + an+1)]’ (49)

where the a,, are the coefficients of g(6'). This is a rela-
tivistically exact form. Since it has the same structure
as (28), other representations follow by inspection.
Results can be obtained in terms of I'" coordinates by
substituting the Lorentz transformation. In free space,
C = cin (49). The second problem v” = —uv, similarly
to (1), to first order in g yields

Y~ Je(Krz)eikr’V coso’—iw't’(l + Bcos el)g(or)’ (50)
where y is measured in I' of the medium at rest, B is
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defined in (2). For free space C = cand V' = 0 and, to
first order in 8, Eq. (50) and the far-field form of (49)
coincide. The special-function series representation is
obtained from (15) by multiplying g by (1 + B cos 7').
Thus in I' one gets

Y= z i"eino’[ann + ;2L(bn—1 + bn+1)kr,VH;¢]’

bn =4a, — %B(an+1 + an—l)' (51)

Again, for free space and first order in the velocity,
(51) coincides with (49).

Three Dimensions

In three dimensions F’[(2)] with k" and v” is applied
to g in (19). For the first problem, this leads to

\l)” — A . q’l + ‘}’”B"
X Jveik’i”-r'—iw't’[f)/(cn . g) _ (e,u . ﬁl)g]

BI/ — vl//c, A = (1 — y")i\,ﬂvﬁ + ylll‘

daqQ,

27
(52)
The first dyadic has been taken out of the integral sign,

and acts on ¢, the field measured in I". Since
¥« " = cos 7', according to (24), we conclude

#-pg=2g" (53)
Exploiting the recurrence relation
—sin 8d,pi(cos 0)
= [(n + m)(n + DP7,
— n(n — m + DPRLYQn + 1), (54)
we find that
P BY) = APy + AP,
Agfm,n) =(n + m)n + D/2n + 1),
Am,n) = —n(n — m + 1)/2n + 1),
¥ =% cos®' — 0'sin 6" (55)
From the definition of C7’, we have
FE' . CH = —imPy.
Consequently,
$' = A
= ¥B (W 1 2Ll Ad(m, 1 Db
a=1
— A1 = Dbyoan = imesnl), (56

DAN CENSOR

where A is defined in (52), ¢, is the field involving g,
and ¢, involves g*. Therefore " involves wavefunc-
tions of the type L,,,, . For the second problem, to the
first order in the velocity, F' [Eq. (7)] is applied to g’
in (23), yielding

P =fF’-Gexp GKP' -t — iw’t’)%,
m

G =g+ g*r'vo,. &1))

g and g* are submitted to the same procedure used to
derive " above, with »” and v” replaced by 1 and —v,
respectively.
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The initial-value problem

u + a(t, x, Yue + b(t, x, Yuy, + c(t, x, y)u + d(t, x, Y., = f(¢, x,y), u(0,x,y) = ¢(x, y)

is first considered in a complex polycylinder @ whose center is the origin. All functions appearing are
holomorphic in Q. On the one hand, this problem has at most one holomorphic solution in Q, while
on the other hand, the strong assumptions of holomorphy do not in general guarantee even the existence
of a local holomorphic solution. We then treat the special initial-value problem of Lambropoulos [J.

Math. Phys. 8, 11 (1967)]

ue + axuy + byu, + exyu + Uy = 0,

u©, x,y) = 9(x, ),

where a, b, and ¢ are complex constants. We are able to derive an infinite series as the formal solution,
which is easy to examine. Moreover, some statements on the existence of a local holomorphic solution

are given.

I. INTRODUCTION

Recently, several papers have been published
which consider pseudoparabolic differential equations
of the structure

(a
0xdy

+ b(t, x, y)—

+ ety %, y) + d(t, x, ) a)“ =1t x ) 1)

under various conditions of the unknown function
u(t, x, y).*7% Partial differential equations of type (1)
are relevant for some physical problems; see for
instance Refs. 2 and 5.

In Ref. 4, Eq. (1) is discussed on the complex
polycylinder

Q = {(t’ x’_y):ltl < rl’ |X| < rz,l}’l < ra}
with 0 < r; < o0, i =1, 2, 3, under the conditions

u(t, x, 0) = P(ts x): u(t: 0’)’) = G(t’y),
p(t,0) = o(1,0), (1)

where p(r, x) and o(¢, y) are given functions. For this
problem, it is assumed that all functions that appear
are holomorphic in Q. One can then show that the
problem (1) has exactly one solution which is holo-
morphic in @. The proof of this assertion is based on
the consideration of a majorant problem for which
the existence of a global solution may be shown by
using a special series expansion.

Lambropoulos? studied the initial-value problem

0* d 0 d
(axay +oax Ox + by oy texy 8t)u % @

(0, x, y) = ¢(x, y), 2"
where a, b, and ¢ are constants. He assumed that
@(x,y) may be expanded in a Taylor series in a
neighborhood of the origin and that the problem (2)
has a solution which may be represented as

m'%: Pmal?) ( ')é

In Ref. 2, the coefficients p,,,(t), m,n =0,1,2, -
were given in a representation which is, in general,
fairly cumbersome. The existence of a solution of the
form (3) was not studied in Ref. 2.

While Lambropoulos supposed that the initial-value
problem (2) cannot be solved by using conventional
methods, Neuringer gave a formal representation of
the solution for (2) whose scope of validity, however,
is not specified. A comparison of Lambropoulos’
approach with that of Neuringer is not possible,
in general, for the assumptions are of local nature
in the one case, and of global nature in the other
case, with respect to the spatial variables.

In the present paper, we first discuss the general
equation

u(t, x, y) = 3)

(aa + alt, x, y) "+ b, y)

+ ot x, ¥) + d(t, x, y) axay)u =ft%)) @
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under the initial condition
4)

where the coefficients, the inhomogeneity f, and ¢
must be holomorphic in the polycylinder Q. The essen-
tial result obtained is that the initial-value problem
(4) has at most one holomorphic solution under the
assumptions just mentioned. On the other hand, the
strong assumptions of holomorphy generally do not
guarantee even the existence of a local solution. This
result is surprising with respect to the attributes for
the problem (1) already quoted, especially when the
conditions (1’) and (4’) are compared with each other.
In the second part of this paper, Lambropoulos’
special problem [(2)] with complex coefficients is
treated. By employing a suitable substitution of the
unknown function and by using a transformation of
the coordinates, this problem is now transferred into a
special initial-value problem 2) witha =b=c¢ =0,
where the function ¢(x, y) is also slightly modified.
In doing so, one obtains an infinite series as a formal
" solution for Lambropoulos’ problem with arbitrary
complex coefficients and holomorphic function ¢.
Further, it is possible to give sufficient criteria for the
existence of a local holomorphic solution. Our repre-
sentation formula is much easier to examine than
Lambropoulos’,® which already leads to a triple
infinite series in the special case a = b =¢ = 0.

u(0, x, y) = @(x, ),

II. STATEMENTS ON EXISTENCE AND
UNIQUENESS

Let us consider Eq. (4) under the initial condition
(4'). The coefficients and the inhomogeneity of (4)
may be holomorphic in Q. They can thus be expanded
in Q as power series of the structure 3%, . Kipt'x'y*.
Henceforth, the coefficients of the series expansions
of a(t,x,y), b(t,x,y), ¢, x,y), d(t, x,y), and
f(t, x, y) are denoted by a;4., by, Cisis digp, and fiy
with i, j, k=0, 1, 2,---. Let the given function
@(x, y) also be holomorphic in Q. From our original
initial-value problem, we derive a simpler one with a
homogeneous initial condition by introducing

u(t’ x!y) - ‘P(-x’.}’)

as the new unknown function; for this substitution
does not at all alter the properties of structure and
holomorphy of Eq. (4). Henceforward, we study
Eq. (4) under the initial condition

u(0, x, y) = 0. 4"

When using
®

o«
Ut, X, )= 3 U 1%y

a,p,y=0

HEINRICH N. MULTHEI

as a formal expression for the unknown function and
replacing the coefficients and the inhomogeneity by
their series expansions, by comparison of the coeffi-
cients we obtain the recursion formula

(°t + l)u(a+1)ﬂy
a,f+1,y
JUi 33 (a—i) (B~ j+1) (y~k)
1,4,k=0
‘a,8,7+1

Kkt b1 (B~ (y—k+1)
£,4, k=0

a.f,7

- Ui 3kC i) (B— ) (y—k)
4,4,k=0

a,f+1,9+1
- J kuiikd(a—i)(ﬁ—f+1)(y—k+1) + faﬂy ’

€,4,k=0
“,.B’y=0;1a2)“'a (6)
under the conditions

Uy =0, B,y=0,1,2,---. 6')

The coefficients of the formal expression (5) are now
uniquely determined by (6) and can thus be evaluated
recursively. We have thus gained the following
uniqueness theorem.

Theorem 1: The problem (4) has at most one
holomorphic solution on Q.

The usual method for the proof of the existence of
a solution of structure (5) is to consider a majorant
problem of a particularly simple nature. This approach,
however, fails in our case. The outcome of an example
we will consider in the following is that, contrary to
(1), it can happen that, under our assumptions of
holomorphy, not even a local holomorphic solution
exists for problem (4). [We mean a holomorphic
solution in a neighborhood of a point (0, x,, y,) € 0.]
To verify this statement, we now study the initial-value
problem
Uy + d(x, iz, = f(x, ), M
u(0, x, y) =0, (7’)

where the holomorphic functions d(x, y) and £ (x, y)
are made more specific later. We assume that (7) has
a local holomorphic solution, at least. This can then
be expressed as 2 a‘™(x, y)t*, for arguments on a
polycylinder in Q with a center (0, x,, y,). Here the
coefficients a™(x, y),n = 1,2, « - -, are holomorphic
on the considered domain, and they satisfy the simple
recursion formula

a(x, y) = f(x, y),
a™(x, ) = — i d(x, Y)a0(x, y),
n=23,4,--. (8)



INITIAL-VALUE PROBLEM OF A DIFFERENTIAL EQUATION

First, we discuss the special case

dix,y)= =1, f(x,p)=I[0—-x)1 =17

Ixl, Iyl < 1. (9)
The recursion (8) then yields as a result
a™(x, y) =n! [(1 — x)"(1 — p)"TT,
n=1,2,3---.

Thus, the series under consideration is convergent
only for ¢ = 0. Therefore, (7) with specifications (9)
has not even a local holomorphic solution. We have
thus gained the following theorem containing a
negative statement.

Theorem 2: The presuppositions of holomorphy
assumed for the coefficients and inhomogeneity of
Eq. (4) are not sufficient for the existence of a local
solution of the initial-value problem (4).

The negative result for the special case (9) of prob-
lem (7) is obviously caused by the particular form of
the inhomogeneity. However, we are not allowed to
conclude that this inhomogeneity leads to the non-
existence of a holomorphic solution of (7) independ-
ently of the choice of the coefficient d(x, y). For when
we put

d(x,y) = —H1 — )1 = y),

using (8), we get

u(t, x, ) = [(1 = )1 = I — 1)

as a global holomorphic solution,
The initial-value problem

U, + du:w =f(x,y)’ deC — {O}’
u(0, x, y) = 0,

(10)
(107

still further simplified, has a certain importance for

our following proceeding. It contains for instance the

special case a = b = ¢ = 0 of Lambropoulos’ prob-

lem (2). Due to relation (8), a formal solution

1 3 (—dt)"

ut, x,y) = — =
BHN ==

az(n—l)

ax(n-l)ay(n——l)

fxy) (A1)

is easily found.

For which kind of inhomogeneity f(x, y) does the
series (11) converge now at least locally ? This means
for Lambropoulos’ problem mentioned above a
question upon the initial condition. By comparison
with convergent series of the structure of (11), we
are able to derive immediately a collection of condi-

1979

tions for the inhomogeneity, so that at least a local
holomorphic solution of (10) exists. Two trivial
sufficient conditions of that kind are obtained from
the inequalities

2(n—1)
gy (5 )| < (1), DI, b,

0
n=1’2’3’”" (12)

with m = 0, 1, where the functions k and g are con-
tinuous and positive in the considered domain. By
using (11) and (12), it is not difficult to find a majorant
of our solution. Estimations of type (12) are, for
instance, satisfied by the inhomogeneities

fGx,p)=e, q,beC,
for m = 0, and

f(x,}’) = e_x/(l —}’)2, y # 1’

for m = 1, In both cases, we obtain for the series (11)
an explicit result, namely,

u(t, x, y) = —(e%/abd) (e — 1),
for m = 0, and

u(t, x, y) = te*|(1 — y)(1 — y + dv),

form = 1.

IIl. THE PROBLEM OF LAMBROPOULOS

The classical metnod of majorants is not appropriate
for the special problem (2) of Lambropoulos, for (2)
may be reduced directly to the simple initial-value
problem (10). This will now be done. First, however,
we briefly present Neuringer’s procedure® for the
treatment of (2), because we use an analogous pro-
cedure in our further considerations. Neuringer®
defined a new unknown function

ot x, y) = e*u(t, x, y)

and new independent variables

(13)

—~(a+a)t —(b+alt
’ bl

&= xe n = ye T=EI,

where « is given by
«=¥—(a+b)+ [(a + b — 4ct}.

Here and in the following, we are also permitted to
choose the negative root in the definition of «. A
formal rearrangement leads from (2) to the following
initial-value problem:

Qr + “Q + e—(u+b+2a)rQ5" - 0,
Q(0, & 1) = e (&, n).
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Neuringer applied to these formulas the standard
Fourier-transform techniques to get a formal solution
of (2).

In the following, the constants a, b, and ¢ may also
be complex. When we set, modifying (13),

ut, x, y) = ™t x, y),
we obtain from (2) the problem
v, + axv, + byyv, + v, =0, (14)
o0, x, y) = y(x, y) = € olx, y),  (14)

where g, = a + « and b, = b + «. It is thus entirely
sufficient to treat Eq. (2) for the special case ¢ = 0.
Let us now introduce the new independent variables

alt

n=ye ™ =g - 1)

= —(a, + b)) = [(a + b* — 4clt,

&= xe
with

where f~1(ef* — 1) may be continuously continued to
the value § = 0. From (14) the initial-value problem
then follows:

v, + v, =0, (15)
v(0, & 1) = p(& ), (15"

which is equivalent to (10). The relation between the
old variables and the new ones is given by

x = E(ﬂ'r + l)allﬁ = Ee(al/ﬂ)ln(ﬁr+1),

y= 7](I37 + l)blm = ne(bl/ﬂ)ln(pr_m)’
t= éln(ﬂf + 1)

B! 1In (B + 1) may be continuously continued to the
value f = 0. For the logarithmic function, we choose
its main branch.

It is interesting to note that the initial conditions
(14’) and (15') are the same. For a given function v,
therefore, we start with the easier problem (15),
where the coefficients ¢, and b, do not appear in the
differential equation.

Theorem 3: (a) Formal solutions of (15) and (2) are
given respectively as

o, &, 77) = E(——T)n

n=0 n!

aZn
QE" "

w(&, ), (16)

HEINRICH N. MULTHEI

u(t, X, y) = ea(acv—t)v(l_g (eﬁt _ 1)’ xe—(a+a)t, ye—(b+a)t)

— u(aw—t) 2 ( —ﬂt _ 1))
n=0 n!

aZn
% ox"oy"

[ —awwﬂt(p(xe—(a+a)t’ ye——(b+a)t)].

(17
(b) If the initial-value problem (15) has a holomorphic
solution in the polycylinder {(r, &, n):|7| < py,
|&] < ps2, |n] < ps}, then it may there be expressed as
(16), and the function u(t, x, y) defined by (17) is a
holomorphic solution of (2) at least in the domain

{(t, x, p):1t] <18 In (1 + |8l pD)s
|x] < pgle®], [yl < pgleti]}.

At f = 0, the first condition in the braces must be
replaced by |¢| < p;.

Proof: The formal solution (16) follows from repre-
sentation (11). By substitution of the variables, we
obtain from (16) the formal solution (17). The first
part of the second statement in this theorem is
obtained by applying the same method which was
already used to derive the recursion formula (8). Now,
taking into account the relationship between the
variables =, §, n and ¢, x, y and using further a classi-
cal theorem about holomorphic functions of several
complex variables, the second assertion also is proved.

Remarks:

(1) Neuringer means that Lambropoulos’ method
for a formal solution of (2) is very cumbersome; he
also points out that, even in the simplest casea = b =
¢ = 0, the formal solution involves triple infinite sums.
From this point of view, our formal solution (17) is
easier to examine.

(2) In general, it is difficult to determine the domain
of holomorphy for our representation (17) for a
given function ¢. For this, our representation (16)
is more suitable, because the same remarks are valid
for (16) as for representation (11). According to the
second statement of Theorem 3, we may also be able
to determine a domain of holomorphy for the series

am.
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A phenomenological fluctuation theory is presented for 1-dimensional space-charge-limited currents in
ideal nonmetallic solids. Notwithstanding the essential nonlinearity of the dynamical equation which
governs the potential field, the theory is solved exactly for an initial statistical state that is associated with
a probability measure of Gaussian form in an auxiliary field variable.

INTRODUCTION

This paper describes a phenomenological fluctua-
tion theory for 1l-dimensional space-charge-limited
currents in ideal nonmetallic solids. Of special mathe-
matical interest is the method employed here to obtain
the potential field mean value (22) and equal-time 2-
point correlation (26), probability averages taken
over a statistical ensemble of potential fields that
evolve dynamically according to the nonlinear equa-
tion (3). First, the potential field is related by the
transcendental algebraic formula (4) to the field
variable 9 = y(x, t) which satisfies the linear equation
(5). Then we compute the mean value and equal-time
2-point correlation for all even powers of y subject to
a prescribed initial statistical state, taken here to be
represented by the probability measure (10). Finally,
we use some elementary properties of the gamma
function to deduce the physically important mean
value and equal-time 2-point correlation of the
potential field, the quantities (22) and (26), from the
previously obtained probability averages in .

SPACE-CHARGE-LIMITED CURRENTS IN NON-
METALLIC SOLIDS!

With trapping negligible, the 1-dimensional single-
carrier current flow in an ideal nonmetallic solid is
governed by the conduction-continuity and Poisson
equations?

on 0 0¢ on
Z2=ZL{(mnZ +pZ 1
ot ax(lm Ox + ax)’ W
0% q
ry__ 1 2
0 L 2

for the potential field ¢ = ¢(x, ¢) and carrier con-
centration n = n(x, t) of particles with constant drift
mobility u, effective charge ¢, and diffusivity D in a
medium of permittivity ¢; by definition, x and ¢ have
the same sign (minus for electrons, positive for holes)
and the Einstein relation takes the form D = ukT/q.
Combining Eqgs. (1) and (2) and integrating twice with
respect to x, one obtains the inhomogeneous nonlinear

equation

0¢ 0\ 0¢
—X - - D —=
ot %”(ax) ox®

= —¢ 'xJ + (trivial gauge function of ¢ alone), (3)

where J = J(¢) is the total Maxwell current (drift plus
diffusion plus displacement) per unit area. Equation
(3), an inhomogeneous Burgers equation® for d¢/0x,
can be integrated exactly?; it is satisfied by

i
¢ = —e‘le J(t)dt' + D In (y?) )
0 I
if 9 satisfies the homogeneous linear equation

oy th N o 0P "y
— 4+~ 1Jthdt'— — D—- =0. 5
at+eo() 0x ox> )

Hence, in the case of an unbounded x domain,

v =y 1) = f “KGx— & du©) dE, (6

where
K(x, f) = ¥(=Diy?

X exp [—(4Dt)_1(x -t L = () dt'ﬂ, )

and the initial value py(x) = p(x, 0) is related to a
prescribed initial value of the potential field by the
inverse of (4), evaluated at t = 0,°

po(x) = Zexp [(u/2D)(x, 0)]. ®)
PROBABILITY AVERAGES IN y

We now consider a statistical ensemble of space-
charge-limited current dynamical systems governed
by Egs. (1)-(6). In view of formula (4), a probability
measure on the potential fields at any instant of time is
induced by a probability measure on the v fields.
Whereas the dynamical evolution of the probability
measure on the potential fields [implied by the non-
linear equation (3)] is complicated, the dynamical
evolution of the probability measure on the ¥ fields
[implied by the linear equation (5)] is simple. If
dP,[yp(x)] denotes the probability measure assigned to

1981
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w(x) at ¢, we have
dP,[p(x, £)] = dPy[yy(x)], ®)

which gives dP,[¢(x)] in terms of dPy[y(x)] explicitly
because of the general solution (6). Thus, for example,
the initial probability measure

ARy [p(] = (const) exp (2 [ wor )|
X }I_detp(x), (10)

A = a real positive constant parameter,
produces

dP,[y(x)] = (function of £)

X [exp (—/1fl f_ u;K‘"z’(é‘ -, 1)
X P(E)plr) dE dn)] Taw, (D

where K~2(x, 1) is the iterated inverse kernel to (7),
defined implicitly by

f N f " K- — 5, OK(E — x, DK@y — ', 1) d& dn

=dx —x), (12)
and the prefactor function of ¢ in (11) is fixed by the
normalization condition

f dP ()] = 1.

Ensemble averages of functionals of v at ¢,
(Flx, O = f Flp(x)] dP[p(x)]
= f Fly(x, D] dPolpe®)),  (13)

can be evaluated for a prescribed initial probability
measure dP,[y(x)] by making use of (6). Thus, for
example, the characteristic functional®

= <exp i L ® e D, dx>, (14)

associated with the initial probability measure (10),
is evaluated by functional integration’ to yield

® = exp (— Zlif_i f_ZK‘z’(E — ;1)
x y(& Dy(n, £) dé dn), )

in which the iterated kernel appears as

© = Dy(x, 1]

K®x — x', 1) Efw K(x — & DK(x' — &, 1) dE

x")2/8Dt].
(16)

= (87rDt)_ir exp [—(x —
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It follows from the definition (14) and specific forms
(15) and (16) that the probability average of any odd
functional of v vanishes, while the basic even func-
tionals of ¢ have the probability averages®

(p(x, p(x’, 1))
B 1

= —_—— = — K(2) t
8y (e, DOV, 1) |y 2 (x=x41

= [4AQ2n D) exp [—(x — x')¥8D1], (17)

(p(x, *") = (—t (6 )

y=0 n!

(2") 182D, (18)
(wl(x, O p(x’, ) 2
- (500 () Ol
= (2n)! 2n')! 822w Do)
min i 4% exp [—k(x — x")%/4D1] 19

k=0

Q! (n — k)! (n' — k)!

in which 7 and n’ are nonnegative integers.

PROBABILITY AVERAGES IN ¢

Now by evoking the natural analytic continuation®
of (18) for all real continuous values of n > 0,

(pCx, DIP" = [[Q2n + 1)/T(n + D][BAQ2=DAY}}",
(20)
we obtain

<<l>(x, )+ elx J; tJ(t') dt'>

— _1_). i ﬂ —1 t ’ ’ \
= <exp l:n D(qS(x, D+ e xJ;J(t ) dt )]/ .
Do .
= ;5* (ot DI,y
= — 2(c + n822=Dr)ty}, 1)
M

where C = —IV(1) = 0.577- - is the Euler-Mas-
cheroni constant. It follows from (21) that the mean
value of the potential field is

t
{(H(x, t)) = ——e‘li;J(t’) dr’

~Dic 4 msieaDoty. (22)
)
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Similarly, by evoking the natural analytic continua-
tion® of (19) for all real continuous values of n, n’ > 0,

(e, DI*" [p(x’, DI*™)
=TI'2n + DICn’ + D[SA2=DHI "
©  4gkexp [—k(x — x)}/4D1]

x 2.

=0T — k + DI — k + 1)

(23)
we obtain
<(¢(x, f) + x L T dt’)
X (qS(x’, )+ e_lx'LtJ(t’) dt’)>
= (%)2 aaznl<exp [n %(¢(x, )+ e'x J; tJ(t’) dt')

on
+ n’% $(x'y ) + €%’ ﬁ B0 dt’):|>

n=n’'=0

_ (D} _& s
_(u) o TP DI [ D Nenro

- (2)2 (C + In [8A2=DH})? + F), (24)
U

in which there appears

_ 2 [(k — 114" exp [—k(x — x')}/4D1]
¥ '"kgl (2k)!

_2% (k)4* exp [—(k + 1)(x — x)}/4Dt]

- Qk + D! (k + 1)

= 2(sin™" {exp [—(x — x")*/8D1]})’, (25

with the second member being a tabulated series.l® It
follows from (24) that the equal-time 2-point corre-
lation of the potential field is

(B, DI 1)
1
= — (P, 1) + X, 1) f Iy d

— e_zxx’( J; ) dt')2

+ (2)2({c + In 227D} + F)
Y

= e*”xx'( j; tJ(t’) dt’)2

+ 2+ Cc+mn (842D} f () ar
€u 0

+ (f)z({c + In [8A2=D}2 + F),  (26)
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where use has been made of (22). It is easy to verify
that (22) and (26) satisfy the ensemble average of the
dynamical equation (3) with

/(94_6)2\ - ﬁm( s

\ Ox /—a:’—’a: 0x0x’

By employing (22) once again, the fluctuation part of
(26) is obtained as

($(x, DP(X', 1)) — (B(x, D)P(x', 1))
= (D[p)*F = 2(D]u)*(sin"Hexp [—(x — x")*/8 Dt
@7

)<¢(x, 06", 1).

Hence, subject to the initial probability distribution
(10), the fluctuation part of the equal-time 2-point
correlation of the potential field (27) is independent of
the parameter A and universal in character; the auto-
correlation of the potential field

(@(x,1)%) — ($(x, 1))* = $(xD[p)*

is a constant for all x and . We obtain the fluctuation
part of the equal-time 2-point correlation of the
carrier concentration from (27) be recalling (2):

(n(x, On(x’, ) — (n(x, O)Xn(x', )
= (5 (Ga) Gl
= 2(3)2(5) {sin‘1 [exp (____—(xg;tx’) 2)]}2. (28)

It should be noted that the only technical difficulty
associated with solving the theory for a non-Gaussian
initial probability measure in place of (10) is the
evaluation of the functional integral for the character-
istic functional (14). For such a non-Gaussian initial
probability measure, functional integration approxi-
mation methods? appear to be necessary.
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8 The numerical factors in Eqgs. (18) and (19) are obtainable by
applying combinatorial analysis to the auxiliary formula

{plxy, OY(xg, £« wleay_a, Pxaw, £))
= X 0y, Gy, ) iy DG, s D),

perm.

distinet

pairings
which follows immediately from the general Gaussian character of
the probability measure (11). Details of the derivation of the numeri-
cal factors in Eqgs. (18) and (19) are given by G. Eckstut, thesis,
Drexel Institute of Technology, Philadelphia, Pa., 1970.

9 The analytic continuation of a function defined on nonnegative
integers is, of course, not unique. In the present context, however,
the natural analytic continuation is corroborated by examination of
the functional integral.
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— 1) n24k -
[tk — 1)124 ___2J‘1 f2k-1 a0

QR T ko (1—o09t
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F=2 1§62k_1 ki "\2/4D .L
= 0 2 % exp [—k(x — x)¥ t](1—02)5

1 p o
= —ZJ.O (n {1 — 02 exp [—(x — x")*/4D]}) 60 — 02}
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A theory of relativistic (special theory) microelectromagnetism is proposed for the treatment of the
class of physical phenomena arising from a high degree of polarization, magnetization, and rapid local
field fluctuation in material bodies. The master electromagnetic balance laws are given for the resultant
generalized EM fields. The local field equations and jump conditions are obtained for the moments of the
electromagnetic fields up to any order p. The equations of the zeroth-order moments turn out to be
Maxwell’s equations and associated jump conditions. The Euclidean form of the first-order theory is

presented in full,

1. INTRODUCTION

Extension of the electromagnetic theory of Maxwell
to moving media has occupied a large number of
research workers since the turn of the century. The
problem for free space and “rigid bodies’” was fairly
well resolved with the introduction of the special
theory of relativity. Nevertheless, certain serious
questions remained unanswered for bodies undergoing
deformations. For a discussion of various theories
together with a definitive formulation of elastic solids
and viscous fluids within the domain of special
relativity, we mention the work of Grot and Eringen.!
While these theories can explain a large class of
physical phenomena of electromagnetic origin, there
exists a wide variety of electromagnetic effects which
fall beyond the scope of such theories. For example,
the well-known magnetic domain structure in ferro-
magnetic materials, stable configurations, and motions
of domain walls have neither been fully understood
nor incorporated into a unified theory. The literature
is replete with works of micromagnetism; cf. Brown.2

Among other important phenomena observed, we

cite the behavior of electrets. They possess no net
local charge within the volume; however, they may
support a uniform volume polarization and/or
surface charge and electric double layer; cf. Perlman
and Meunier,® Gross and DeMoraes,* Thiessen et
al’® For a survey of this field, see Gutman.®

The theory of the propagation of microwaves in
solids constitutes another class of as yet unsolved
problems.

We believe that the basic reason for our inability
to understand the theoretical basis of these important
classes of phenomena lies in the fact that the classical
field theories do not contain the necessary mechanism
to take into account the local degrees of freedom.
When a length scale associated with the exciting
agents becomes comparable to the average grains
(microelements) in bodies and/or the average distance
between grains, the classical continuum hypothesis is
violated. Individual motions, polarizations, and
magnetizations of the microelements of the body can
affect the average motions and fields. Our approach
to remedy this situation is to regard the microscopic
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We believe that the basic reason for our inability
to understand the theoretical basis of these important
classes of phenomena lies in the fact that the classical
field theories do not contain the necessary mechanism
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magnetizations of the microelements of the body can
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electromagnetic fields appearing in Maxwell’s equa-
tions as distributions, The macroscopic observable
fields are posited to be linear functionals of these
microscopic fields over the space of infinitely differ-
entiable test functions with bounded support. Since
the test functions admit power-series expansions, the
resulting “moments” may, equivalently, be used as
observable fields. Precise definitions of these concepts
are given in Sec. 3. A hierarchy of field equations and
jump conditions is obtained for all moments; the
equations for the zeroth-order moments turn out to
be Maxwell’s equations. The main contribution of
the present paper is to present the basic laws of
relativistic microelectromagnetism constructed on a
rational basis. In future papers, we hope to deal with
the constitutive theory and solutions of some of the
problems in the previously mentioned areas by use
of the present theory.

2. RELATIVISTIC LAWS OF
ELECTROMAGNETISM

In the special theory of relativity, space-time is
regarded as a flat 4-dimensional Riemannian manifold
called Minkowski space M*. Minkowski space is
endowed with a fundamental metric tensor g,,(x)
referred to a curvilinear coordinate system x%, «, § =
1,2,3,4. In a rectangular frame of reference, we
write x* = z* = (X, y, z, ict), where x, y, z are the
3-dimensional rectangular coordinates, i = (—Di,
c is the speed of light in a vacuum, and ¢ is time. In
this case,

1000
T o100} -
o, a 01

000 1

where 4,4 is the Kronecker delta and the symbol =
is used throughout this paper to denote equality
generally valid only in a rectangular frame of reference.

The electromagnetic field? is described by two
skew-symmetric 4-tensors F,; and G*¥ and two 4-
vectors J* and K* called the magnetic flux and electric
displacement tensors and the current and surface
current vectors, respectively. These quantities are
related to the classical 3-dimensional electromagnetic
fields by

F,; = —Fg, = (dual B, —iE), (2.22)
G¥ = —G’* £ (dualH, —iD),  (2.2b)
J* = (7, icq), (2.2¢)
K* 2 (1 = o2/ X(K, ico), (2.2d)

where E, B, H, D, J, K, g, and o are, respectively, the
electric field vector, magnetic induction vector,
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magnetic field vector, electric displacement vector,
current vector, surface current vector, volume charge
density, and surface charge density of classical
electromagnetism. By (2.2a) and (2.2b), we mean
FF = €klm3m , FF = —fEk,
G* = eklmHm, G* = ___l'ch,

where €¥'™ is the 3-dimensional permutation tensor.

Both current vectors are the sum of a conduction
current and a convection current, the latter being due
to the motion of charges, i.e.,

J=j+gqv, K=k + ov, (2.3)
where v is the velocity vector of a point in the body and
v is the velocity of the surface of discontinuity T,
which bears the nonmechanical surface current k and
surface charge o. If the unit positive normal of I' is
denoted by n, then k is perpendicular to m, and
’V(u) =V

In an N-dimensional Riemannian space, to each
covariant M-vector X, M < N, and to each contra-
variant M-vector Y there corresponds one and only
one dual vector defined by

Xorawe-n = (dual X -u
= (M!)—leal "‘azvﬂubl-"buxb »
L
Popoiay,, = ([dual Y), g
= (M) yhbag,
where e "y and ¢, ... . are the permutation tensors.
From these, it follows that
dual dual X = X.
Thus, for example, an area element on an M-dimen-
sional manifold S*, described by its Gaussian equa-
tion x* = x*(u!, - - - , u™) in this N-dimensional space,
may be expressed in either of the two forms
oxtr  gxewl
ou' ouM
= (dual dAy)),, .

where brackets enclosing a set of indices indicate
alternation on this set. Similarly, the electromagnetic
field tensors possess dual forms, e.g.,

F* = (dual F)** £ (—i dual E, B).

It is only a matter of taste or convenience to express
the basic laws of electromagnetism in terms of F and G
or their duals. For the sake of brevity and uniformity
in the following derivations, we elect to employ the
fields £=#, G*#, J*, and K=

The integral balance laws of electromagnetism are
the conservation of magnetic flux,

M

Cbaar Ay y?

dAl;, ¥ = M! - du,

fU3D
dd,; ey, g

5{;  FPad=o, (2.4)
S°-r
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and the Ampere-Gauss law,

_% Gaﬂ d/i‘(2)
s-rt “
47T " ~(3 217 (2
=—| JUdAP —=| X443, (2.9
¢ Js*-r? ¢ cJr? =h> '
where
X = K*nf — K?n®, K°n,=0 (2.6)

and where S$? is a 2-dimensional closed circuit bound-
ing $® and
nt = (1 = /) H, v o)

is the unit outward normal of I (which contains the
discontinuity manifold I'%). The orientation of S
is selected so that the direction from an interior point
of 83 to S§® followed by the orientation of S? con-
stitutes a screw sense identical to that of S® (cf.
Schouten,? p. 95).

The law of conservation of charge is obtained
from (2.5) by closing the surface S$° Thus,

ffs JAAP — f KPddg=0. (@7
8- I

For arbitrary circuits, by use of the generalized Stokes’
theorem® in (2.4), (2.5), and (2.7), we obtain the
field equations

£, =0, (2.8a)
G5 = (4n/c)J", (2.8b)
J% =0, inS§*-T, (2.8¢)
and the jump conditions
[£%]n, = 0, (2.92)
[G*Ing = (47[c)K*n; = (4m[c)K®,  (2.9D)
[4n, + K4, =0, onT, (2.90)

where a boldface bracket denotes the jump of the
quantity enclosed across I', a subscript semicolon
(colon) denotes partial (total) covariant differentiation,
and K, = x* K, are the surface components of X, on
T'. If the Gaussian equations of I' are x* = x*(u™),
A=1,2,3, then
K% = x* K" .

If ' contains a moving discontinuity line I'"%, then
Egs. (2.9) hold on I' — I'*2, and (2.8) and (2.9) are
supplemented by

[K*n, = 0,

on I'%, (2.10)

where
ne 2 (1 — pnl g ({lpar).
Here, n, is normal to I'"? subject to n,#* = 0, and
is the velocity of I''2, Thus, u ., = p*n, is the velocity
of I'2 in the n" direction,
In a Euclidean frame [employing (2.2)], the
electromagnetic field equations (2.8) and jump

A. C. ERINGEN AND C. B. KAFADAR

conditions (2.9) take the well-known 3-dimensional
forms

VxE+la—B=0, V.B=0,
c ot
VxH—lgl—)=4—"J, V.D =4xq, (2.11)
cot. ¢
@+V-J=0,
ot
n x [E] — (v,)/c)[B] =0, [B]-n =0,

n x [H] + (vw/c)[D] = (4n/c)K, [D]-n = 4o,

00— @]+ 24 Ke — ot =0 212)

(we have been unable to locate this last equation in
the literature), where x* = x*(u%,t), a = 1, 2, is the
Gaussian equation of I', 5°, is the trace of the second
fundamental form of I', and

ox*

do _ do(u’, 1) _oxF
ou®

ot ot
From (2.10), we have
[K* — ou¥n, =0, on 2 (2.13)

3. BALANCE LAWS OF MICROELECTRO-
MAGNETISM

All theories of electrodynamics in the presence of
matter are physically based on the assumption that
on a “microscopic’’ scale Maxwell’s equations in free
space are valid. This assumption is not requisite, and
one could just as easily postulate a description based
on (2.4) and (2.5). The resultant equations in both
cases, phenomenologically, areidentical for this theory.
Those favoring a minimal beginning may consider that
we have made the former assumption, while for
others, desiring to look into material mixtures, the
latter assumption may appear to be more natural.

The derivation of the fundamental laws of micro-
electromagnetic theory (or, equivalently, polar electro-
magnetism or micromorphic EM theory) will be made
through a smoothing process introduced by Eringen,!?
We imagine that the 4-dimensional manifold S%,
occupied by body-time, is made up of a collection of
nonintersecting 4-dimensional submanifolds S3,,
M=1,2,--+,N, called micro-elements. The EM
fields associated with the points x* of §%, are assumed
to satisfy the fundamental laws (2.8)-(2.10) of
relativistic EM theory.)? However, these fields may
be unbounded and may be discontinuous across the
boundary of any two adjacent microclements S3,
and S, M # M’. To account for such possible
discontinuities, we consider the microelectromagnetic
fields as distributions. Let ¢(x*) (called the ftest

, K, K,.
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function) be an infinitely differentiable function in
S* that vanishes outside of a bounded 4-dimensional
region (has bounded support) containing the body-
time. The test function will be used to smooth out the
discontinuities of the microelectromagnetic fields.

The following is an identity that follows from the
generalized form of Stokes’ theorem:

_% ¢Gmﬂ dl‘i‘;?)
St_pt

= [, #s6r+ 6, 0ad

—3 f G dALY,
ot

where all quantities carrying a prime denote micro-
scopic fields. In the sense of distributions, the integrals
on the right-hand side of this identity are meaningful.

From (2.8b) and (2.9b), this identity may also be
written as

_% ¢Gmﬂ dAI(2)
Jeir?

=J (¢ Glaﬂ+ ¢Jla) dAl(S)
S
27

C Jra_

K dAP. (3.1)

r'ﬂ

We now imagine that the manifolds $%, S%, and I'
are subdivided into a large number of nonoverlapping
submanifolds 8%, S%, I'i, J,K,L>» 1. Then,
clearly,

-13

K JSxlcst-rt

o3 bbb ear) e
J

- 27 z ¢JC'“” dff,,',}f’. 3.2)
¢ L Jriicrirs®

¢Glaﬂ dA“;;’Z)

The integrals taken over the open submanifolds
define the following surface averages:

($G*)y) ddsp = hm ,BG dA,

SK -
($.46%) 9 dA® = lim $.4G"** dA,
8y 20 :S',la—l'z (3 3)
<¢J“>(3) A(s) = hm ¢J/¢ d/i‘;m)’

SJ _r?

($KA) ) A = lim I A4,
1*-0 JI i

where the new area measures on the submanifolds

Sk, 8%, and I'} are indicated respectively by d4'3,
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dA® ,and dA®, and the subscript (2) or (3) is attached
to the angular brackets as a reminder of the dimen-
sion of the submanifold over which the mean is taken.

A physical motivation for the introduction of the
definitions (3.3) may be made as follows: While the
local microfields G'*#, J'2, and X'** are not well
behaved, nonetheless, there exists small open sub-
manifolds S% , %, and I'} over which these fields may
be smoothed out by multiplying them by the test
function ¢ and integrating these products over the
above submanifolds. The resultant integrals can then
be considered as densities associated with S%, S%,
and I'} . The limits S%, $%, I'{ — 0 are to be under-
stood only in the sense that these manifolds are so
small that the summations in (3.2) may be replaced by
integrations. The mathematical justification of (3.3)
can also be made by providing a microsubstructure to
these manifolds. This simply means that the integra-
tions are performed over a set of new variables &%,
o = 1,2, 3, 4, that cover each submanifold.

From (3.2), in the limit as J, K, L — o and the
areas of %, S%, I' — 0, we obtain

—é§ ($G ) dAY
st-r?

=L, ,(<¢ G + — (qSJ”)(a,) dap®
27

; r’-r"’((ﬁxﬂ) ddy. (3.4

Similarly, for the F'** field, we have

-1 (pFPy ) dA = f (B F* 0 A,
st-r &
(3.5)

where the averages indicated by angular brackets are
defined similarly to (3.3). If in (3.4) and (3.5) we close
the surface S3, we find

§ (<¢ Gy + — (‘N")(a)) d4
o
27

€ JIr-

§ ¢ Fﬂ¢>(a) dA(a)
St

. M’ﬂhz) F =0, (3.6)
G)

If T' is a locally smooth surface (as we assume
henceforth), then, using (2.6), we may express

(pHF )y as

(I gy = (K0 — ($KP)5)n®;

($K)@yn, = 0.
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Equations (3.4)-(3.7) are postulated to be the master
balance laws of microelectromagnetic theory.

4. FIELD EQUATIONS

By applying Stokes’ theorem to the integrals in
(3.4)-(3.7) and postulating that the integrals are valid
for all submanifolds $% — I'2, §2 — ['?, and "2 — T2

in space-time, we obtain
<¢Gpa>(2);a - <¢:1Gﬂa><3) = (47T/C)<¢Jﬂ>(s)’ 4.1)
($:.G*)arip + (4/c) (I )(5),5 = O, 4.2)
(PFP%) 910 — (b FP)e) = O, (4.3)
(¢mF”°‘)(3,;l, =0, inS*-T, (4.4)

and-the jump conditions

[<¢Gaﬂ>(2)]"p = (47T/C)<¢3£al}>(2)"p = (47/c)(pK)s),

4.5)

[(0/47T)<¢;ﬁGaﬂ>(a) + <¢Ja>(3)]na + <¢KA>(2);A =0,
(4.6)
K$F))lng = O, 4.7
[<¢;ﬂF “yaln, =0, onT, (4.8)
[($K*)ln, =0, onT". 4.9)

Equations (4.1)-(4.4) are the master differential field
equations and (4.5)-(4.9) are the master jump con-
ditions of relativistic microelectromagnetic theory.

By use of these equations, we can derive theories
involving various order moments of the electro-
magnetic fields. To this end, we recall that the test
function ¢(x'®) is expandable in each S%, S%, and
I'% about a point x°, i.e.,

$(x'") = $(x) + Su(xDEH + (12D, 1, (xHEIEH -+,
x* x%e 8% or S%orl%, (4.10)
where

£ =gl - [p(x"*) — p(x*)].

Here the g* are the reciprocal base vectors to g,,
and p is the position vector.
By use of (4.10), we may write

($G*) 5y = $G** +p§1¢;ll‘..%6,ﬂh...h,
($:4GP)a) Egl(ﬁ;h g G
(I = $J* +g1¢;h_”“yh...h,
(R q) = K +gl¢:zl---z,,3€“"’1""%,
(pFPy ) = $F** +,,§1 Bz FB

(¢;ﬂﬁaﬂ>(3) = 2195;}‘1 . lpg.:ai.l el }.n,
p=

(4.11)
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where we have defined

Gh b = (1pINGHPEM - - EWNy L (4.12a)
G4 Ee = (1/pI)(GHPEM - - ER)y ) (4.12b)
J A= (1R B, (4120)
FKobrrrrdp = (1/p)(Kepgtar. .. 5;'”)>(2)
= K1 .lpnp . Kﬂh"'lwna, (412d)
Ko ke = (1/pty (KoM - - g0y (4.12e)
Febin o = (1 ply foEUn. L gAY (4.12f)
j:aﬂll ceidp = (l/p!)<ﬁa(/3£ll e élm)>(3) , (412g)

and a parenthesis enclosing a set of indices denotes
symmetrization. Upon substituting (4.11) into the
master equations (4.1)-(4.9) and noting that they are
to hold identically for all admissible values of ¢; Apdys
we obtain the field equations

Gy = (4mc)J”,
Gaﬁll .. ';.p.ﬂ + Ga(i.l'- cAp) __ Qah"').p
= (4mjc)J* P p> 1, inS*—T, (4.13b)
£, = (4.13c)
Faﬂzl---}.g;ﬁ 4 fotacdy) Gedrcdp 0,
p>1, inS*—T, (413d)
J4, =0, (4.13¢)
JHM b JM = —(c[Am)8*h, = FM,  (4.13f)
Jehds g g de) o (ofdar)
X(Qalln.lp.a + Q“-l"'h’) = 3'}'1'”;'”,
p>2, inS*—T, (413g)

(4.132)

A \rﬁaﬂ;p =0, (413h)
Fouds, P =0, p> 1, inSU—T,
(4.13i)

and jump conditions

[G*]n; = (4m|)Kn, = (4m[c)K?,  (4.14a)
[Gaﬂh e ’“’]nﬂ = (477/0)3{)1}91.1 e “’n,,

= (47r/c)K“;'"”)"’, p>1, onT' —T"%
(4.14b)
[F**]n, = 0, (4.14¢)

[Faﬂh""-w]np =0, p>1, on I — 1’\12, (414d)
[J¥n, + K4, =0, (4.14¢)

[Jah v dp + (C/47T)ga,11- --A,]na _|_ KAJ.] . ..A,,:A
+ K% bl =0, p>1, onT —T"% (4.14f)

[g?a).l"'lp]nz = 0, P 2 1’ on T — 11/2, (414g)
[Kﬁll"‘lv]n; =0, on e (4141'1)
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Symmetry properties of these tensors are noted by
the following identities:

Gaﬂ = _Gﬁa,
Gap).l Ay — _Gﬂall Ay Gaﬂ(}.l . ~).,,)’
gall A — ga(h s i.p)’

Faﬂ = ___Flla,
F'lﬂll“'lp= _

Falrrdy — Faldacodp)

(4.15)

Ay A (A1 4p)
Ja: 1 ? = J“ 1 » 3
‘3;_1...;@ — '3,(/11"';"), (see Ref, 12)5
Kobrrdo = gahieedoph _ ghhdope
Kah""-@:K“““"'“)
2
Kah"‘i-vna = 0.

The first two sets of (4.13) and (4.14) (equations for
G’s) constitute a generalization of the Ampere-Gauss
law, the second two (equations for £’s) are a generali-
zation of the conservation of magnetic flux, and the
last three sets (equations satisfied by J’s) are the
generalization of the law of conservation of charge.
A microelectromagnetic theory of grade p will be
defined as that theory for which the (p + 1)th averages
of all the aforementioned averages [(p 4+ 1)th moment
of fields] vanish. For example, Maxwell’s equations
constitute a theory of grade zero. The theory of grade
1 is presented in Sec. 5. Theories higher than grade 1
are clearly quite complicated.

5. MICROELECTROMAGNETIC THEORY
OF GRADE 1

Polar electromagnetic theory of grade 1 (alterna-
tively, micromorphic EM theory) is embodied in the
field equations

G*.y = (4c) J*, (5.12)
Gy + G* — G = (4mfc) J*,  (5.1b)
F, =0, (5.1¢c)

iy 4 F*_§% =0, in S*—T, (5.1d)
and in the jump conditions ,
[G*Ing = (47/c)K",
[Gaﬁl]np = (4n/ C)Ka;',
[F*In, = 0,
[F***In; =0, onT.

5.2)

According to (4.15), the tensors appearing in these
equations possess the following properties:

Fazﬂ = — F‘ﬁa’
[ofr — _ fbed

Gaﬂ — __Gﬂa’
Gaﬁi. — _Gﬂa}.’
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Equations (4.13e)-(4.13i) and the jumps (4.14¢)-
(4.14h) become, for grade 1,

64 = —(@m[c) P = —(dm[c)gH,  (5.3a)

G =0, (5.3b)

9:% = —(4n/c)F*, (5:3¢)

GHA =0, (5.3d)

Jh, = 0, (5.3¢)

JH 4 JF—F =0, in §* =T, (53
[8* + (4m/c)J™In, = —(4n[c)(K* + K2, (5.4a)
[5*]n, = 0, (5.4b)

[J*In, + K*, =0, (5.4¢)
K* =0, on I'—TI" (5.4d)

[K*]n, =0, (5.4¢)
[K**n, =0, on I (5.4f)

We recall that K#n, = K*in, = 0.

From (5.3a) and (5.3b), we see that 4% is skew,
and the symmetric part of §#% is determined when J(4
is known. Equations (5.1b), (5.1d), (5.3¢), (5.3d),
(5.4a), and (5.4b) may thus be written as

G5 + G* — 1Y = (4m/c)JlH), (5.5a)
Fh, 4 fré_ Gl = o, (5.5b)
G, = (dmfe)(J* — JWH,), (5.5¢)

FA, =, (5.5d)

[ + (4m/c)JH N0, = (4m/c)K* + KB%,), (5.6a)
[$041]n, = 0. (5.6b)

Thus, for the theory of grade 1, we need only

concern ourselves with the skew parts of G, I«A‘, and J.
Hence, we adopt the following convention: By

.. A A
writing G, 5+ and J*¥ we mean Gl*f1, Flef1 and
JIah1,

We now proceed to give the forms of the above
field equations in a Euclidean frame of reference. To
this end, we employ (2.2) and the additional fields
&, B, ¥, and D defined by

§ £ (dual B, —i8),
S X (dual 8, —iD). (5.7)
Further, F*/* and G*** may be given uniquely by
Fo £ €amB™, Fl = —iEy,
sz4 = ieklmBm4a
ler X ekl'mH r
le4 é ieklmH 4 Gk44 é Dk4.
If we recall the definitions (4.12¢) for J*#, we see that

JUAl = (Jleghly oy is none other than the polarization
tensor of classical electromagnetism (cf. Grot and

(5.8)
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Eringen, Ref. 1, p. 643). Hence, we set

J = [dual (=M — P x v), —icP)],  (5.9)

where M is the magnetization, P is the polarization,
and v is the velocity vector. Using the properties of
K°# given in (5.4d) and its definition K*# = (K[2£1),,
we can express it in & unique form

K = (1 — %,/ *dual (—cun — 7 x vqn), —icxl,
(5.10)

where
nen=0.

Therefore, the discontinuity surface can only support
a surface polarization 7, perpendicular to the normal,
and a surface magnetization un, parallel to the normal.

Employing the above definitions (5.7)-(5.10) and
(2.2) in (5.1) and (5.2), we obtain the field equations

Dk:k == 47”?9 D‘k;; + -D]c S)k 417Pk Dk‘;k = 0,
klmpy l_la_D_ .....4_7..er,
" ¢ Ot c
1
annprt L0074 sy e,
c ot
vl
= --471'67‘""(M m + €mesP” —),
c
19D*
kim 4 Y& k __ qk - — X
THpy = e T W=D = AP sy
B*, =0, B*, +B*—%*=0, B, =0,
10B*
EMEpy + - —— =0,
mt ¥
EkmnE l + ; aB eklm(E -8 ) —_ 0’
at m m.
FmE S+ 2 laB +B —B=0, in VT,

and the jump conditions

[D¥In, = 4no, [D¥In, = don’, [DMn, =0,
& [H,] + vy [D*] = (4n/c)K",
& [H, 1+ vye ' [DY]
= —47"™(un,, + ¥()C € pmrs'n’),
& H,8 + v c [ D] = —dn”,
[Bk.’”k =0, [Bu]"k =0, [B¥n, =0,
é"™lE,] — e [B] = 0,
& [E,)] — vme ' [B¥] = 0,
& E ] — v [B¥] =0, onT,

(5.12)

where U is the region of 3-dimensional space where
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the EM fields are continuous and I' is the discon-
tinuity surface. The field equations and jump con-
ditions (5.5¢), (5.5d), and (5.6) for the script capital
fields become

D, = 4n(q — P~,), (5.13a)
omge 19D
c Ot
- i‘f(ﬁ + %?-:f + MMM, + e,,,,,va’);l), (5.13b)
&, =0, (5.130)
L+ l?g— =0, in V-T, (5.13d)
[Dn, = dm(o — #5,) — 4n[P*n,, (5.142)

IR, ] + e [DH] = —[Kk + X

X (?ﬂf — 7ymb°. + C€abf“;b) - ?’(n}nk’”a;a]

ot
4 kim &
+ _;‘ {E nl{CMm + emnl"v] - v(n){Pﬁ}s
{5.14b)
[B*]n, = (5.14¢)

M [8,] — v [B] =0, onT. (5.14d)
From (5.3e), (5.4c), and (5.4¢) the zeroth moment
of the conservation of charge equation is

z‘f-}-ﬂ =0, in U-T,
— aryb%, =0,
on I'—1I"
[K* — ou¥ln, =0, on I

The first moment [excluding (5.4f)] is identical to
Egs. (5.13a), (5.13b), (5.14a), and (5.14b). Finally,
(5.4f) is

do
Jk — k hudind Ke
[ qv ]nk + 6: + ‘a
(5.15)

[7n = 0, (5.16a)
klmnz[cfunm + V() EmrsT B ] 2y )[" ] =0, on I,
(5.16b)

It is to be noted that, in the microclectromagnetic
theory of grade 1, Maxwell’s equations are supple-
mented with additional field equations and jump
conditions for the new vector fields §,, $*, ¥*, D*,
HA, E}*, D2, and B, and the new tensor fields H,!,
El, D, and B*.

A comparison of Maxwell’s equations for ponder-
able matter with Eqs. (5.1)-(5.4) is in order. If we
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assume that, for the grade 1 theory,

(1) microscopically, F,; = G4,

(2) the moments of the electromagnetic field Fg,
and the surface current J.'#?, vanish while the moments
of the current J’# do not,

then Maxwell’s equations in the presence of matter
are equivalent to (5.1)-(5.4). For, under these
assumptions,

Gpl.a — Fu).a — 0’
which imply [cf. (5.1b), (5.1d)]

A . Gqrui
Fﬂ_ Il’

G** = G** + (4urc)J*,
and since F#4, F#4 and now §#* [cf. (5.5¢), (5.6a) and
recall K** = (] satisfy the identical relations as
(dual B, —iE) of Maxwell’s equations in matter, then
F;ul _ g—nl —_ gul’
and thus (5.1)-(5.4) are identical to (2.8) and (2.9).
Hence, Maxwell’s equations for ponderable matter
are a special case of the laws for an electromagnetic
polar medium of grade 1.

For a complete theory, the aforementioned balance
laws must be supplemented with the mechanical laws
of motion and constitutive equations. The straight-
forward case of a rigid linear medium can be dispensed
with by taking F,;, F,;, and F,* as linear functions
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of G,;,8,.,and Gl However, constitutive equations
for a deformable medium require the general thermo-
dynamic considerations appropriate to the complete
polar electromagnetic theory with mechanical interac-
tion and will be considered in a later paper.

* This work was supported by the National Science Foundation.
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a rough test of the usefulness of the (/ + #)* substitution is described; flexibility advantages provided by
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I. INTRODUCTION
The first-order WKB quantization conditionl—3
provides a method for determining approximate
energy eigenvalues in 1-dimensional quantum mechan-
ical problems. This approximation is also applied to
radial problems through use of an effective potential

energy. Langer? developed a transformation method
for turning a radial problem into a 1-dimensional
problem, whereby the radial quantization condition
is a particular modification of the 1-dimensional
WKB condition. However, the Langer transforma-
tions are not unique, as indicated by Kriegers; also
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they may lead to poorer eigenvalues than those
obtained from an uncorrected first-order 1-dimen-
sional WKB condition.® It is the primary purpose of
this paper to point out a more general class of trans-
formations that accomplish the same end as Langer’s
but that may lead to different eigenenergies. The new
transformations, like Langer’s, introduce no spurious,
real-axis singularities in the effective potential, and
yield wavefunctions that meet 1-dimensional boundary
conditions and are asymptotically satisfactory for
power law potentials. Finally, we indicate a rough
test for utility of Langer’s transformations and
illustrate the flexibility of the new transformations in
application to the vibrating rotator.

II. THE WKB QUANTIZATION CONDITION
The first-order, 1-dimensional WKB quantization

condition is

_2(2m)‘} z2 _ 3
net i =200 f[E veolde. (1)

In Eq. (1), n is a nonnegative integer, m is the particle
mass, A is Planck’s constant, E,, is the nth approximate
energy eigenvalue, V(x) is the potential energy of m,
and x, and x, are the classical turning points deter-
mined from the equation E, — V(x) = 0. In this
paper, we assume that for each E,, there are two and
only two turning points. Equation (1) is applicable to
the eigenvalue problem defined by the equation

Y'(x) + x)p(x) =0
and the boundary conditions (% c0) = 0, where
F(x) = GrimfI)[E, — V().

Equation (1) should not be applied directly to a
radial eigenvalue problem defined by the equation

R'(r) + Q*(NR(r) =0

and the boundary conditions R(0) = R() = 0.
Here,

2
0%(r) = 8’;2’” [E, — V)]
8r*m KU+ 1)
= E,— V() —-——2LETN @
h? ( " @) 87im  rt ) @

with / the rotational quantum number. This is because
of the distinction between the boundary condition
w(—o0) =0 and the origin condition R(0) = 0.
Recently, there has been considerable interest in the
application of altered forms of Eq. (1) to radial
problems.>—® Discussions can be found in the works
of Froman and Froman® and of Heading.'
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II1. LANGER’S TRANSFORMATIONS

Langer’s link between the 1-dimensional problem
and the radial problem was made through use of two
transformations. These are a transformation of the
independent variable r and of the dependent variable
R(r) through

r(x) = é*, (3a)
R(r(x) = ety (x). (3b)

Application of these transformations to the radial
Schrodinger equation results in

1) + e{Bn*m[h?)[E, — V(x)]
— 4+ 2% *p) =0 @)

This equation is of the same form as the original
equation for R(r). However, in Eq. (4), the inde-
pendent variable x can take values from —oo to
+00, and x(x) satisfies I-dimensional boundary
conditions. Therefore, the new dependent variable
%(x) is the solution to a I-dimensional problem.
Applying Eq. (1) to Eq. (4) and transforming back
to the independent variable r yields the quantization
condition

% rry 2 2\

(n+1})=2(ﬂ)—f (E,,—V(r)-— h (’+—f)) dr.
h 1 87sz r

&)

Here, r, and r, are determined from the condition

B+
E,—V(ir)— ———===0
" " 87'm  r?

The origin difficulty is taken into account in Eq. (5)
by replacing /(I + 1) by (/ + %)* in the centrifugal
term of the effective potential. That is, A?/32m%mr®
has been added to the effective potential. This replace-
ment is sometimes known as the Langer-Kemble!
(LK) correction and is so denoted here. Significantly,
the LK correction introduces no new singularities in
the effective potential [except in the case / = 0 for V(r)
analytic at r = 0]. Further, Langer showed that his
transformations were applicable as x - —o and
as x — +o0. As has been pointed out (Ref. 8, pp.
113-14), Langer used this treatment only for the
Coulomb potential ¥(r) = k/r, without implying its
universal applicability to all radial problems.

IV. OTHER TRANSFORMATION PAIRS

A set of transformations, which moves the origin
to — oo as Langer’s does, but which is more general,
is

r(y) = roexp [30? + py)l, (6a)
R(r(»)) = (' + D¥exp [}(” + p»)lx(»). (6b)
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Here, p is a positive odd integer and r, is a scaling
factor with the dimensions of r. The result of using
these transformations on the radial Schrddinger
equation is again an equation of the form

1)+ GOx(y) =0, D

where
0*(y) = (

8atm

h2

p2 p—1 2.2
(E— V)Z(y + g

2
x exp (7 + py) = [0+ D12 7 + 1)

(P - 1)(p — Z)yf’_3 B 3(p _ 1)2y21)_4)'

B ST e

®)
Using Eq. (1) to determine the energy eigenvalues of
Eq. (7), one obtains

)

T Ji

1 vz
n+i==1 0@ dy,
vi

where y, and y, are the values of y for which () =
0. When Eq. (9) is re-expressed in terms of , it becomes

(n+%)=2(—2h'—"ff"[E"—V— L

- 8aimr?

. _ _ »—3
o
p%(y + 1)
L 1\2,,2p—4
(e,
PO+ 1)
In Eq. (10), r, and r, are the transformed values of y,
and y, and y(r) is the function of r defined by

yP+py —2In(rfry) = 0. (an

To obtain an explicit expression for y(r), Eq. (11) must
be inverted; Hille!? describes a method of inversion
for general p. For the special case of p =3, y is
expressible in terms of radicals and it is

y(r) = {In (rfre) + [1 + In® (r/ry)]t}?
+ {In (rfry) — [1 + In? (rfr) B, (12)

One should note that Eqgs. (6)-(11) reduce to the
corresponding Langer expressions when p = 1.

The noteworthy aspect of Eqs. (6) is that they lead
to a new radial quantization condition (10}, which is
transformation dependent through parameters p and
ro. The sum of the two new terms in Eq. (10) may be
positive or negative, depending on p and y. For
p=3aty =0 (r=ry), the sum is of opposite sign
and + as large as the LK term —h2[(327°mr2). As
y — £, the new terms are of order [1/In2 (r/r,)]
times the LK term and so are dominated by it.

The derivation of Eq. (10) is based on the implicit

(10)
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assumptions that the transformed differential equa-
tion (7) has solutions that meet the conditions
x(+ ) =0 and are asymptotically satisfactory. It
is not difficult to show that x(y) must satisfy the
boundary conditions for a 1-dimensional problem.
Remembering that R(r) must decrease at least as fast
as r in the limit as r — 0, one sees that x(y) goes to 0
as least as fast as (y** + D)~dexp [1(y? + py)], as
y — — oo. Further, if the boundary condition R(r) —0
as r— oo is to be met, then y(y) must go to zero
faster  than (y*! + DYexp [—3(? + py)], as y —
+oo. A criterion for asymptotically satisfactory
solutions at the boundaries has been given by Langer
and it is that the integral

I= f 160)/0()! dy

be convergent when y is allowed to recede to the
boundaries. Here, 6(y) = S”()/S(y), where

() = gtyet, &= f "0) dy,

and u = 1/(v + 2), where » is the order of the zero of
0%(y) at the nearest turning point. We have examined
the convergence of I for all potentials asymptotically
of the form V(r) = kr® with k and ¢ real constants.
We found that I is convergent as y — £ oo for all
p, k, and 4, with one exception. For constants p = 1,
0= =2, k= —h(+ })?*8n*m, then I(—o0) is
divergent. This one failure occurs for a reason
analogous to the failure of the ordinary WKB method
at turning points, i.e., §(— o0) = 0, while 6(— o0) # 0.

The new transformations given by Eqs. (6) introduce
no spurious singularities on the real positive r axis
and are applicable as r — 0 and as r — + co. However,
that caution must be exercised in dealing with general-
ized Langer transformations is illustrated by the
following examples. Consider first

r(y) = roexp (%), (13a)
R[r()] = (" Htexp Gy»)x(y), (13b)

with ry and p defined as for Eqgs. (6). The x(y), defined
in Eq. (13b), — 0 and also meets Langer’s asymp-
totic condition as y — 4= oo for the same potentials as
x(y) defined in Eq. (6b). However, because dr/dy = 0
at y = 0, a spurious logarithmic singularity is intro-
duced into the effective potential at r = r,. Further-
more, I = {0 [6/(0| dy is divergent. Consider next
the transformations

r(y) = ro exp [exp (py)],
R[r(y)] = exp (3py) exp [§ exp (pn)]x(»),

(14a)
(14b)
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with rg and p defined as above. Through Eq. (14a) the
domain (ry, o) is transformed to (— o0, ). Again,
a spurious singularity is introduced into the effective
potential at r, . Also, the usual 1-dimensional boundary
condition y(—oo) =0 cannot, in general, be met,
since exp (3py) — 0 and R(r,) # 0.

V. THE VIBRATING-ROTATOR CORRECTION

For certain special cases, the LK correction is very
effective. In the cases of the radial, isotropic, harmonic
oscillator and the Coulomb binding problem, the
first-order LK corrected energy eigenvalues are
exact.”.8.13

For a vibrating rotator one can use the following
“rough” test for applicability of the LK correction
near the vicinity of a true potential minimum r,. It
has been pointed out” that, for effective potentials
with a second-order pole at r = 0 and / 5 0, origin
corrections in the second-order WKB differential
equation are made by substituting f+1) —
1/[641(I + 1)] for I(! + 1). This indicates that radial
corrections to second-order WKB calculations are
of fourth order in h/\/m. To be accurate to second
order, one may use Dunham’s' second-order 1-
dimensional results even in an origin-uncorrected
radial problem. Thus, one may test the size of the
Dunham second-order 1-dimensional corrections
against the LK radial correction in the vicinity of the
minimum of V(r). It was shown?s that the LK correc-
tion to the zero-point energy is equal to }B, plus
negligible higher-order terms. Here, B, is a spectro-
scopic constant proportional to the inverse moment
of inertia. On the other hand, the dominant Dunham
second-order correction to the zero-point energy is
1B,y, with y = [§a;, — §a?]. Here, a, is the cubic
coefficient and a, the quartic coefficient in a
potential expansion of V(r) about r,. Thus, if y is
close to unity, one obtains second-order accuracy by
applying the LK correction in a first-order WKB
calculation. If, on the other hand, y is close to zero,
it appears justifiable to neglect entirely a radial WKB
correction in the vicinity of the potential minimum.

R. ENGELKE AND C. L. BECKEL

If one wishes to obtain a zero-point energy with
second-order accuracy from a first-order WKB
calculation, one can use the transformations of Eqs.
(6). The adjustable parameters r, and p can be chosen
to satisfy the zero-point energy and at least one other
condition. The zero-point condition is met if

1 2p—D(p =2y 3p — 1y
4 ot + 1y’ o7 + 1)

= %y,
(15)

where y, corresponds to r,. For the ground state of
H, ' for example, y = 0.60. This is about midway
between the case of no radial correction and the LK
value of unity. However, Eq. (15) can be satisfied if
p = 3 and ry = 2.20r, or ry = 0.455r,, as well as with
other p — r, combinations.
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We consider the problem of determining whether a given *‘particle’’ is elementary or is some member
of a degenerate multiplet corresponding to an exact symmetry. We discuss a double-scattering experiment
which can make this determination unless the members of the multiplet are unable to distinguish one
another. Finally, such an inability is shown to be incompatible with the usual relation between spin and
statistics and known analyticity properties of scattering amplitudes for strongly interacting particles.

1. INTRODUCTION

In discussions of internal symmetry the question
arises, “How could we know if something which we
regard as an elementary particle actually has an addi-
tional internal quantum number?” Of course if the
symmetry is broken, as the proton charge breaks the
isotopic spin symmetry of the proton-neutron doub-
let, there is no problem. Suppose, however, that the
internal symmetry is not broken by any interactions, so
that the generators of it commute with the time
development operator H. How can we tell that a
“hidden degeneracy” exists? Two partial answers to
this question seem to be widely known. First, if the
particles in question are fermions one can imagine
confining them to a box and measuring the Fermi
energy as a function of particle number. The hidden
degeneracy will of course lower the Fermi energy.
Second, there is always the possibility that the mem-
Bers of the multiplet can distinguish each other and the
degeneracy is then revealed by a suitable double-
scattering experiment. We show that the analyticity
of scattering amplitudes as a function of center-of-
mass scattering angle requires that this possibility
is the only one, provided that the particles have defi-
nite statistics.

The remainder of this paper is divided into three
sections. In Sec. 2 we analyze the relevant double-
scattering experiment. In Sec. 3 we apply the con-
straints imposed by analyticity and definite statistics.
A brief discussion is given in Sec. 4.

2. HYPOTHETICAL DOUBLE-SCATTERING
EXPERIMENT

If something which we regard as an elementary
particle has a hidden internal quantum number then
every such particle in a beam or target must be
described by a density matrix! as far as the internal
quantum number is concerned. Similarly a 2-particle
system will be described by a density matrix. It is
convenient to represent this matrix in terms of the
representations of the internal symmetry group. We

assume that the multiplet to be discovered transforms
according to some representation D of the internal
symmetry group. We expand the density matrix in
terms of the projection operators for states trans-
forming according to all the representations D'D
which appear in the Clebsch-Gordan series which
reduces D ® D. Let T; ; be the projector correspond-
ing to the ith partner of the I representation. Thus we
write

Pinitial = IZ w(l, )T ;. 0y
We normalize to unit flux, setting
Yo, i)=1. (2)
T

Now let T(7, i, E, z) be the scattering amplitude in the
state (J,i) corresponding to center-of-mass total
energy E and scattering angle 0,z = cos 6. After a
single scattering the density matrix is

Ponce = z (U(I, i)gl,i IT(I, i, E, z)l2
1
and the corresponding flux is

Fonce = 2 (I, ) |T(1, i, E, 2)|*. 3)
1,i

We now imagine that the scattered and recoiling
particles are transported in such a way that they
collide again. If no particles are lost from the beam
this will not change the density matrix (because the
symmetry is exact and all “external” fields are in-
variant under it). Now let the particles undergo a
second scattering at the same center-of-mass energy
and scattering angle. The resulting density matrix is

Ptwice = 12 oI, i)"TI.i IT(, i, E, Z)l‘ (4)
and
‘?twice = 2 w(I, l) IT(I, i E9 Z)I‘. (5)

For compactness we will set

ML) =T, i, E, 2)I* 2 0. 6
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Now consider the case where D is 1 dimensional
(that is, no hidden degeneracy). Then each sum re-
duces to one term and we have

‘Ttwice = (?once)z‘ Q)

Suppose that the degenerate case manages to simu-
late this result. The necessary condition is

S (I, DAL, iy = [ o, DA, DF.

Making use of Eq. (2) we can rewrite this as

%w(l, Do(J, DI, )* — ML, DA, Nl = 0. (9)

I,i

Interchanging indices and adding the resulting equa-
tions we find that

2 o, Yo, DI, 1) — MJ, )P =0.  (10)

Thus the necessary condition (8) requires that | T(Z, i)|?
be independent of i (which is guaranteed by the sym-
metry) and also independent of /. We now show that
in the degenerate case this last constraint is in fact
impossible.

3. STATISTICS AND ANALYTICITY

To show that the functions 7T{J, E, z) cannot all have
the same magnitude we need two facts. First, at each
value of E, every T(], E, 2) is an analytic function? of
z in some neighborhood of the point z = 0. Hence the
ratio

$1/2) = T(I, E, 2)[TJ, E, 2) (11)

is analytic in some neighborhood, except possibly for
poles. The condition of indistinguishability requires
that ¢ have unit modulus on the real axis between
z = —1and z = 41. This means that ¢ cannot be an
odd function. The fact that |¢| = 1 would require
z = 0 to be a singular point, but in the neighborhood
of a pole an analytic function must grow without
bound.

Now we show that, if there is more than one ampli-
tude T(, E, z), at least one of the functions ¢;; must
be odd and hence cannot have unit modulus. To do
this we note first that, using the usual relation between
spin and statistics® we can require theamplitude to have
definite transformation properties under exchange of
the space, spin, and internal coordinates of the final
state particles. For the spin singlet-to-singlet transition
amplitude this requires that the amplitude be even
under simultancous interchange of space coordinates
(z — —2z) and internal symmetry coordinates.

®
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Since the generators of internal symmetry for two
independent particles commute we can take each of the
internal symmetry wavefunctions labeled by 7 to be
either even or odd under interchange of internal sym-
metry coordinates. To see that both types must occur
simply consider the (unreduced) tensor product D @ D
resolved into odd and even parts,

D) (8) = Dy(g)D;i(g) £ Dylg)Difg).  (12)

If either part vanishes we may multiply the resulting
equation by [D~!(g)],,; and sum on i to obtain

D;(g) £ d,uDnlg) =0. (13)

If the representation D is more than 1 dimensional we
may choose / # m = k and prove that D;;(g) =0
for all jand /.

Thus, there must be at least one even and one odd
T, and their ratio ¢ is subject to the analysis given
above, showing that the 7; cannot all have the same
modulus and proving that the internal degeneracy
cannot be concealed.

4. DISCUSSION

The analysis presented here is, I think, of no practi-
cal significance. The only particles for which we can
readily imagine performing the experiment of Sec. 2
are protons, and the success of the nuclear shell model
makes it already clear that there is no degeneracy. It
however, is of some philosophical interest to see that
the degeneracy can never fully conceal itself and it is
intriguing that such powerful tools enter into the proof.
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A new approach to the theory of the vector field is presented in which inelegant features like negative
terms in the energy do not make an appearance at any stage. All components of the field are handled in
a completely symmetric fashion and the explicitly covariant appearance of the theory is preserved in the
process of quantization as well as in earlier stages. Though the special features which arise when the
mass vanishes are pointed out, a detailed treatment of that case is not included here and will be given

separately.

I. INTRODUCTION

The basic field equations for free relativistic particles
of spin 1 were formulated over thirty years ago in
several equivalent forms. One of the most familiar,
the spin-1 specialization of the general Fierz—Pauli
form! employs a 4-vector field 4* obeying the Klein~
Gordon equation and a supplementary condition anal-
ogous to the Lorentz condition of electrodynamics?

(8*0, + mH4’ =0, (1a)

0,A" = 0. (1b)

These equations follow directly from the Proca
equations®

F* = 9*4” — 0°4", (2a)

0, F*" = m*4*, (2b)

which in turn are nothing but a special representation
of the Kemmer equation* for spin 1. The familiar
approach to the quantization of the vector field, as
presented for example by Bogoliubov and Shirkov®
treats (1a) as the basic field equation and (1b) merely
as a supplementary condition, useful, to be sure, in
getting rid of unwelcome terms with negative sign in
the expression for the energy of the field, but a
nuisance where quantization is concerned: It neces-
sitates the elimination of one of the four components
A* in a manner which destroys manifest covariance in
order to arrive at three independent quantities on
which quantum conditions can be imposed. The final
result is of course again manifestly covariant. This
procedure does not lead one into any conceptual
difficulties but it is quite inelegant—unnecessarily so,
as we shall see. Part of the reason for presenting a
new approach to this old problem is thus aesthetic.
But the main interest lies in the guidelines it provides
towards a more satisfactory handling of a problem
which does pose conceptual difficulties, namely the
theory of the massless vector field. The application
to the latter will be dealt with in a separate paper in
view of important differences in matters of detail
between the massive and massless cases.

Our starting point will be the field equations in
Proca form or, rather, the equation

@9, + m)A® — 3'9,4* =0 3)

resulting from the substitution of Eq. (2a) in (2b).
Equation (3) is obtainable from the Lagrangian
density

£ = —3(0,d4, — 3,4,)(0"4" — A" + m?4,4", (4)

by applying the usual variational procedure with
respect to the field variables A*, It is important to
note that this equation is equivalent to both of Egs.
(1), when m # 0. For m = 0, it does not imply the
two separate equations (la) and (1b), nor do the
Maxwell equations. In fact, Eq. (3) with m =0 is
precisely what one obtains from the Maxwell field
equations on expressing the electric and magnetic
fields in terms of the potentials A*.

What we will now show is that by taking advantage
of the content of Eq. (3) as it stands, avoiding an
artificial separation into two equations of unequal
status (one “field equation™ and one “supplementary
condition™), it becomes possible to lay down a
quantization procedure which is manifestly covariant
all the way and is elegant in that no unsymmetric
elimination of components, for example, will be
involved.

II. THE PLANE-WAVE SOLUTIONS
The essential step consists in expressing the 4* in
terms of the appropriate plane-wave solutions of (3).
For a plane wave characterized by the propagation
4-vector k = (k°, k), one has

[(k* — m®)8, — k’k,14*(k) = 0, ®)

Here k* = k,k°. We have used the same symbol 4*
for the field in the configuration space as well as for
its momentum-space counterpart which appears in
(5). The argument k will be always explicitly indicated
in the latter case to avoid confusion.

Viewing (5) as a matrix equation,

M2A*(k) = 0 (6a)
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with
M, = (k* — m’)8, — k’k,, (6b)

we observe that admissible 4-vectors A*(k) must be
eigenvectors belonging to zero eigenvalues of M. Now,
it is a simple matter to verify that the eigenvalues of

M are
k* — m?), M

At this point it is necessary to distinguish between
massive and massless vector fields.

3-fold and —m? once.

A. Case (): m=0

It is clear that in this case M can have zero eigen-
values and hence can lead to nontrivial solutions for
(5) or (6a) only if the 4-vector k* is such that

K= me (8)

We will therefore take this to be true of the k* in
terms of which M is defined. The eigenvectors, say
Uy, U, and ug, , belonging to the three equal eigen-
values k* — m?® = 0 can now be verified to be deter-
mined by

kuy =0, i=123. )

The remaining eigenvector, say uf,, belonging to the
nonzero eigenvalue —m? cannot be a solution of (5),
but it is nevertheless useful to note its explicit form

(10)
including a convenient normalization factor 1/m. The
general solution of (5) is®

3
W) = 3 atty. a

It should be observed that Egs. (8) and (9) as applied
to (11) are nothing but the two equations (1).

For the further development of the theory we need
the following properties of the vectors uf,,, « = 0, 1,
2, 3. First, since the uf;, according to (9), are orthog-
onal to the timelike vector k*, they can be chosen to
be real, mutually orthogonal, and spacelike, and

hence normalized according to

. .
U@ = k'/m,

Uiy = — 0y (12a)
Further, from (8) and (10),
Uutio = 1 (12b)
and, from (9) and (10),
Uity = 0. (12c)

Thus we have, associated with any vector k* obeying
(9), an orthonormal tetrad of vectors uf;,:

u(a)uu‘(‘ﬁ) = Yap>
7 diag, —7gp = 711 = 7ea = Mas = —1, (13)
which spans the 4-dimensional vector space. Their
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completeness can be expressed through the identity’

w6l _ op
8, = ugu,” = ugl),
— ufyuy, — s, — uk (14)
mUa)y (2)4(2)v (3U(3)y -

We will have occasion to make good use of this
identity in the sequel.

B. Case (ii): m=0

In this case M has one zero eigenvalue —m? = 0,
irrespective of what k2 is, and so Eq. (5) has solutions
violating the Klein—-Gordon condition k% = m? = 0.
This solution, for k* 5 0, is of the form uf, o k*
and, clearly, it does not satisfy the Lorentz condition
either.

For vectors k* with k% = 0, however, a new situa-
tion arises. All the four eigenvalues are now zero and
since the matrix itself is nonzero, it is clearly non-
diagonalizable. This is the special feature which leads
to the complications (and, curiously enough, also
shows the way out of them) in the case of the massless
field. We reserve a detailed discussion of this case toa
separate paper.®.®

HI. QUANTIZATION

We are now in a position to exploit the fact estab-
lished in the last section that all the four 4#(k) can be
expressed in a fully covariant way in terms of just
three amplitudes a;. Let us consider first the expres-
sions for the total energy and momentum of the field
in terms of these. The energy-momentum density
tensor

oL

T = 0,4, — L8 15
T8@,4,) "’ ()

obtained from £, as given in Eq. (4), is
T = —(0*4* — 0°4*)0,4, — L} (16)

and it can be symmetrized by making use of the
equations of motion (3) and dropping a divergence
term. The result (which we will continue to denote
by T#) is
T4 = (0*4° — 0°A4")(0,4, — 0,4,)

+ miArd, — 288, (17)
Now, decomposing the 4* into plane waves

da*k
A(x) = @myH | 5 4 W)™ + A4 R)e]
f ) a8

and, introducing them into (17), we obtain, on integra-
tion of T°* over all space, the total energy-momentum
vector

Pt =} f dPkkP[AP(K)A%(k) + A3K)4°(K)]. (19)
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Now, from the representation (11) for A*(k) and the
orthonormality properties (12), we find that

AP(K)AYK) = 3 a@afulyugy, = —2 aaf, (20)
i§ i
so that we have for the total energy, for instance,

PP=H=1} f d*kk® Y (a;a} + afa).  (21)

It is no surprise that this is positive definite as it
stands.

It is now obvious that the quantization is to be
carried out by requiring the independent amplitudes
to obey the commutation relations

la,(k), aj(k)] = 8;,0(k — 22)

with all other commutators vanishing. The commuta-
tor of A*(k) and A**(k’) is then

[4%(k), A™(k)] = Zj“ﬁ)“:ﬁ)[ai(k), aj(k’)]
= D ufyuyy - 6k — K).

K’),

(23)
On raising the index » in (14), we find that the sum
occurring in the last expression is just

v

y v v v k“k
Qulpuiy = —g" + ulpuip = —(g“ - ) (24)

It will be noticed that we have not had to make any
particular choice (e.g., longitudinal and transverse in
the 3-dimensional sense) of the vectors uf;,. The
result should be and is independent of any such choice.
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From (24) we now recover the familiar commutator
[44(K), A*(K)] = —(g*" — k*k'[m®) - 8(k — k'),

(25)
which in turn leads to the well-known result®

(4,00 A0 = (g0 + 22 22 1D0x = ). 26)
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1. INTRODUCTION

In the study of electromagnetic fields in metallic
slabs and semiconductors of finite thickness we are
led to certain integro—differential equations for the
electric field. These equations have the form

d’e(t)

D 1 aety = [ Mt = ety ar, 0515,

where A is a constant. In addition, boundary con-
ditions are specified at ¢t = 0 and ¢ = L. See the paper
on the anomalous skin effect by Reuter and Sond-
heimer.! Three decisive papers®~* by Baraff provide
additional references and an approach to the analysis

‘through a Wiener-Hopf technique. Our approach is

along different lines and grew out of studies in
radiative transfer and control theory.
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Now, from the representation (11) for A*(k) and the
orthonormality properties (12), we find that

AP(K)AYK) = 3 a@afulyugy, = —2 aaf, (20)
i§ i
so that we have for the total energy, for instance,

PP=H=1} f d*kk® Y (a;a} + afa).  (21)

It is no surprise that this is positive definite as it
stands.

It is now obvious that the quantization is to be
carried out by requiring the independent amplitudes
to obey the commutation relations

la,(k), aj(k)] = 8;,0(k — 22)

with all other commutators vanishing. The commuta-
tor of A*(k) and A**(k’) is then

[4%(k), A™(k)] = Zj“ﬁ)“:ﬁ)[ai(k), aj(k’)]
= D ufyuyy - 6k — K).

K’),

(23)
On raising the index » in (14), we find that the sum
occurring in the last expression is just

v

y v v v k“k
Qulpuiy = —g" + ulpuip = —(g“ - ) (24)

It will be noticed that we have not had to make any
particular choice (e.g., longitudinal and transverse in
the 3-dimensional sense) of the vectors uf;,. The
result should be and is independent of any such choice.

JOURNAL OF MATHEMATICAL PHYSICS

1999
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At present, it is known that various 2-point bound-
ary-value problems,>® integral equations,”® and
variational problems®1® can be transformed into
Cauchy systems, i.e., initial-value problems. Such
transformations are of analytical interest. They are
also of computational utility, % in view of the
ability of modern computers to integrate large systems
of ordinary differential equations subject to known
initial conditions.!?

The purpose of this paper is to show that another
large class of functional equations—integro—differ-
ential equations—subject to boundary conditions can
be transformed into Cauchy systems. Such integro-
differential equations arise in modern physics in
situations where nonlocal interactions must be con-
sidered.!-2

To expose the chain of reasoning involved, con-
sider determining the function u = u(t), 0 <t < ¢,
where u is a solution of the integro-differential
equation

#(0) + Aui) = f Kt = yhu) dy, 0<t<e,
0

with, for simplicity, the boundary conditions
2(0) =0, ulc)=1.

The basic technique is to imbed the original problem
in a class of problems and interconnect the solutions
of neighboring members of the class.* In this instance,
the interval length ¢ is viewed not as a constant, but
as an essential variable of the problem. The solution u
is studied primarily as a function of the interval
length. Our principal analytical tools are the principle
of superposition for linear systems and the assumed
uniqueness of solution of certain linear variational
equations.

First the Cauchy problem is stated. This is followed
by a derivation of the Cauchy problem from the
boundary-value problem for the integro-differential
equation. Next some numerical aspects are discussed.
The concluding section is devoted to various exten-
sions.

2. STATEMENT OF CAUCHY PROBLEM

Let the functions u and v be solutions of the linear
2-point boundary-value problem

u(t, x) = o(t, x), @
o(t, x) + Au(t, x) = L mk(lt — yDu(y, x) dy,
0<Lt<L<x<Le, (2
v(0,x) =0, 3
u(x,x) =1, 4
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where ¢ is sufficiently small, the dot refers to differ-
entiation with respect to ¢, and

k(p) =f e w(z")dz', p>0. S

a

Physical applications* suggest the form given in Eq.
(5). The functions J and M are solutions of the
system

J(t, x,2) = M(t, x, z),

M(t, x, z) + AJ(t, x, 2)

= (@ +f k(t — yDJ(y, x, z) dy,
0

(6)

0<t<x, ag<z<b, ()
M@, x,z) =0, ®)
J(x, x,2) = 0. )

The functions e, r, «, and R are defined by means of
the relations

o) =[P 0, )
v, z, x) =fme"‘”_”’/”J(y, x, z) dy, (1
alx, z) = M(x, x, z), (12)

R(x) = v(x, x),15 (13)

where

OSXSC, asv,zsb.

Then the functions e, r, «, and R satisfy the Cauchy
system

ex,v) = 1 — v%(x, v) — R(x)e(x, v)

+fbr(v, z', x)w(z") dz', (14)

e(0,v) =0, (15)
rw(va Z, x) = _(v_l + znl)r(va Z, x) - oc(x, Z)e(xa U),
(16)
r(v, z,0) = 0, (17
ax,z) =1 +fbr(z’, z, x)w(z’) dz’
—a(x, 2)[z7 + R(¥)], (18)
(0,2) =0, (19)
R = =4+ [ Tetx,2) + s, 2]
x w(z') dz’ — R3*x), (20)
R(0) =0, ¥3))
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where
0<x<Le, aLv,z<Lb.
Let ¢ be a real number for which
0<t<e. (22)

At x = t, the initial conditions on the functions u, v,
J,and M are

u(t, 1)y =1, (23)
v(t, 1) = R(1), (24)
J(t,t,2) =0, (25)
M(t, t,2) = alt, 2). (26)

For

x>t and a<z<hb,

the functions u, v, J, and M satisfy the differential
equations

u,(t, x) = —R(x)u(t, x) +be(t, x, zw(z") dz’,
" @7
v,(t, x) = —R(x)(t, x) +JbM(t, x, z'yw(z") dz’,
” (28)
JAt, x, 2) = —z7 (L, x, z) — alx, 2)u(t, x), (29)
M(t, x,z) = —z'M(t, x, z) — a(x, 2)u(t, x). (30)
3. DERIVATION OF THE CAUCHY SYSTEM
Consider the differential-integral equations

ﬂ(t, x) = 1(t, x),

€2y

6, %) + Aut, x) = f "It = yu(y, ) dy,
0<t<x, (32)

where the dependent variables are subject to the
inhomogeneous boundary conditions

v(0,x) =0,
u(x, x) = 1.

(33)
(34)

It is assumed that the kernel k¥ may be represented in
the form

b
k(r) =j e w(z')dz’, r>0. (3%)

Differentiation with respect to x in Egs. (31)-(34)
yields the relations

u:c(t’ x) = U:c(t’ x),
D(t, x) + Au,(t, x) = k(x — Hu(x, x)

(36)

+fk(|t D) dy, 0<t<x (37)
5.0, %) = 0, (38)
a(x, x) + uy(x, x) = 0. (39)
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In Eq. (39), we have used the dot to represent partial
differentiation of u with respect to the first argument

and the subscript “2” to represent differentiation with
respect to the second argument.

Introduce the functions ® and ¥ as the solutions
of the inhomogeneous differential-integral equations

(i)(t’ x) = ‘P‘(t: X),
¥(t, x) + AD(, x)

(40)

=k(x—t>+fk(|t—y|)¢>(y,x)dy, 0<t<x,
[4]

(41)

and the homogeneous boundary conditions
¥, x) =0, 42)
®(x, x) =0. (43)

Regard Eqs. (36)—(39) as an inhomogeneous system of
differential-integral equations for the functions u,
and v, subject to inhomogeneous boundary conditions.
Use of the superposition principle for linear systems
then provides the solution

u,(t, x) = —u(x, u(t, x) + u(x, x)O(t, x), 44)
v(t, x) = —a(x, x)v(t, x) + u(x, x)¥({, x), x>t
(45)

Equations (44) and (45) are viewed as ordinary
differential equations for the functions u and v,
where ¢ is a fixed parameter and the independent
variable is x, with x > t. The boundary condition in
Eq. (34) disposes of u(x, x). The functions ® and ¥,
—1u(x, x), and the initial conditions on the functions
u and v at x = ¢t will now be considered.
Introduce the two new functions

J=J(@,x,2), (46)
M=M(tx2), 0<t<x, agz<5b @47

as the solutions of the system
J@t, x, 2) = M(t, x, z), (48)

M(t, x, z) + AJ(t, x, 2)

= @tz +f k(|t — yDJ(y, x, z) dy,
0

0<t<Lx, aLz<bh (49
M@, x,2) =0, (50)
J(x,x,2z)=0. 51)

In view of the representation for the kernel k in Eq.
(35) and the Eqgs. (40)-(43) for the functions ® and
W, it is clear that the functions ® and ¥ may be
represented in terms of the functions J and M in the
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form

(1, x) =be(t, x, z'Yyw(z") dz’, (52)

¥, x) =J.bM(t, x,2Ww(z)dz, 0<t<x. (53)

We now shift our attention to the determination of
the functions J and M.
Through differentiation with respect to x, Egs.
(48)—(51) become
J(t, x, 2) = M,(t, x, 2),

M, x, 2) + AJ(t, x, 2)
= —z e " 4 k(x — DI(x, x, 2)

+ f (It — YT %, 2) dy, (55)

(54)

M, 0, x,z) = 0, (56)

J(x, x, 2) + Jo(x, x,2) = 0. 57

Since
J(x,x,2) =0

and

—~J(x, x,2) = —M(x, x, 2),
it is seen that
J(t, x,z) = —z70(¢, x,z) — M(x, x, 2)u(t, x), (58)

M1, x,2) = —z7IM(t, x, 2) — M(x, x, 2)v(t, X),

(59)
where
x>t a<z<hb
Introduce the function « to be
a(x,z) = M(x,x,2), x20, a<z<b (60)

It follows, from Egs. (49) and (59), that
(X, 2) = M(x, x, z) + My(x, x, z)
= — 4K, %,2) + 1+ [ s = I, 2)dy
0

— z7'M(x, x, z) — M(x, x, Z)v(x, x) (61)
or
ay(x,2) =1+ J; zk(x — Wy, x, z) dy
— ax, 2)[z7" + v(x, x)]. (62)

It is now convenient to introduce the additional
terminology that

v, z,x) = f = (y, x, 2) dy,
(1]

a<v,z<bh, x>0, (63)

x > 0.186

and

R(x) = v(x, x), (64)
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Again recalling the representation for the kernel k
in Eq. (35), we write

x f*b
ay(x, 2) = 1 +f f e y(2") dz' J(y, x, z) dy
0 Ja

—alx, 2)[z7' + R(x)]. (65)
This becomes, finally,

b
ox,z) = 1 +f rz', z, x)w(z'y dz’

— a(x, 2)[z7 + R(x)).  (66)
Now we turn to the function r. Through differentia-

tion of both sides of Eq. (63) with respect to x, we
find that

r (v, z, x) = J(x, x, z) — v"(v, 2, X)
+ [[eem—aug, 5,2

0
- “(x’ Z)u(y, X)} dY- (67)
Upon simplification, this last equation becomes

(v, 2, x) = — (27" + v Or(v, z, x) — a(x, 2)e(x, v),
(68)
where
e(x, v) =f e = Vy(y, x)dy, x>0, a<v<b.
(1]
(69)

We now obtain the differential equation for the
function e. From Eq. (69), we see that

e,(x, v) = u(x, x) — v 'e(x, v)
+ [ it oy,

]
+ u(x, )O(y, x)] dy. (70)

In obtaining the above equation, use has been made
of the differential equation for the function u in Eq.
(44). From this it is seen that

e(x,v) = 1 — v%(x, v) — R(x)e(x, v)

ffx
+ f e = VPO(y, x) dy. (1)
0

Note that

(72)

The integral in Eq. (71) is transformed by employing
Eq. (52). It becomes

z b
f e““"””"f J(y, x, 2)w(z") dz’ dy
0 a

u(x, x) = v(x, x) = R(x).

b £
=f w(z") dz’J~ e =y (y, x, 2') dy, (73)
a 1]

z b
f e =y, x) dy =f v, z', x)w(z') dz'. (74)
0 a
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The result is that the differential equation for the
function e is

e(x,v) = 1 — v(x, v) — R(x)e(x, v)
b
+J‘ o, 2/, x)w(z’)dz’, a<v<b (795
We now turn our attention to the function R,
defined earlier to be
R(x) = v(x, x). (76)
Differentiation shows that
Rm(x) = i)(x’ x) + v2(x, x)

= —Au(x, x) +f=k(x — yu(y, x) dy

0

~— a(x, x)v(x, x) + Y(x, x)u(x, x)
z b
=—A +f f e T y(2"y dz'u(y, x) dy
0Ja

— R%(x) +fbM(x, x, zw(z") dz’
= —A +Ibe(x, zYWw(z') dz’

b
— R¥(x) +f a(x, z'Yw(z') dz’. an
The differential equations for the functions R, e, «,
and r have now been obtained. They are contained in
Egs. (77), (75), (66), and (68). They hold for x > 0.
Furthermore, from the definitions, it is seen that the
initial conditions on these functions at x = 0 are

R(0) =0, (78)

e(0) = 0, (79

a(0,2) =0, a<z<L1, (80)
r(v,z,0)=0, a<v,z<b. (81)

In this way it is seen that the four auxiliary functions
R, e, a, and r satisfy a Cauchy system.

Let ¢ be a fixed nonnegative number. Then, for
x > t, the differential equations for the functions
J, M, u, and v are given in Eqs. (58), (59), (44), and
(45). They may be written more conveniently in the
form

JAt, x, 2) = 27U, x, z) — a(x, Z)u(t, x), (82)
M (1, x, 2) = —z7'M(t, x, z) — a(x, 2)u(t, x), (83)

u,(t, x) = —R(X)u(t, x) +J‘bJ(t, x, z)w(z’) dz’,
: (84)
v,(t, x) = —R(x)v(t, x) + f bM t, x, 2")w(z") dz’,
T x>t 89)

2003

The initial conditions at x = ¢ are

J(t,t,2)=0, (86)
Mt t,2)=a(t,2), a<z<h, 87)
u(t,t) =1, (88)
v(t, t) = R(1). (89)

This completes the derivation of the Cauchy system.

4. NUMERICAL ASPECTS

Previous experience with similar Cauchy sys-
tems® 1112 indicates that the method of lines!” provides
an effective means of solving such Cauchy systems
numerically. Let us merely indicate its employment in
the numerical solution of the Cauchy system for the
functions R, e, «, and r in Egs. (77), (75), (66), (68),
and Eqs. (78)~(81). A suitable quadrature formula is
used to approximate the integrals on the interval (a, b)
that occur:

b N
[remeriz =3 1. o0
A low-order Gaussian quadrature formula has proved
to be efficacious in similar circumstances.!! In this
instance the nodes z,, z,, - - -, zy are the roots of the
Nth-order polynomial in the system of orthogonal
polynomials in the interval (a, b), and the numbers
¢, ¢, "', cy are the corresponding Christoffel
weights. For the interval (0, 1), these numbers are
tabulated!® for N = 3,4, -, 15. We introduce the
functions e;(x), r;;(x), and o;(x) fori,j,- - ,N,x > 0,
by means of the equations

ei(x) = e(x, z,), 1)
ri(x) = r(z;, 2, x), 92)
o;(x) = a(x, z;). 93)

The exact equations (77), (75), (66), and (68) are
replaced by the approximate system

ex) = 1 = z7%) — REDEX) + 3 rincr (94)
rifx) = —(z7" + 27 )r(x) — axelx), (95)

N
ax) =1+ ermcm — a()[z;" + R(x)), (96)

R = A+ 3 [e0) + a0l ~ R,

i,j=1,2---,N, x2>0. (97
The initial conditions, of course, are

(0) = 0, (98)
ri;(0) = 0, (99)
% (0) = 0, (100)
R(0) =0, (101)
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fori,j=1,2,--+, N. Such systems of N2 4 2N +
1 = (¥ + 1)? ordinary differential equations subject
to known initial conditions are readily solved numeri-
cally on modern computing machines for N < 50.

The functions R, e, «, and r could be produced
numerically and stored. Then the Cauchy system in
Eqgs. (82)-(89) for the functions J, M, u, and v could
be handled similarly. Actually, it is simpler to adjoin
the differential equations and initial conditions for
the functions J, M, u, and v to the differential equa-
tions for the functions R, e, «, and r at x = ¢ and
integrate the entire system to x = ¢. In the event
that values of the functions v and v are required for
t=1t,ty, ", tyeachtimex=1¢t,i=12,"-,
M, an appropriate system of ordinary differential
equations corresponding to Eqs. (82)-(85) is adjoined,
together with the initial conditions.

5. DISCUSSION

In subsequent papers in this series, we shall extend
and apply the theory presented here in several ways.
First, we must show that the solution of the Cauchy
system actually provides the solution of the boundary
value problem for the integro-differential equation.
This amounts to establishing the converse of the
theorem in Sec. 2 and will be given for more general
boundary conditions than those considered here or in
the papers by Baraff. Secondly, results of numerical
experiments will be presented. Thirdly, certain non-
linear integro-differential equations will be treated.*
Next the invariant imbedding approach to the eigen-
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value problem will be given.?® Lastly, physical inter-
pretations of the new equations of the Cauchy system
must be provided.

* Supported by the National Institutes of Health under Grants
Nos. GM-16197-01 and GM-16437-01.
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Maxwell’s equations are derived under the assumption of 4-dimensionality of Euclidean space from
a somewhat different definition of time from that considered by Einstein, using differential forms and
de Rham’s theorem in the theory of harmonic integrals. It is shown that the continuity equation of the
current density is an elementary consequence of the Jordan-Brouwer theorem of topology under the
requirement of integrability of the field. Matter appears as a singular point of the field, and introduces
various kinds of “currents,”” in the sense of de Rham and Kodaira, according to the topological character
of the domain of integration of the field. These “currents’ describe characters of the material, and are
represented not by ordinary functions, but by generalized functions in the Schwartz sense. Examples of
these “‘currents,”” such as electric and magnetic polarizations and the supercurrent, are given, and the
origin of the fundamental difficulties with dimensions in the usual theory of electromagnetism is attributed

to this fact.

I. INTRODUCTION

Flanders® has suggested that differential forms are
more powerful than the usual tensor analysis. In the
introduction of his book he indicates the various weak
points of the latter. For example, he says, *“in classical
tensor analysis, one never knows what is the range of
applicability simply because one is never told what
the space is. Everything seems to work in a coordinate
patch, but we know this is inadequate for most
applications.” Another important point is the fact
that, while tensor analysis is founded on the trans-
formation of the coordinate frames, the theory of
differential forms needs no such transformation in its
foundation. In physical language, tensor analysis
needs two observers, but the differential forms need
only one observer. Therefore, the latter has the possi-
bility of eliminating coordinate transformations be-
tween different observers,

In this paper, we show that this idea can, in fact, be
realized for the problem of light. Furthermore, we
show that this elimination enables us to derive
Maxwell’s equations from the invariance of the speed
of light, using de Rham’s theorem of harmonic
integrals (Sec. V). The present derivation also gives
some useful information on the way one can take
into account the topological character of the domain
of integration of the field (Secs. V and VI).

In Sec. LI, we begin with a criticism of Einstein’s
theory of relativity. We introduce the differential forms
in Sec. III. In Sec. IV, we write Maxwell’s equations
using differential forms according to Flanders. In
Sec. VI we briefly discuss electric and magnetic
polarizations in connection with the problem of
dimensions in electromagnetism and the persistent
current in a superconducting ring.

II. THE PHYSICAL MOTIVE
A. Criticism of Einstein’s Concept of Time

Though it is true that Einstein’s theory of relativity?
(TR) is one of the most fascinating parts of physics,
it still has some difficult points which we discuss in
the following.

(A) In TR, two clocks at different points are set by
using the concept of the velocity of light. However,
this concept cannot logically be defined without
setting the clocks. In other words, the definition of
time in TR is circular. In order to define the concept
of time, we must not use the concept of velocity.

(B) In TR, it is assumed that in every Lorentz
frame (LF) we can use the “same” measure; this
assumption means that we can take the unit of spatial
distance which is common to all LF’s. However, this
assumption can never be justified because, to examine
whether the two measures are the same or not, we
must place them on a single LF, as Einstein says.?
The two measures of different LF’s can never be
placed on the single LF because of their definition.
In other words, there exists no way to investigate
whether the two units of different LF’s are the same
or not.

(C) In TR, it is assumed that the quantity

(As)2 = (Ax)? + (Ap)? + (Az)? — (cAr)?

is invariant for all LF’s. However, this assumption is
meaningless because, as we have shown in argument
(B), we have no guarantee that we are able to take
units of distance and time® common to all LF’s. The
concepts of absolute units of distance and time must
be given up.

These three defects can be eliminated only if we
remember that the distance traveled by light in a
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vacuum defines the concept of time 7" to the observer
and that the fundamental relation for light is not the
invariance of the quantity (As)?, but, accordingly, the
invariance of the equation

(Ax)? + (Ap)* + (Az)* — (AT)* = 0. 0y

Here it is to be noted that nothing is mentioned about
the state of the light emitter, whether it is moving or
not, because these concepts can be rigorously defined
only after the concept of time has been resolved.
According to this definition, the time interval required
during which light advances, in a vacuum, from one
spatial point to another is measured by the spatial
distance between these two points. If the unit of
distance changes, then the unit of time also changes.
However, the ratio ¢ of the interval of space to that of
time which is required for light to pass through the
former is always constant even if the unit of distance
should change; this means that, in a vacuum, the
velocity of light ¢ is independent of the motion of the
light emitter.® Thus, one of the basic postulates in TR
follows from our new definition of time. Equation (1)
is the mathematical expression of the definition in an
isotropic Euclidean space (x,y, z, T). In the units
used in Eq. (1), we have ¢ = 1, but we know experi-
mentally the value of ¢ in the cgs system, in which
the units of length and time 7 are decided separately;
i.e., originally, the former referred to the meridian of
the earth and the latter to its revolution around the
sun:

c=3x10%cmfsec, T =ct=3 x 10'%,

In the following, we explain the basic idea of the
derivation of Maxwell’s equations based on Eq. (1).

B. The Basic Idea of Maxwell’s Equations

In argument (C) above we showed that there exists
no way to investigate whether the quantity (As)? is
invariant for all LF’s or not. However, according to
our definition of time, relation (1), i.e., (As)2 =0,
for the wavefront of light still has it own meaning for
every observer, because this relation is homogeneous
with respect to the quantities x, y, z, and ¢. Therefore,
a change of units implies simply the multiplication of
the entire left-hand side of this equation by some
constant number. By the same reason, only the
homogeneous equation with respect to the variables
x, y, z, and ¢ can be adopted as the equation repre-
senting the property of light. Therefore, it can be
represented in the form of a differential equation as®

*# ¢ P 1@
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Here, if we use the invariance of the quantity (As)?
instead of the invariance of Eq. (1), then we can
never take the right-hand side of Eq. (2) to be zero.
Equation (2) is second-order homogeneous partial
differential equation, and, therefore, we have two
linearly independent solutions ¢ on which we do not
have any kind of boundary conditions to impose at
this stage. Instead of considering that we have two
independent solutions for Eq. (2), we can formally
regard that we have four solutions ¢,, u = 1, 2, 3, 4,
for this equation, which are mutually dependent by
the additional two independent conditions which we
seek. Let us call these solutions ¢, the 4-component
potential. It is to be noted that these conditions are
also necessarily homogeneous because they must be
form invariant to the observer, whom we can choose
arbitrarily. We seek these conditions in the following.
Thus far, we have implicitly omitted from our con-
sideration the location of the light emitters; these
places are formally represented as the singular points
of the potential ¢, with respect to the observer. Let
the values of the quantities (—c/4m)0¢, at these
singular points be formally equal to some prescribed
values J, with respect to the observer; we call this
quantity J,(x,y,z,t) the 4-current density with
respect to him. Of course, in the nonsingular region,
the value of the density J,(x, y, z, t) is equal to zero.
Thus we have the following equations:

3)

these equations with two additional independent
conditions completely represent the behavior of light
in the space-time continuum which formally include
the singular points. It is to be noted that Eqs. (3) are
just for some particular observer because these
equations are not homogeneous in a different way
from Eq. (2); however, this observer can be chosen
arbitrarily with a corresponding change of the con-
tents of the density J, . As for the additional two con-
ditions, we can take the following two mutually
independent homogeneous equations, one of which
refers to the nonsingular region and the other to the
singular region:

O¢, =(—4nfc)],, u=1,234;

9% _ o

4
ax, (4a)
and
% =0, (4b)
dx

)

where x, = ict and the summation convention over
i is used. In order to rewrite Eqs. (4) using real
variables, we need only write the potential ¢, and
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the current density J, as (A, i¢) and (J, icp), respec-
tively. Thus, we can find that Eqs. (4) represent the
Lorentz condition and the continuity of the current
density in the ordinary electromagnetic field theory.
If we call the quantities

E -_—-1(%—%) and HA=%—%‘
! 0x; ’

where j = 1, 2, 3 and (j, k, ]) is their cyclic permuta-
tion, the electric and magnetic fields, respectively,
then Egs. (3) can be transformed by applying the
conditions (4) to the usual Maxwell equations for the
fields E and H.® Actually, conditions (4) are needed
only in the derivation of their inhomogeneous part;
the homogeneous part follows directly from the
definitions (5) alone. In Sec. V, we clarify the funda-
mental reason for this fact.

It is to be noted that, in the above discussions of
the derivation of Maxwell’s equations, we need not
to introduce the concept of LF.

II. THE CALCULUS OF DIFFERENTIAL FORMS

In the preceding section, we derived Maxwell’s
equations for E and H from the invariance of Eq. (1)
in an illuminating way. The subsequent sections are
devoted to the more rigorous mathematical formula-
tion and generalization of the idea. In this section,
we explain the calculus of differential forms! in order
to introduce Flanders’ idea' of Maxwell’s equations
in the next section.

Let P be a point in an n-dimensional Euclidean
space E”. The 1-forms at P are the expressions

7 .
> a, dx’,
1

with the a, constant. These form an n-dimensional
linear space L = L. The p-forms at P are the ele-
ments of

NL=NLp, p<n,
i.e., the p-forms are the expressions

> agdx™ - dxh,

with the a; constant and H = (4, -, h,). Here,
the multiplication of differentials dx* dx’ means the
exterior product dx’ A dx’ and obeys the following
rules:

(@0 + a00) A dx* — a,(oy A dx?) — ay(ae A dx®) =0,
dx* A (a0 + ayte) — ay(dx° A ) — ap(dx* A ) =0,

dx*Adx' =0,
dx* Adx! 4+ dxT Adxi =0,
(6)
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where the quantities «; denote any one of the basis

vectors dx’, i =1,*+-,n, of Lp or any linear com-

bination of them and the @, are real numbers. If dx*

and dx’, j # i, are dependent, say dx’ = a dx*, then
dx* Adx’ = a(dx* Adx") =0

according to our reductions. Otherwise, dx* A dx? # 0.
Furthermore, we have the following relations for the
p-forms:
(agoy + asot)) Adx2 A=+« Adx?
= a (o Adx* A< AdxP)
+ ay(otg A dxE A - -+ AdxP),

(7a)

which is the same if any dx* is replaced by a linear
combination;

mlA'--Aap=0 (7b)
if @; = o, for some pair of indices i # j;
0(1/\“'/\0(1, (7c)

changes sign if any two «; are interchanged. We
multiply a p-form 4 by a g-form u to obtain a (p + ¢)-
form A A p (which is zero by definition if p + g > n):

A:(APL) x (ALL) — AP*L.

The basic properties of this exterior product are

A A p is distributive, (8a)
AA(uAv)=(AAp)Av», theassociative law, (8b)
A= (=1D"LApu (8c)

Now let U denote an (open) domain in E*. A p-
form on U is obtained by choosing at each point P
of U a p-form at that point, and doing this smoothly.
Thus, a p-form o has the representation

w=ag(x, -, x")dx",

where the functions ag(x) are smooth functions on U,
differentiable as often as we please.

The exterior algebra applies at each point of U and
so may be interpreted on the differential forms on U
itself. Thus, if w is a p-form and # is a g-form in U,
then w A7n is a (p + ¢)-form on U. (Of course,
wAn=0ifp+qg>n)lf

w=7agdx", n=7 bygdxk,
then
w Ay =2 agbg dx¥ dx¥,

so that the coefficients of w A % are again smooth
functions, polynomials in the coefficients of w and .

We denote by FP(U) the totality of p-forms on U.
In particular, F°(U) is simply the set of all smooth
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functions on U. We can prove! the existence and
uniqueness of an operator d, which takes each p-form
w to a (p + 1)-form dw,

d.FP(U) -~ FP(U),
such that

dlw + ) = do + dy, (9a)
d(w An) = do Ay + (=1)'"*¥w A dy, (9b)

for each w,
d(dw) = 0, (9¢)

for each function f,

=34

— dxt.
ox'

(9d)
The operator d, called the exterior derivative, is
complétely independent of coordinate systems, and
subsumes the ordinary gradient, rotation, and
divergence. Property (9¢) is nothing more than the
equality of mixed second-order partial derivatives,
It is the source of most “integrability conditions™ of
partial differential equations. It is usually referred to as
the Poincaré lemma. We can prove! the following
theorem, the converse of the Poincaré lemma.

Theorem: Let U be a domain in E" which can be
deformed to a point. Let w be a (p + 1)-form on U
such that de» = 0, then there exists a p-form « on U

such that
w = do.

It can also be shown that if p > 1, given one solution
«, then the general solution is « + dA, wherea (p — 1)-
form A is absolutely arbitrary. (When p =0, di is
constant.)

These results are used in the next section.

IV. MAXWELL’S EQUATIONS IN
DIFFERENTIAL FORM
It is necessary to introduce inner products into
differential forms, to discuss our subject. An inner
product («, 8) of a space L is a real-valued function
on L X L which is

(i) linear in each variable, (10a)
(i) symmetric: (x, B) = (B, «), (10b)
(iif) nondegenerate: if for fixed o, («, ) = 0 for all

B, then o = 0. (10¢)

An orthonormal basis of L consists of a basis
o', - -+, ¢" such that

(O’i, O'j) = :[:(3“'.
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If there are r plus signs and s minus signs, then
r+ s =mn,and ¢t = r — s is the signature of the inner
product. It does not depend on the choice of basis. It
can be proved! that each inner product space has an
orthonormal basis. We can also prove! the following
basic property of inner-product spaces which we need
below.

Theorem: Let f be a linear functional on L. Then
there exists a unique vector f in L such that

S (@) = (=, ).

Next, we define an induced inner product on each
of the spaces APL. We set

(2, 1) = (o, B)]

for Ai=oyA - Ao, and u=f, A---AB,, where
the right-hand side denotes the determinant. It is
easily seen that this definition satisfies requirements

(10).
We shall define an operation #, called the Hodge

star operator. We now fix 4 in A®L. The mapping
u—>ANu, pe AL,

is a linear transformation on A"-?L into the 1-
dimensional” space A"L. We may write

AAp=f(wo,

where f; is a linear functional on A*~?L and ¢ is an

orthonormal basis of A”L. By the fact stated above,
there exists a unique (» — p)-form, which we denote
*4 to indicate its dependence on 4, such that

AAu = (xA, wo.

This equation defines the * map which is evidently
linear on APL into A*?L. Let o', -, o™ be an

orthonormal basisof L and ¢ = 61 A 62 A - -+ A 67,
oK = ¢Pt1 A - - - A 0" It is then easily shown! that
2ok = (_l)p(n—p)(o.H’ O'H)O'H. (11)

Thus, we are ready to rewrite Maxwell’s equations
using differential forms.* Maxwell’s equations in
ordinary vector notation are

rotE = — 108 (Faraday’s law of induction), (12a)
c ot
rotH=2"3 4+ 192 (Ampere’s law), (12b)
c c Ot
div D = 47p (true charge), (12¢)
divB =0 (nonexistence of true magnetism). (12d)
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Here, c is the speed of light. We put these equations
into the language of exterior forms. To this end, we
set
« = (E; dx! + E, dx? + E;dx®)(c dt)

+ (Bydx®dx® 4+ B, dx® dx' + By dx' dx?),
B = —(H,dx' + Hydx*> + Hydx®(cdt)

+ (D, dx?dx® + D, dx®dx' + D, dx* dx?),
y = (Jydx?dx® + J, dx® dx! + Jy dx' dx?) dt

— pdx! dx? dx®,

(13)

It can easily be seen that the homogeneous equations

(12a) and (12d) become
de=0 (14)

and the inhomogeneous equations (12b) and (12¢)
become

dp + 4ny = 0. (15)
Applying d to this last equation yields
dy = 0; (16)

using vector notation, we obtain the equation of
continuity

divJ+§B=0.
ot

From Eq. (14) one concludes that, at least in any
region of space-time which can be shrunk to a point,
there exists a 1-form A such that

dA = a.

(169

(17)

We introduce the vector potential A and a scalar 4,
by writing

A=Apdxt + A, dx®* + Az dx® — A dr. (18)
Equation (17) in vector form is
rot A = B,
—grad 4, — 10A = E. (19)
¢ ot

In free space, everything simplifies according to
E=D, H=B, J=0, p=0.

We introduce the metric into 4-space, whereby dx?,
dx2, dx?, c dt form an orthonormal basis:
(dxi, dxi) = 6%, (dx’, cdt) = 0,

(cdt,cdt) = —1. (20)

The signature is 3 — 1 = 2. According to formula
(1D,
*(dx! dx?) = —dx3(c dt),

*(dxlc dt) = dx® dx3,

etc.,
etc.

@1
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We see that

w=(Edx' + - )cdt)+ (Hydx2dx® + - ),
B=—(Hydx'+ ) cdt) + (E;dx*dx® + -+ )

= %0,

Consequently, Maxwell’s equations in free space are
simply

do=0
and

dxoa =0, (22)

Y. DERIVATION OF MAXWELL’S EQUATIONS:
AN APPLICATION OF DE RHAM’S THEOREM

In the preceding section, we rewrote the usual
Maxwell equations (12) as Eqs. (13)—(15), according
to Flanders. Thus, the derivation of the Maxwell
equations réduces to that of Eqs. (14) and (15). In
other words, our task is to derive these equations
from the invariant equation (1).

We introduce the Laplacian operator.! Let f be a
function on E”. Then the Laplacian Af of a 0-form f
is defined as

d = df = (Af)o,

where o is the volume element ¢* A 62 A - -+ A o™,

In the following, we introduce theorems! without
their proofs on the integration of forms over a mani-
fold, which are needed later because we consider also
the singular points of differential forms.®

23)

Stokes’ Theorem: Let w be a p-form on a manifold
M and ¢ a (p + 1)-“chain.” Then we have

f ) =fdw,
ac c

where dc denotes the “boundary” of the chain c.

(24)

Stokes’ theorem is the generalization of Gauss’,
Green’s, and Stokes’ theorems in ordinary vector
analysis.

A “closed form™ is a differential form w on M
satisfying dw = 0. An “exact form” is a differential
form w on M satisfying w = dz for some form # on
M ; in this case, w is integrable on M.

To each p-“cycle” z on M, i.e., a p-chain z which
has no boundary, 0z =0, there corresponds a
“period” , w of w.

De Rham’s First Theorem: A closed form is exact
if and only if all of its periods vanish.

De Rham’s Second Theorem: Suppose that to each
p-cycle z there is assigned a number per (z) subject
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to the consistency relations that whenever

> a;z; = boundary, (25a)

3 a; per (z) = 0.

Then there exists a closed form w on M which has the
assigned periods

then
(25b)

f o = per (z) for each p-cycle z. (26)

Thus, we are ready to proceed to the derivation of
Maxwell’s equations from Eq. (1). Equation (1)
shows, in the limit of Ax* —dx*, i=1,2,3, and
At — dt, the dependence of the differential dr on
dx'. Therefore, we have the following physical
requirement of our l-forms, as is seen from the
definition of the exterior product:

dx Ady Adz Adt = 0. 27
It is to be emphasized that requirement (27) does not
follow from the invariance of the quantity (As)?,
which is used in the theory of Lorentz transformations.
Because of the 4-dimensionality of our space
(x,y,2,t) and requirement (27), the differential
forms of highest degree which we must integrate are
those of 3-form. Let wy be one such 3-form; then
dw; =0 on E* because of the requirement (27).
De Rham’s first theorem guarantees the integrability
of w,; on our space E*, provided all of its periods
vanish. We show in the following that this condition
in the presence of a singular point can be interpreted
as the continuity equation of the current density, i.e.,
Eq. (4b). The period of ws is defined as f, w;, where
z3 is a 3-cycle in E*. By the Jordan-Brouwer theorem®
of topology, z; decomposes E* into exactly two
regions, the inside M and the outside. In other words,
any 3-cycle z, is a boundary in our space, i.e., z; =
0M. Thus, if there exists no singular point in E4, then
all periods of w, are zero according to Stokes’ theorem.
Therefore, by de Rham’s first theorem, w; is exact,
i.e., integrable on E* in this case. However, if there
exists a singular point P, in E*,we must modify the
argument. The “period” of a form around a singular
point can be represented!® not by the class of ordinary
functions, but by that of generalized functions in the
Schwartz sense.’! Let this “‘period” be called the
“current” according to de Rham.1%!? Thus, we have
the following formal equation which includes the
singular point:
(28)

where w; is a 3-form whose components can be

’
ws = wa,
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represented by the generalized fuuctions J; and p:

wg = —4u(Jy dx* dx® + J, dx® dx' + J, dx' dx®) dt
+ 4mp dxt dx?dx®. (29)

Thus, the vanishing of the period means

0=fw3 =fw§ =f w3 =f dwg, (30)
3 z3 M M

where we have used Stokes’ theorem.® Therefore we
have, formally,
dw; = 0, 31

which is the expression in terms of differential forms
of the continuity equation, i.e., Eq. (16). Thus, the
3-form wj is integrable if and only if condition (31) is
satisfied; then there exists a 2-form w, on M — {P,}
such that!4

(32)

The singular points of w, may, generally, introduce
another type of “current” according to the topological
character of 2-cycles. This point is discussed in the
next section, and we proceed under the assumption
of the integrability of w,. We have a 1-form w, such
that

w3=d*a)2.

(33)

Furthermore, we assume the integrability of the
1-form

W, = dw, .

w, = dw,, (34
where w, is a O-form, i.e., a function x(x, y, z, 1):
(35)
It is to be noted that, in Eq. (33), according to the
theorem of Sec. III, w; is determined up to an
arbitrary additive 1-form dw,:

wy =dAy, for i = w; + dw,.

By requirement (27), we have the following conditions
for 4-forms:

wo=Xu

(36)

dxw, =0 37
and

dxdwy=0. (38)

Our task is to interpret Egs. (32)-(38) in physical
language, with the help of the discussion in Sec. IV.
Equations (28), (32), and (33) yield the equations

d*x wy = wg (39)
and

dw, = 0, (40)

which correspond to Eqs. (22) if we neglect the
current w,. Thus, the components of the 2-form w,
are interpreted as the ‘“electric field” E and the
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“magnetic field” H:
wy = (Eydxt + -+ )cdt) + (Hydxtdx® + - - ).
(41)

Equations (39) and (40) are Maxwell’s equations for
E and H including the current. Therefore, the 1-form
w,; corresponds to the electromagnetic potential 4,,
i.e., Eq. (18). Equation (33) corresponds to Eq. (19).
Equation (36) represents the gauge transformation.
Equations (37) and (38) are the Lorentz condition
for the potential and the wave equation for the gauge
function y in the usual theory of electromagnetic
field, respectively. These facts can easily be seen,
using the relations

*dx® = dxf dx? dx®, o # 4,

xcdt = —dx* dx®dx®,
and
dx* dxP dx" dx® = o,

where dx* = ¢ dt and («, §, y, §) are cyclic permuta-
tions of (1, 2, 3, 4) and o is the volume element of E*.

VI. ON THE ELECTRIC AND MAGNETIC
POLARIZATIONS

In the preceding section, we saw that a singular
point in space-time introduces a “current” into the
differential form according to its topological character,
in the sense of de Rham and Kodaira.’* “Matter” can
be considered as a singular point (or an assembly of
singular points) of the Maxwell field. The “current”
is represented by the class of generalized functions.
Therefore, the properties of matter are to be repre-
sented by generalized functions. This statement is
similar to that expressed by Papoulis,’® in which it is
suggested that “physical quantities™ are to be charac-
terized by generalized functions. In this section, we
point out the significance of this fact in the electro-
magnetism of matter, as an example.

In the usual experiment in solid state physics,
using electromagnetic field, the spatial surface S* of a
sphere surrounding the sample material is considered
as a 2-cycle in E® which cannot be deformed to a
point. Therefore, the material introduces the *“cur-
rents” w, and w} into the 2-forms w, and *w, , Eq. (41):

(42)

In the usual theory of electromagnetism, we know
that the electric and the magnetic fields “in the
material” are modified by the ‘‘electric polarization”
P and the “magnetization” M1¢:

D = E + 4#P,
B=H + 47M,

wy, = wy and *xw, = w;.

43)
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where D and B are called the “electric induction” and
the ‘““magnetic induction”, respectively. Therefore,
o, and w, are expected to represent the physical
quantities P and M'":

wy = —4m(M, dx* dx® + M, dx® dx' + M, dx' dx*?)
and
wy = —4m(P, dx® dx® + P, dx* dx' + P, dx' dx?).

(44)
Similarly, Eqs. (39) and (40) are modified to become

d * w, = wg + dw;
and (45)

!
dow, = dw;,

which correspond to the “formal” equations (12). In
other words, Eqs. (44) are the physical interpretation
of the “currents” w, and w,, which express the
“character of the material.”” It is to be emphasized
that the components of w; and wy, ie., P and M,
are represented by the class of generalized functions,
not by the class of ordinary functions. The usual
Maxwell equations (12) neglect this fact, and mix up
(ordinary) functions E (or H) and generalized func-
tions P (or M) with result*functions” D (or B). As
opposed to ordinary functions, generalized functions
are linear functionals defined on a certain function
space, and are usually represented by using certain
integrations.* Therefore, generalized functions P
(or M) have “global” character in spite of the fact that
functions E (or H) have local character. In physical
language, the dimensions of the quantities P (or M)
and E (or H) are different by the dimension related to
the integration by which the generalized function P
(or M) is represented. The usual equations!®

D=¢E and B=_puH,

where € and u are called the “dielectric permeability”
and the “magnetic permeability”’ respectively, neglect
this fact. There exists no guarantee of the equivalence
of the dimensions of E (or H) and P (or M). There-
fore, the difficulty on the dimensions of € and y arises.
This fact explains the origin of the fundamental
difficulties'® on the dimensions in the usual theory of
electromagnetism.

Next we consider the “current” appearing in the
I-form w,, i.e., Eq. (18) or (34). In the experiment of
the persistent current in a superconducting ring!® we
can form the 1-cycle in E® which cannot be deformed
to a point without cutting across the ring. Therefore,
the ring introduces the “current” w, into the I-form

W, = ;.
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This equation corresponds to the London equation?
in the theory of superconductivity, which connects
the electromagnetic potential to the current density
J’ according to the relation

w] = —Ac(J} dx' + J; dx? + J, dx®),

where A is a constant depending on the material.

VII. CONCLUSIONS

We have discussed Maxwell’s field in 4-dimen-
sional Euclidean space using the technique of differ-
ential forms. In these discussions it has clarified
that the Maxwell equations for electromagnetic fields
are elementary consequences of the definition of time
postulated in Sec. I or,roughly speaking, the invari-
ance of the speed of light. Thus we have shown, from
“first principles,” the interrelationship between elec-
tromagnetic fields and light that has been suggested
for some time. It has also shown that the topological
character of the space has the particular importance
for the integration of the field and that singular
points introduce various kinds of “currents.” The
character of a material is described by these “cur-
rents,” which are represented by generalized functions.
This fact has particular significance for those various
branches of physics in which integrations including
singular points are used.?! Furthermore,we have seen,
in Sec. V, that the usual continuity equation of the
current density is the elementary consequence of the
Jordan—Brouwer theorem applied to our 4-dimensional
Euclidean space under the requirement of integrability
of the field.

It is to be noted that we have not used in the
above discussions the concept of Lorentz transforma-
tion at all.
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